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Preface

The present text evolved from a series of lecture notes written over the past twelve
years. Nearly all of the material was taught in one form or another at the University
ol Minnesota. The material covered in Chapter 1, about half of Chapter 2, most of
Chapters 3 and 4, and parts of Chapters 6, 8, 9, and 10 are taught in two courses at the
undergraduate level. The material covered in the remaining parts of this text is taught at
the graduate level.

The reader is expected to be familiar with elementary algebra, and 1o have some
insight into the geology relevant to groundwater flow problems. The degree of difficulty
of the material increases through the text; the reader is educated gradually in the necessary
mathematics, using groundwater flow, wherever possible, as a vehicle for explaining the
theorems and equations. The mathematical developments are thus part of the text nearly
everywhere; two isolated mathematical developments are covered in appendices.

Three computer programs, one in BASIC and two in FORTRAN, are presented in this
text; the programs are contained on a diskette provided with the book. Instructions for
using the diskette are given in Appendix C.

One chapter is devoted to the analytic element method, which consists simply of
approximating solutions by superposing analytic functions suitable for modeling aquifer
features. This method is closely related to indirect boundary element methods but differs
from these in that the elements are not necessarily obtained by distributing singularities
along boundary segments, and that the analytic elements need not be boundary elements.
The analytic element method may be viewed as an adaptation of classical analytic tech-
niques for use in digital computers. Work on the analytic element method started eleven
years ago in an attempt to model the regional effect of the Tennessee-Tombigbee Wa-
terway, under contract with the Nashville District of the United States Army Corps of

xvii



xviii Preface

Engineers. The method has been further developed and implemented in several computer
programs with support from the University of Minnesota, Battelle Pacific Northwest Lab-
oratories, the United States Bureau of Mines, Barr Engineering Company, and the J. L.
Shiely Company. Several engineering companies in Minnesota applied computer pro-
grams based on the analytic element method to problems of regional groundwater flow.
An analytic element model for flow in systems of up to four aquifers is currently under
development at the University of Minnesota, supported by a grant from the Legislative
Commission for Minnesota Resources.

I would like to express my appreciation to the agencies mentioned above for their
support. The U.S. Army Corps of Engineers, Nashville District, kindly granted permis-
sion to include the regional modeling of the effect of the Tennessee-Tombigbee Waterway
as an example in the text. The J. L. Shiely Company gave permission to use the regional
modeling of the effect of mining on Grey Cloud Island, Minnesota, as an example.

Interaction with engineers and geologists in the field is an important factor in the
development and communication of methods of groundwater modeling. The opportunity
given to me by Barr Engineering Company to remain in continuous contact with field
problems has been of great assistance in obtaining examples from practice. Five major
projects carried out with the highly valued assistance of four geologists and engineers
have contributed, either directly or indirectly, to the material contained in this text. These
are the modeling of the aquifer system in the neighborhood of the Tennessee-Tombigbee
Waterway, which was done in close cooperation with Joe Melnyk from the Nashville
District of the U.S. Army Corps of Engineers, the modeling of the aquifer system near
Grey Cloud Island, which was done with Kelton Barr from Barr Engineering Company,
the modeling of a site in the Twin Cities area, which was carried out by Jeff Stoner from
the United States Geological Survey, Minnesota, the modeling of three-dimensional flow
in the neighborhood of a projected WP cave, and the modeling of flow in a coastal
aquifer near a nuclear repository in Sweden. The latter two projects were carried out
with Charlie Axelsson from Geosystems AB, Sweden. Although only the first two
projects are described in this text, all five projects have contributed to the material in
this book. :

I thank my former teachers, Professors G. de Josselin de Jong and Amold Verruijt,
for their continued support. 1 am indebted to Amold Verruijt, Bruce Hunt, and Kelton
Barr for their many constructive comments. I also thank Ed Veling for his comments.

I thank Willem Jan Zaadnoordijk, for screening the text and for writing several
dedicated computer programs used to generate some of the drawings in Secs. 34, 53, and
54. 1 thank R. W. Macneal for preparing the BASIC program presented in Sec. 12, and
for writing the computer program used to produce the computer-generated drawings in
Sec. 13. LeeAnn Hammerbeck wrote a computer program used to produce the contour
plots in Figures 6.8 and 6.27. The plot reproduced in Figure 7.29 was generated by a
computer program written by Gordon Heitzman. The computer program used to produce
the flow nets in Sec. 48 was written by T. Gray Curtis. Many students who attended my
courses over the years made constructive comments.

I thank Charles Fairhurst, Head of the Department of Civil and Mineral Engineering
of the University of Minnesota, for his continuous encouragement and support over the
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past twelve years. I am very grateful to Henk Haitjema, with whom | had the opportunity
10 discuss much of the material presented here, and who wrote the computer program
SYLENS, used to model the effect of the Tennessee-Tombigbee Waterway. The first draft
of this book was typed by my wife, Andrine, using a wordprocessor written especially for
this purpose. Since then, major portions of the book have been rewritten, and Andrine
has retyped it using the technical typesetting program TgX, written by D. Knuth, with
the aid of the macro package Ap4S-TEX. The book is truly a family effort. My son
Erik assisted in preparing the final drawings. My mother helped me with the literature
review, and screened the text and all of the equations, carefully comparing character
for character the formulae as they appear in the various versions of the book. My wife
assisted enormously in the production by careful typesetting, reading, screening, and
commenting. 1 dedicate this work to her.

Ono D. L. Strack
Minneapolis, Minnesota






Introduction

1 OVERVIEW

The subject matter covered in this text is the mathematical description of fluid flow
through porous media, with emphasis on the modeling of steady flow by the use of
analytic techniques. There are two major objectives: The first is to instruct the reader
in solving elementary groundwater flow problems analytically. Solving such problems
requires the ability to approximate the actual flow problem by a simpler one that can be
solved analytically, yet still provides insight into the essence of the real problem. Even if
the problem cannot be handled adequately by simple means and recourse 1o a numerical
solution is necessary, the determination and interpretation of relatively crude approximate
solutions often provides an insight that can be used with advantage in selecting and setting
up the numerical model that will ultimately be used 1o solve the problem. The second
objective is 1o instruct the reader in the application and development of models capable
of handling complex problems of groundwater flow.

In view of the above two objectives, emphasis is placed on a detailed coverage
of methods for solving a variety of problems, rather than on providing a catalogue of
existing solutions. A brief overview of related literature is supplied in Appendix D in
order to provide the reader with information on approaches and solutions that are not
covered in this text.

The subject matter is organized in sections, numbered from 1 through 65; equations
are numbered per section. The sections are grouped in chapiers, each covering one main
topic.

Chapter 1 is concerned with the basic concepts and the derivation of the governing
equations. Many groundwater flow problems, in particular problems of regional aquifer
flow, are not solved exactly; rather, approximate governing equations are derived for the

1



2 Introduction

aquifer configuration considered. The mathematical formulations for the various aquifer
configurations are unified by the use of discharge potentials, expressed differently for
each type of flow corresponding to a particular aquifer configuration. The mathematical
formulations thus become similar and solutions and techniques are often transferable
from one type of flow to another.

The most common aquifer configurations and types of flow are covered in Chap-
ter 2, including the basic equations and elementary methods of solution. The idea of
formulating groundwater flow problems in terms of discharge potentials is not new, al-
though rarely applied. Girinski [1946] presented discharge potentials for three types
of flow; the author (Strack [1976, 1981(a)]) developed this idea further; in this text,
from Chapter 2 onward, the mathematical formulation is carried out entirely in terms of
discharge potentials.

An important class of groundwater flow problems is governed by a partial differ-
ential equation known as Laplace’s equation. Solutions to this differential equation are
called harmonic functions, and have specific properties. Elementary harmonic functions
and their main properties are discussed in the context of groundwater flow problems in
Chapter 3. This chapter ends with an introduction to complex variable approaches in
groundwater flow.

Chapter 4 is devoted to determining streamlines and pathlines, and to modeling
advective solute transport with retardation and decay.

A major simplification of the mathematical formulation of problems governed by
Laplace’s equation is achieved by the use of complex variable techniques. Complex
variable methods were at one time commonly used in the field of groundwater me-
chanics. Authors of classical texts such as Muskat [1937], Polubarinova-Kochina [1952,
1962], and Aravin and Numerov [1953, 1965] have devoted major parts of their books to
complex variable approaches. Although these methods are still covered in many contem-
porary textbooks on groundwater mechanics (e.g., Verruijt [1982], Bear [1972, 1979)),
the emphasis has shifted in the direction of numerical methods. A development toward
numerical models based on analytic formulations has recently become evident, however,
(e.g., Kirkham and Powers [1971], Van der Veer [1978], Hunt and Isaacs [1981], Strack
and Haitjema [1981a, 1981b], Strack [1982], Liggett and Liu [1983], and Sidiropoulos
et al [1983]). For two-dimensional problems these techniques are, or can be, formulated
with advantage in terms of complex variables. For this reason, a considerable part of
the present text is devoted to complex variable techniques. Classical applications of
complex variable methods to groundwater flow problems are covered in Chapters 3, 5
and 7. Chapter 6 is devoted to the analytic element method, which is formulated in terms
of complex variables. The analytic element method is presented here in full detail for
the first time, and is intended primarily for the modeling of regional groundwater flow.
The principle of the method is very simple: the superposition of analytic functions, each
being suitable for modeling a particular aquifer feature.

A related technique, the boundary integral equation method (Liggett and Liu [1983],
Hunt and Isaacs [1981]), is covered in Chapter 8. Numerical methods based on dis-
cretization of the governing differential equation, the finite difference, and finite element
methods, are discussed in Chapter 9. Textbooks focusing on the application of the latter
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three methods are available (e.g., Liggett and Liu [1983], Wang and Anderson [1982],
Bear and Verruijt [1987]); therefore only the basic principles involved are discussed in
this text. Analogue methods, finally, are covered in Chapter 10.

An attempt has been made to make the sections as independent from each other as
possible, although cross references are made. The reader thus may skip certain sections
and proceed to others without losing the ability to follow the discussion. This holds true
particularly for many of the sections in Chapter 2. It is important to note, however, that
an understanding of complex variable methods, as covered in Secs. 22 through 25,i1s a
prerequisite for following the discussions in Chapters 5, 6, 7, and part of Chapter 8.






Chapter |

Basic EQuations

Flow of water in a body of soil occurs through interconnected openings between
the soil particles. The path of a water particle through the soil is erratic, and its velocity
changes continuously: the velocity is large in the small pores and small in the larger
ones.

For most engineering groundwater flow problems, it is not necessary to determine
the path that the water particles follow in their way through the soil. It usually is sufticient
to determine average velocities, average flow paths, the discharge flowing through a given
area of soil, or the pressure distribution in the soil. We will, throughout this text, work
with averages and ignore the actual paths of flow. The term rectilinear flow, for example,
will be used when the average flow is in one direction.

The theory of groundwater flow is based on a law discovered by the Frenchman
Darcy in 1856. After the introduction of the basic concepts, we will discuss the ex-
periment performed by Darcy and present his law in its simplest form. We will then
present the generalized form of Darcy’s law and the equation of continuity, and finish
the chapter by combining these two equations into one governing equation for steady
flow of a homogeneous fluid in a porous medium.

2 BASIC CONCEPTS

The basic quantities used to describe groundwater flow are velocity, discharge, pressure,
and head. These quantities will be discussed in this section.



6 Basic Equations  Chap. 1

The Specific Discharge

The specific discharge is defined as the volume of water flowing through a unit area of
soil per unit time. The units of specific discharge are m®/(m?s) or m/s and thus are the
same as those of a velocity. Specific discharge sometimes is called discharge velocity,
but we will use the term specific discharge to avoid confusion with a velocity. We will
represent the specific discharge by the letter q.

The seepage velocity is the average velocity occurring at a certain point of the
porous medium. The seepage velocity will be represented as v. It is obtained by dividing
the specific discharge by the area of voids present in a unit area of porous medium. If
the porosity of the medium is n, then the area of voids per unit area is n and therefore

v=

2.1

SRS

Since n is always less than 1, v is always larger than gq.

porous end caps

- punnog.

Figure 1.1 Flow through a cylinder.

The concepts of specific discharge and seepage velocity may be illustrated by
considering water flowing through a cylindrical tube filled with sand which is contained
in the space between the end caps 1 and 2, as is shown in Figure 1.1. The cylinder is
filled with water and is connected to two reservoirs, I and 11, with different water levels.
The water will flow through the cylinder as a result of the difference in water levels.
The level of reservoir Il is controlled by overflow. Water must be poured into reservoir
I in order to maintain its level. By measuring the rate at which water is poured into
reservoir 1, one determines the total amount, Q, of water flowing through the cylinder
per unit time. The specific discharge is found by dividing Q by the cross-sectional area
of the cylinder, A, i.e.,

(2.2)

|0



Sec. 2  Basic Concepts 7

The seepage velocity v is found from (2.1) to be

v=

- Q
T nA 2.3)

ERES

The seepage velocity may be used to find the average time t needed for a water particle
to travel through the sample. If the length of the sample is L, the time ¢ is obtained
from the relation

vit=L (24)
or
L LnA
t= o 0 (2.5)
see (2.3).
Pressure and Head

The hydraulic head at a certain point P in a soil body is defined as the level to which
the water rises in an open standpipe with its lower end at point P (see Figure 1.2). The
hydraulic head is defined as a level and is measured with respect to a reference level or
datum. We will represent the hydraulic head by the letter ¢, and refer to it often simply
as the head. The units of ¢ are the units of length, m.

stand pipe

soil surface

#\—W—_W

groundwater table

Figure 1.2 Definition of the head ¢.
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The pressure at point P is found from the weight of the water column above P in
the standpipe. If the elevation of P above the reference level is Z [m], then the height
of the water column above P is ¢ — Z. Denoting the pressure as p [N/m?], the density
of water as p [kg/m’] and the acceleration of gravity as g [m/s2], the pressure at P is

p=p9(¢p-2) (2.6)

The elevation Z of point P above the reference level is known as the elevation head of
point P. The head, ¢, can be expressed in terms of pressure, p, and elevation head, Z,
by the use of (2.6) as follows:

¢=—+2 2.7

The fraction p/(pg), with the units of (N/m?)/(N/m?), or m, is known as the pressure
head. Thus, (2.7) can be given in words as: “head equals pressure head plus elevation
head.”

3 DARCY’S LAW

Darcy’s law (Darcy [1856]) is an empirical relation for the specific discharge in terms of
the head. The origina! form of this law is applicable to rectilinear flow of a homogeneous
liquid only. A general form of Darcy’s law exists, and will be discussed after treating
the case of rectilinear flow.

Rectilinear Flow

Darcy found that the amount of flow through a cylinder of sand of cross-sectional area
A increases linearly with the difference in head at the ends of the sample (see Figure
1.3). The head at end cap 1 is ¢,. This is seen from Figure 1.3 by noticing that the pipe
or hose connecting reservoir I to the sample can be viewed as a standpipe. Similarly,
the head at end cap 2 is ¢,. Darcy’s law for the experiment of Figure 1.3 is

b — ¢
L

Q=kA (X))
where Q is the discharge [m’/s], A is the cross-sectional area of the sample [m?] and L
is the length of the sample [m]. The proportionality constant k is known as the hydraulic
conductivity. It follows from (3.1) that the dimensions of k are those of a velocity,
[m/s]. We will sometimes use the term resistance to flow, borrowing this concept from
electrokinetics. Resistance to flow is the inverse of hydraulic conductivity (1/k).
Writing (3.1) in terms of the specific discharge g, we obtain, with ¢ = Q/A,
& —

=& (32)
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Figure 1.3 Darcy’s experiment.

If the head is measured at various points inside the sample of Figure 1.3, it appears
to vary linearly over the sample. If a coordinate system is chosen with the z axis running
along the axis of the sample and the origin at the end cap 1, we may write the following
expression for ¢,

$2r — ¢
L

This equation represents the straight line of Figure 1.4, where the head is plotted as a
function of position over the sample. It follows from (3.3) that

T (3.3)

¢=¢ +

d¢ -4
&I oo
so that (3.2) may be written as
= 1%
9z = —k iz (3.5)

The index z in g, is used to indicate that the specific discharge is in the z direction.
The derivative d¢/dz is known as the hydraulic gradient for flow in the z direction.

L
o] x

Figure 1.4 Linear variation of ¢.
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Intrinsic Permeability

The hydraulic conductivity is a material constant, which depends upon the properties
of both the fluid and the soil. It is possible to define another constant, the intrinsic
permeability x, which depends only upon the soil properties and is related to the hydraulic
conductivity as

kP9
7!

k= (3.6)

where u is the dynamic viscosity [Ns/m?). The dimension of x is m?. The intrinsic
permeability is used primarily when the density or the viscosity of the fluid varies with
position. In this text, however, only fluids with homogeneous properties are considered
and therefore the classical hydraulic conductivity k is used. Values for k and x are listed
in Table 1.1 for some natural soils.

Table 1.1 Permeabilities for Some Natural Soils

k [m/s] K [m?]
Clays <107? < 107"
Sandy clays 10 - 10-8 106 —10-3
Peat 102 — 1077 10-'6 — 10—
Silt 10-8 — 1077 10-'5 — 10~
Very fine sands 10°¢ - 103 10783 - 1012
Fine sands 10-5 — 10~ 10-'2 — 10"
Coarse sands 10-4 - 1073 10-" —10-'0
Sand with gravel 1073 - 1072 10-1° — 107°
Gravels > 102 >107°

(Source: A. Verruijt, Theory of Groundwater Flow, (€) 1970, p. 10.

Reprinted by permission of the author.)

Range of Validity of Darcy’s Law

Darcy’s law is restricted to specific discharges less than a certain critical value. The
critical specific discharge depends upon the grain size of the soil and the specific mass
and the viscosity of the fluid. The criterion for assessing the validity of Darcy’s law
in a given case is often expressed in terms of the Reynolds number Re, defined for
groundwater flow as follows:

Re = &q 3.7
U
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where D is the average grain diameter [m]. The Reynolds number is dimensionless. The
range of validity of Darcy’s law is defined by a relation obtained experimentally,

Re<1 (3.8)

If the Reynolds number is larger than 1, Darcy’s law is not valid and other, more complex,
equations of motion must be used.

Darcy’s law is valid for most cases of flow through soils. This is seen by sub-
stituting some average values for g, D, p and p in (3.7). The dynamic viscosity, p, of
water at a temperature of 10° C is about 1.3 * 107> Ns/m? and p is about 10° kg/m"’.
The average particle size of coarse sand is about 0.4 * 1073 m in diameter. Substitution
of these values in (3.7) yields

Re=(0.3%10%)q (3.9)
This number will be smaller than 1 if
g<33%107% m/s =3.3 mm/s (3.10)

This is a large value for the flow of groundwater. The hydraulic conductivity ranges
from less than 10~° m/s for clays to about 10~3 m/s for coarse sands. Furthermore,
k is equal to the specific discharge occurring when the hydraulic gradient is 1, a large
value. The specific discharge is the product of the hydraulic gradient and k, and will
thus usually be less than 10~ m: Darcy’s law indeed appears to be valid for most cases
of flow through soils.

General Form of Darcy’s Law

In practical problems, the flow is rarely rectilinear and neither the direction of flow nor the
magnitude of the hydraulic gradient is known. The simple form (3.5) of Darcy’s law is
not suitable for solving problems; it is necessary 1o use a generalized form of Darcy’s law
which gives a relation between the specific discharge vector and the hydraulic gradient.
The direction of the specific discharge vector will vary with position and is in the direction
of flow. The magnitude of this vector represents the amount of water flowing per unit
time through a plane of unit area normal to the direction of flow. In three dimensions, the
specific discharge vector has three components. With reference to a Canesian coordinate
system z, y, z, the three components of the specific discharge vector are represented as
4s, gy, and g,. The form of Darcy’s law for three-dimensional flow through an isotropic
porous medium is

__ 99
9= Lb‘r
I
=—k— .
qy Dy (3.11)
g0 = k22
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Because the three components of the specific discharge vector are proportional to the three
components of the hydraulic gradient, with k as the proportionality factor, the specific
discharge vector points in the direction of the hydraulic gradient. We will sometimes
represent the specific discharge vector with components (g., gy, q.) briefly as g;. The
index i then stands for z, y, or z. The partial derivatives d¢/dz, 3¢/dy, and 0¢/0z
represent the three components of the hydraulic gradient. We may write the components
of this vector as 8;¢, 3, ¢, and 3. ¢, where the 9 with the index stands for differentiation
with respect to the coordinate represented by the index. The hydraulic gradient can then
be written as

¢ 8¢ 8¢

3’ 3y’ 9z (3.12)

00~

The notation with indices is known as the indicial notation or tensor notation, and has
the advantage of compactness. The three equations (3.11), for example, can be written
as one,

Py a.13)

Darcy’s law (3.11) may be written in terms of pressure by the use of (2.7),

=_kor
%=
k dp
=—— (3.14
qy g Oy )
-k kor
QZ- pgaz

where the z coordinate points vertically upward, so that 8Z/3z = 1 (see Figure 1.2).
Equations (3.11) and (3.14) are equivalent only if the density of the fluid is constant.
Equation (3.11) is wrong for variable p, as may be demonstrated, following Verruijt
[1970], by considering the case of groundwater of variable density at rest, so that ¢; =
gy = q. = 0. We integrate (3.11) and use (2.7) to express ¢ in terms of the pressure,

¢ = constant = ;:lg +2 (3.15)

Integration of (3.14) yields for this case

z
p= —/ pgdz (3.16)
Zo

where Z, is a reference level. Since (3.15) is not applicable to water of variable density
at rest, and is obtained from (3.11), it follows that the latter equation cannot be used for
cases of variable density, at least not with the definition (2.6) for ¢. Equation (3.16),
however, is correct and (3.14) is indeed valid for variable density.
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Cases where variable density must be considered are not covered in this text, and
Darcy’s law will be used in the form (3.11), with ¢ defined by (2.7).

Anisotropy

We assumed thus far that the hydraulic conductivity k is the same in all directions. In
practice, however, the soil often is layered with the hydraulic conductivity being different
in the directions parallel and normal to the layers. This is illustrated in Figure 1.5(a),
where layers of sand are sandwiched between thin layers of clay. We consider the case
that there is no flow normal to the plane of drawing, the z, y plane. We introduce
Cartesian coordinates z* and y* such that the z* axis is parallel to the layers. It follows
from Figure 1.5(b) that
:c—.r:‘(:f)sa y' sina 3.17)
y=z'sina+y*cosa
We write Darcy’s law in terms of the z*, y* coordinate sysiem, denoting the components
of the specific discharge vector in the z* and y* directions as ¢} and qy:

. ¢

9=~k dr*
P (3.18)

- ¢

qii' = _kz(.}y-

where k) and k; represent the values of the hydraulic conductivity in the directions
parallel and normal to the layers. These directions are called the principal directions,
and k, and k, the principal values of the hydraulic conductivity.

(@) b (b)
. x*cosa -
—

Figure 1.5 Anisotropic hydraulic conductivity.

It is possible to write Darcy’s law in terms of vector components in the z and y
directions. The expressions for ¢, and ¢, in terms of ¢} and g are similar to (3.17):
g: =¢rcosa — gysina

3.19
gy =¢zsina+gqycosa G19)
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Using (3.18), we obtain

By application of the chain rule we find

09
ar*
¢
aya

where the partial derivatives dz/dz*,

Basic Equations
_ ., 09 % .
g: = —k py cosa + k; p sin
__;. 99 < b
=—ki— Fo sina — k; oy
_0¢ 0z 09y aas 9
= 3z 9z° 3 By dz° = cosa+ By sina
_0¢ 0z 03¢ Oy 8¢ . (i )
31-8y‘ +6y6y‘ azsma+aycosa

dy/dz*

Chap. 1

(3.20)

3.21)

, 0z /8y*, and By/dy"* are obtained by

differentiating (3.17). Combining (3.20) and (3.21) we obtain Darcy’s law for anisotropic

hydraulic conductivity:

where

9¢ 99
berar vy
¢ o
g gy

kzz = ky cos? a + k; sin’ o

kzy = kyz = (k1 — k) sinacos

kyy = ki sin’ a + ky cos? a

(3.22)

(3.23)

It is of interest to note that each component of the specific discharge vector depends
upon both components of the hydraulic gradient. These two vectors therefore are not
collinear, as opposed to the isotropic case. This may also be seen from (3.18) considering
the case that the hydraulic gradient is inclined at 45° to the layers (9¢/dz* = 0¢/0y*).
Because k, is larger than k; the flow will be inclined at an angle less than 45 degrees to

the layers (q; /q; < 1).

For the general case of three-dimensional flow, Darcy’s law (3.22) becomes

:=

qQy =

q: =

-k

d¢ i) op
k:za k:yay E k:za
e, 0% 96, 08
kyr 9z - kway - kwa;
d¢ a9 0¢
zza - kzy% - kua

(3.24)
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az
q‘(xl Y. I+ T}

ay
k Q=+

ax
qx{ 2 A ?J —— et qx(x.., ez_‘t. » z)

A
9% r-3, 2 4

Az
z I a9 xr1=-5)

Figure 1.6 Continuity of flow.

The nine coefficients k;; (i = z, y, z) are called the coefficients of a second rank tensor,
the hydraulic conductivity tensor. Of these nine coefficients, only six are different; the
tensor is symmetric:

key=kyz  kea=ky  ky=kyy (3.25)

We will consider problems with anisotropic hydraulic conductivity in this text, but,
unless explicitly stated, assume that the hydraulic conductivity is isotropic,

4 CONTINUITY OF FLOW

Darcy’s law fumishes three equations of motion for the four unknowns 9z, Qy, gz, and
¢. A fourth equation is required for a complete description of groundwater flow. This
equation is the mass balance equation, which for steady flow reduces to the equation of
continuity. It results from the consideration that no water can be stored or produced in
an elementary block of soil filled with water. Such a block is shown in Figure 1.6. The
sides of the block are Az, Ay, and Az, and the center is at (z, y, z). The rectangle is
so small that the variation of the magnitudes of the components of ¢; along the sides can
be neglected with respect to their value at the center of each side. The inflow through
each side then is equal to the normal component of ¢; multiplied by the area of the side.
The net inflow AQ [m’/s] leaving the block is obtained from Figure 1.6, where only
the components of ¢; normal 1o the sides are drawn, and is set equal to zero:

AQ=0= AyAzlg:(z+ 5F,y,2) — q.(z — 4%,3,2)]
+AzAz2lq,(z,y + 5L, 2) — qy(z,y — §¥,2))
+AzA8y(g:(z,y, 2 + §F) — qu(,y, 2 — §2)) @1
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Division by AzAyAz yields

g:(z + 8%,9,2) — g:(x — 4%,,2)

Az
+‘Ty(I- y+ %"! z) — gz, y - %E’ 2)
Ay
Az Az
+qz(x'y- z+ le;qx(" $2-5) 4.2)

Passing to the limit for Az — 0, Ay — 0, and Az — 0, the three terms in (4.2) become
partial derivatives and we obtain

%4 | Oqy  09: _

oz dy 0z 4.3)

which is the equation of continuity for steady groundwater flow. This equation is appli-
cable also to transient flow in an incompressible porous medium.

5 FUNDAMENTAL EQUATIONS

Darcy’s law and the continuity equation together provide four equations for the four
unknown quantities gz, gy, ¢,, and ¢. Three of these equations will be eliminated by
substituting the derivatives —k;¢ for g; in the continuity equation. This yields

o [, 09 o [, 0¢ a [, 09

— k= +=— |k=—=|+=— |k—]| =0 5.1

oz 3::]+6y[8y]+3z[8z G-
which is the goveming equation for steady groundwater flow in an isotropic porous
medium. If the hydraulic conductivity k is a constant, (5.1) may be written as

¢ ¢ 0*¢
a2 T a0 (5:2)

which is Laplace’s equation in three dimensions. The fundamental equations for steady
flow through isotropic porous media consist of either (5.1) or (5.2) and Darcy’s law,

O0¢
gz = — a
¢

Q= -ka (5.3)
__p 99
9= k3,
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Solving groundwater flow problems amounts to solving the differential equation of
Laplace with the appropriate boundary conditions. Sometimes these conditions are given
in terms of the head ¢, as along the bank of a canal or river, and sometimes in terms
of the discharge vector, as along a slurry wall where the component of g; normal to the
wall is zero.

Only few solutions to Laplace’s equation in three dimensions exist. Fortunately,
many practical flow problems either are two-dimensional or can be approximated by a
two-dimensional analysis. Such problems will be discussed in the next chapter, along
with approximate methods which make it possible to solve three-dimensional problems
by a two-dimensional analysis.






Chapter 2

Types of Flow

Compared to other fields of applied mechanics, steady flow of groundwater is governed
by a comparatively simple differential equation. The difficulty in solving engineering
problems, however, is the diversity of natural conditions encountered. Groundwater flow
problems may be categorized into types of flow according to the natural conditions under
which the flow takes place. We will define and discuss these types of flow in this chapter,
treating one type of flow in each section.

Many of the natural types of flow are three-dimensional but can be covered by
good approximation by a two-dimensional analysis. For each type of flow we will
discuss the approximations made, derive the basic equations, present some elementary
methods of solution, and apply these to one or more practical problems. The scope of
this chapter is limited to homogeneously permeable porous media. Where possible, we
will introduce potentials and discharges for each type of flow in such a way that the
various mathematical formulations become similar, if not identical.

The solution of practical problems may be viewed as a process that consists of
three main steps:

1. Simplification of the real problem in such a way that it becomes tractable, while
retaining the important characteristics of the problem

2. Formulation of the physical quantities in terms of abstract variables and functions
used in the mathematical description of the problem

3. Determination of the mathematical solution and interpretation of the results.

This procedure will be followed when solving practical problems at the end of each
section.

19
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6 HORIZONTAL CONFINED FLOW

We will call a flow horizontal if it takes place only in the horizontal plane. Horizontal
flow thus occurs if the vertical component of the specific discharge vector, g,, is zero
throughout the flow region, i.e., if

q:=0 (6.1)

Flow is called confined if the groundwater flows between two impermeable bound-
aries. These impermeable boundaries are known as the confining boundaries. 1f the
confining boundaries are horizontal and the flow in the space between them is horizon-
tal, we will call the flow horizontal confined flow. The permeable layer between the
confining layers is called a water bearing layer or aquifer.

Horizontal confined flow either is one-dimensional or two-dimensional. In some
cases, two-dimensional flow may be radial. We will discuss horizontal confined flow for
cases of one-dimensional flow, radial flow, and two-dimensional flow below.

One-dimensional Flow

An example of a case of one-dimensional flow is given in Figure 2.1. The flow occurs
in an aquifer between two long, parallel, straight rivers. An r, y, z coordinate system is
selected as indicated in the figure. The = and y axes are normal and parallel to the rivers,
respectively, and the 2 axis points vertically upwards. The origin is halfway between
the rivers, the distance between the rivers is L, and the thickness of the aquifer is H.
The heads in rivers AB (z = —L/2) and CD (z = L/2) are ¢; and ¢, respectively. It
follows from symmetry that no flow will occur in the y direction, so that, with (6.1),

y=9q.=0 (6.2)

It follows from Darcy's law, (3.11), that 8¢/dy = 8¢/dz = 0; ¢ does not vary in the y
and z directions and is a function of z alone. Equation (5.2) therefore reduces to

¢

i (6.3)
and integration gives

d¢

—_ = 6.4

where A is a constant. Integration of (6.4) gives the general solution for one-dimensional
flow:

¢=Az+ B (6.5)
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I

Figure 2.1 One-dimensional flow.

21

This solution covers all cases of one-dimensional flow. The particular solution that fits
the flow case of Figure 2.1 is found by application of the boundary conditions. These

boundary conditions are found from Figure 2.1 10 be
T= —%L o=@
= 3L ¢=¢
The first boundary condition gives with (6.5)
¢1=—3AL+B
and the second one yields
$2= 3;AL+B
Solving (6.7) and (6.8) for A and B, the following is obtained:

d1—
L

Substitution of these values for A and B in (6.5) gives

A=-—

B =3(¢1 + ¢2)

?=~(01~ 6] + (61 +92)
The specific discharge is found by the use of Darcy’s law (3.11)

_ k@ - )

9= L Qy=0 g: =0

(6.6)

6.7)

(6.8)

6.9)

(6.10)

(6.11)
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It follows that the specific discharge does not vary with position, and increases lin-
early with both the difference in head at the two rivers and the coefficient of hydraulic
conductivity. It decreases linearly with the distance, L, between the two rivers.

The discharge flowing through the aquifer per unit length of river bank is found
by multiplying the specific discharge g, by the thickness of the aquifer, /. Denoting
this discharge as Q., we find from (6.11) that

kH(¢1 — ¢2)

Q:=q.H= — (6.12)

Basic Equations

In problems of horizontal confined flow, we are interested primarily in the discharge
occurring over the thickness of the aquifer, rather than in the specific discharge, and
introduce the discharge vector Q;. For one-dimensional flow this vector has one com-
ponent, Q,, defined by (6.12). For two-dimensional flow the discharge vector has two
components, Q. and Q, and is defined as Q; = Hq; = H(q:, qy), or

Q:=Hgq,
Qy=Hqy

The two components of the discharge vector (Q.,Q,) can be expressed in terms
of derivatives of the head ¢ by use of (6.13) and Darcy’s law (3.11). This gives

e = |_r2¢
Q:-Hq:—H[ "a,.-]

(6.13)

06 (6.14)
QF = qu = H [—k‘é—;]
Since both H and k are constants, (6.14) can be written as
OlkH
@ =-5 %
V= __'"”gy_

These equations suggest the introduction of a new variable, ®, defined as follows,

d=kH¢p+ C. (6.16)

where C. is an arbitrary constant. Since 8C./8z = 8C./dy = 0, (6.15) can be simplified
by the use of (6.16)

SR

Q:
Qy

6.17)
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We will refer to the function ® as the discharge potential for horizontal confined flow,
or briefly as the potential .

Since ¢, = —k(9¢/dz) = 0 for all cases of horizontal confined flow, the governing
equation becomes

Py P
a§+5§=0 (6.18)

Furthermore, it follows from (6.16) and (6.18) that

&P [e-C, P [¢-C. 1 [PPe 9
o a3 = las 55| =0 (6.19)
ox? | kH oy | kH kH | 022~ oy?
or
’e  Pro
o2 T oz =0 (6.20)

Problems of horizontal confined flow can be solved by determining a function ¢ that
fulfills Laplace’s equation and satisfies the boundary conditions.

Equipotentials and Streamlines

Equipotentials are defined as curves of constant potential. A set of equipotentials
can be obtained by the use of computer graphics, for example, and provides us with
a visual tool for studying the solution to a flow problem. A plot of equipotentials,
which are sometimes called potentiometric contours, shows the variation of the potential
throughout a flow domain in much the same way as the contour lines on a topographic
map show the ground elevations. In addition, both the direction and the magnitude of
the discharge vector can be derived from a plot of equipotentials as is shown below. The
discharge vector is directed normal to the equipotentials. This is seen as follows, by the
use of a local s, n Cartesian coordinate system, where s is normal and n is tangent to
the equipotential at a point P, as is shown in Figure 2.2. Writing (6.17) in terms of the
coordinates s and n, we obtain

oo
Q.= _F

0; 6.21)
Qn - _5;;

The potential does not vary in the direction n, because n is tangent to the equipo-
tential at P. Hence, Q,, is zero so that the discharge vector points in the direction s,
which is normal to the equipotential. It may be noted that this is true only if the mag-
nitude of the discharge vector is unequal to zero. Point P is called a stugnation point if
both components of flow are zero at P; in that case the equipotential and the streamline
are not mutually orthogonal at P.
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Figure 2.2 Equipotentials and streamlines.

Because the discharge vector is normal to the equipotentials, the flow occurs in
the direction of the steepest slope of the plot of potentiometric contours. Discharge
streamlines are curves whose tangent at any point coincides with the discharge vector;
see the solid curve in Figure 2.2. The word discharge in “discharge streamlines™ is
added to indicate that these streamlines correspond to the discharge vector, rather than
to the specific discharge vector. When confusion is unlikely, however, we will omit
the word discharge, and refer briefly to streamlines. We cannot, at this stage, determine
mathematical expressions for points of the streamlines; such expressions will be pre-
sented in Chapters 3 and 4. However, knowing that the streamlines are normal to the
equipotentials, we can sketch them for any given plot of potentiometric contours. The
magnitude of the discharge vector can be estimated from the distance between consec-
utive equipotentials, provided that the difference in values of ® on such equipotentials
is kept constant throughout the flow domain. If this difference is A®, and the distance
between two consecutive equipotentials is As, then the first equation of (6.21) may be
approximated as '

Q, = - As (6.22)

Since A® is constant, Q, is inversely proportional to the distance between the equipo-
tentials. It follows from the definition of the streamlines that no flow can occur across
a streamline. Thus, the discharge flowing between two streamlines is constant, provided
that no water enters the aquifer through the upper or lower boundaries. If the distance
between two consecutive streamlines at a point P is An, then the discharge AQ flowing
between these streamlines is approximately AQ =~ Q,An ~ —A®An/As. If we draw
the streamlines such that the distances An and As are approximately equal, AQ is about
equal to —A®. The amount of flow between any pair of streamlines is then constant
throughout the mesh of equipotentials and streamlines, which is called a flow net.

For the simple case of one-dimensional flow shown in Figure 2.1, the equipotentials
are straight lines that are parallel to the two rivers, and will all be the same distance

apart.

Problem 6.1
Determine both A® and As for the case of Figure 2.1, if there are to be 4 equipoten-
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tials, not counting the river banks. Draw the equipotentials, determine Q, by the use of
(6.22), and check this value against (6.12).

Radial Flow

Radial horizontal confined flow occurs when there is symmetry with respect to a vertical
axis. An example of radial flow is the case of flow toward a well at the center of a
circular island, as illustrated in Figure 2.3. We will determine the potential for this
flow case by applying Darcy’s law and the equation of continuity separately rather than
solving the differential equation directly. Let the discharge of the well be Q [m’/sec].
the radius of the well r,,, the radius of the island R, the head at the boundary ¢y, and
the thickness of the aquifer H. It follows from the symmetry with respect to the axis of
the well that the flow is radial, i.e., the discharge vectors at all points are directed toward
the center of the island. Since the radial coordinate r points away from the center, the
discharge vector @, points in the negative r direction, i.e.,

Q-<0 (6.23)

Figure 2.3 A well in a circular island.

It follows from continuity of flow that the same amount of water must pass through all
cylinders with radius r (r, < r < R) and height H. This amount equals the discharge
Q of the well and may be expressed as follows, noting that (—Q);,) is positive:

Q=27rr(-Qy) (6.24)
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It follows from Darcy’s law (6.17) that

dd
Q.= - (6.25)
and substitution in (6.24) gives
dd
Q= ZIr-J; (6.26)
or
dé Q
E = 2—1;; (6.27)
Integration yields
Q
$= EInr+C (628)

where C is a constant of integration. This equation represents the general solution for
flow toward a well in an infinite confined aquifer. The value of the constant C for flow
toward a well in a circular island is found from the boundary condition at r = R,

r=R o= (6.29)

Taking the arbitrary constant C, in (6.16) as zero, the relation between potential and
head becomes

b=kH¢ (6.30)
and the boundary condition may be expressed in terms of ® as
r=R b=0g=kHd¢o (6.31)

The constant C in (6.28) is found upon application of (6.31) to (6.28) and equals ¢, —
Q/@2m)In R, so that (6.28) becomes

®=kHé= % In )% + & (6.32)

or, after division by kH, noticing that ®, equals kH ¢y

- Q .
=5k MR+ (6.33)

¢

This equation is known as the Thiem equation (Thiem [1906]).
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The Head at the Well

It may be necessary to calculate the head that must be maintained at the well to
obtain a certain discharge of Q. If the radius of the well is r, this head, ¢, is found
from (6.33) by substituting r,, for r, which gives

_ Q Tw
¢w—-¢o+2wkh, In R (6.34)
Since the flow is confined, the water table at the well must be above the upper
impervious boundary. Hence, ¢,, must be greater than H:
Q Tw
= ——In— > .
Pw %+2rrkHlnR—H (6.35)
If this condition is not fulfilled, the flow near the well is not confined and (6.33) is not
applicable.

Problem 6.2
Prove that the equipotentials for the case of Figure 2.3 are circles. It is given that 7, =
0.01 + R. Draw 9 equipotentials, not including the equipotentials r = r,, and r = R, for a
value of R of your choice. Do this by solving (6.35) for Q and substituting the resulling
expression for Q in (6.32).

Two-dimensional Flow

The differential equation that describes two-dimensional horizontal confined flow in the
x, y plane is Laplace’s equation (6.20).
>e N ’o
or? ('}yz
All solutions to problems of horizontal flow must fulfill this equation. The solution to a
particular problem then is selected by application of the boundary conditions.

A relatively simple method of solution is known as the method of images and is
based on the superposition principle. This method will be discussed below.

=0 (6.36)

The Superposition Principle

The superposition principle states that if two different functions, say ¢, and ®,,
are solutions of Laplace’s equation, then the function,

Pz, y) = C1@)(x,y) + CrP2(z, y) (6.37)

also is a solution of Laplace’s equation.
The proof of the superposition principle is as follows: Since ®,(z, y) and ®,(, y)
are solutions of the differential equation we have

P, P9, PO, &P,
¢ ) i Y 0+C+0= 6.38
ll:a_:z ay2]+6‘z oz T o Ci+0+C2+0=0 (6.38)



Since C; and C; are constants, this may be written as

&(C¥1) + &[C,®;) N &(C1®1) N 9*C,®,)

or? oxr? ay? ay?
_ PO+ Crdy) | PUICIE + O%) _ 6.39)
Or? ay?
It follows from (6.37) and (6.39) that
’d P
T2 + Tf;z =0 (6.40)

as asserted. It may be noted that superposition of solutions is possible without violating
the differential equation if this equation is linear in ®. Laplace’s equation is only one of
many linear differential equations for which superposition holds.

The Method of Images

The method of images consists of combined use of the superposition principle and
symmetry. As an example, consider the cases of horizontal confined flow illustrated in
Figures 2.4(a) and (b). The dotted curves in the plan views are equipotentials and the
solid curves are streamlines. Figure 2.4(a) represents the case of a discharge well and
a recharge well in a confined aquifer of infinite extent. A discharge well is one which
withdraws water from the aquifer. A recharge well pumps water into the aquifer. The
term “well” may be used with reference to either a discharge or a recharge well. Both
discharge and recharge may be represented as Q, where Q is positive for a discharge
well and negative for a recharge well. Figure 2.4(b) represents the case of two discharge
wells. We will determine the potential as a function of position for each case, starting
with Figure 2.4(a). .

A Cartesian z, y, z coordinate system is chosen as indicated in the figure, with
the origin halfway between the wells and the x axis passing through the recharge well.
The distance between the wells is 2d. The potential ® for this flow problem is found by
superposition of two potentials, ®; and &,. )

The function ®, is the potential for one well (W, in Figure 2.4[a]) in an infinite
aquifer and is of the form (6.28),

P = 9—'— Inry + C, (6.41)
2T

where Q, is the discharge of the well. The value of ®, at any given point is found by
measuring the distance r; from the well to that point and substituting this value for r,
in (6.41). Thus, r; represents the distance from the well to the point where ®, is to be
evaluated. We will refer to r| as the local radial coordinate from Wiy,

The function @, corresponds to one recharge well (Wg in Figure 2.4[a]) in an
infinite aquifer. An amount Q, is pumped into the aquifer at the recharge well. The
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+Q -Q

(a) (b)

Figure 2.4 The method of images.

potential ®; for a recharge well in an infinite aquifer is found from (6.28) by leuing Q
be negative, Q = —Q, (Q2 > 0),

P, = —% Inr, + &, (6.42)
2n

where 7 is the local radial coordinate emanating from Wx.
According to the superposition principle, the sum ¢ of ¢, and &,
¢ = &lnr. - %lnr2+(Cl +(3) (6.43)
27 27
represents a solution of Laplace’s equation; it is the potential for flow from a recharge
well Wr toward a well W)y, (see Figure 2.4).
For the special case that discharge and recharge are equal, i.e., if

Q=Q=Q (6.44)
then (6.43) becomes
o=Linlic (6.45)
2t
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where C = C| + C,. The equipotentials shown in Figure 2.4(a) correspond to this case.
This solution has the property that the head is constant along the y axis, which is the
bisecting perpendicular of the line connecting the wells. Each point of the y axis is at
the same distance from Wy, and Wx. Hence, for an arbitrary point of the y axis we
have that 7y = r; = rp, where rg is the distance from that point to either Wx or Wiy
Substitution of rp for both r| and r; in (6.45) yields

0=Lnmlic=c (6.46)
2r 1o

Hence, & is indeed constant along the y axis, as asserted. This is seen also from the
potentiometric contours shown in Figure 2.4(a).

"

+Q \ -Q

fﬂ "

!

Figure 2.5 Flow toward a well near a river.

It follows that the potential for flow from a recharge well toward a well can be
used to solve the problem of a well near a straight river where the head is constant and
equal to ¢g. This is illustrated in Figure 2.5. The boundary condition along river bank
AB is that ¢ is constant and equals ¢y. The distance from the well to the river bank is
d. The function

Q.
d=—"In—
o In . + @ (6.47)

fulfills the boundary condition along the river bank, | = r;, and thus represents the
discharge potential for the flow problem of Figure 2.5. The local radial coordinates r;
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and r;, can be expressed in terms of the Cartesian coordinates x and y. It may be seen
from Figure 2.5 that

r=vV(@+d?+y? (6.48)
=V -d?+y? (6.49)

Substitution of these expressions for 7, and r in (6.47) yields

_Q (z + d)* + y?
=2 [T e (6.50)

This potential describes the flow from a river along the y axis (x = 0) where the head
is ¢y, to a well at £ = —d, y = 0. The flow region is the half plane = < 0. Note that
the solution was found by use of the image well with discharge —(Q (a recharge well) at
r = d, y = 0. The image well is not real but is merely used as a means to obtain the
solution.

We will next consider the case of two discharge wells shown in Figure 2.4(b). The
potential for two wells of equal discharge Q and a distance 2d apart is obtained from
(6.43) by replacing —Q; by +Q and +Q, by +Q. This yields

é= Q In(rim2) + C (6.51)
27
Substitution of (6.48) and (6.49) for v, and r; yields
¢ =2% In Iz + d? + @)l — d)* + y?1 + C

=2 Infl@ + &% + Pl - P + 320} +C (6.52)

This solution has the property that no flow occurs across the y axis, which is the per-
pendicular bisector of the line between the two wells in Figure 2.4(b). The y axis is
a streamline, which means that the specific discharge vector is directed along that line,
i.e., Q(0,y) = 0. This is seen as follows. The component Q. of the discharge vector is
found from (6.52) by use of Darcy’s law, Q, = —0®/0r,

(6.53)

0,- 2 __Q[ 2+d 2 — d)
T 0r An|l@+dP+y (@ —-dP 4P

which gives, for r =0,

Q 2d 2d
- — = 6.
Q:0,y) o [42 7 E yl] 0 (6.54)
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r b
n

Figure 2.6 A well near impervious boundary.

as asserted. The equipotentials in Figure 2.4(b) intersect the y axis at right angles,
because Q.(0,y) is zero and the flow is normal to the equipotentials.

The solution for flow toward two wells of equal discharge can be used to solve
problems involving an impervious boundary and wells. An example is given in Figure
2.6. The potential (6.52) has the property that no flow occurs across the y axis (see
Figure 2.6), and can be used to describe the problem of flow toward a well near an
impervious boundary. The difference between the solutions to the problems of Figures
2.5 and 2.6 is the “sign” of the image well. The image well is a recharge well (indicated
with a “—") in Figure 2.5 and a well (indicated with a “+”) in Figure 2.6.

Examples of problems that can be solved by the use of the method of images are
given in Figures 2.7(a) and 2.8(a). The image wells are indicated in Figures 2.7(b) and
2.8(b). The potentials are

¢=9|n51-@|n2+¢0 (6.55)
2t r3 2w Ty

and

o= pnre @y mm g (6.56)
2r TsTg 2 TeT7

for the flow cases shown in Figures 2.7(a) and 2.8(a), respectively, which contain equipo-
tentials (the dotted curves) and streamlines (the solid ones). The image wells are shown
in Figures 2.7(b) and 2.8(b). It is of interest to note that two equipotentials and two
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Figure 2.7 A well and a recharge well near a river,
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|
sheet piling
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Figure 2.8 A well and a recharge well near a river and a sheet piling.
streamlines intersect at the point of intersection, S, of the river and the sheet piling: the
equipotentials and streamlines are not orthogonal at this point. Point S is a stagnation
point: the effects of all wells and image wells on the flow cancel there.

Partial Penetration

The boundaries discussed thus far, such as the rivers and sheet pilings, fully penetrate the
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aquifer; they are called fully penetrating pi-undaries. Boundaries that extend over part
of the aquifer thickness are called partially penetrating boundaries. The flow in aquifers
with partially penetrating boundaries exhibits components in the vertical direction. The
vertical components of flow are large in the neighborhood of a partially penetrating
boundary, but reduce rapidly with the distance from the boundary. As an illustration,
equipotentials are sketched in Figure 2.9 for the case of flow between two partially
penetrating rivers. The equipotentials are curved in the neighborhood of the river, where
the components of flow in the vertical direction are large, and become nearly vertical
at a distance of several times the aquifer thickness away from the boundaries. The
application of an analysis of horizontal flow to such a case will produce errors, as a
result of neglecting the resistance to flow in the vertical direction (recall that resistance
to flow is the inverse of hydraulic conductivity (1/k); a zero resistance implies an infinite
hydraulic conductivity). The relative error decreases as the total resistance to horizontal
flow increases, so that the ratio of the neglected resistance to the total resistance decreases.
Thus, the errors become less important as the rivers become further apart. The horizontal
dimensions in real aquifers are often much larger than the vertical ones; for such cases
the effect of partial penetration rarely need be considered. Wells also may be either fully
penetrating or partially penetrating; a similar discussion as that given above applies to
partially penetrating wells. We will assume for the time being that all boundaries and
wells in problems of horizontal flow are fully penetrating.

Figure 2.9 A partially penetrating river.

Piezometric Contours

Piezometric contours are curves along which the head is constant. The head may be
expressed linearly in terms of the potential, see (6.16):

®-C.
kH

The value of ¢ associated with each piezometric contour is obtained from the correspond-
ing value of ® by the use of (6.57). Because ¢ is a linear function of ®, the difference
in value of ¢, A¢, on two neighboring equipotentials is constant throughout the flow
domain, provided that A® is constant.

Problem 6.3
A system of 4 wells, located at the 4 comers of a building pit, will be used to reduce the

¢= (6.57)
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pressures directly below the confining layer that separates the pit from a confined aquifer,
to a level that is safe with regard 10 stability of the bottom of the pit. This level is given as
0.5+ 10° N/m’.

The thickness of the aquifer i H =25 m and the hydraulic conductivity is k = 10™° m/s.

The aquifer is bounded by a long, straight river (see Figure 2.10). The heads are measured

with respect to the base of the aquifer, and the head along the entire river bank is 40 m.

The soil above the upper confining bed is dry. The sides of the building pit are 40 m and its

center is 80 m from the river bank. There is no flow in the aquifer before the excavation.

Questions

(a) Calculate the discharge, Q, of each well necessary to maintain the pressure at or below
the safe level everywhere undemeath the pit, assuming that all wells have the same
discharge.

(b) Calculate the two components of the discharge vector at the midpoint of the side of the
pit closest to the ca-al.

40 m

40 m 60m

Figure 2.10 Dewaiering of a building pit (Problem 6.3).

Problem 6.4

A system of a well and a recharge well in a confined aquifer of thickness H=30 m and
k =107* m/s is used to produce groundwater for a cooling system. The wells are 2d = 100
m apart, and the radius of each well is r, = 0.1 m. The head in the aquifer is constant and
equal 10 35 m before the wells operate. The discharges of the well and the recharge well
are 0.6 * 1072 m’/s and —0.6 + 10™2 m’/s, respectively.

Questions
(a) Calculate the largest distance from the midpoint between the wells at which the influence
of the sysiem on the head is 0.05 m.
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(b) Find the maximum discharge circulated by the system such that the aquifer remains
confined at the well (neglect r,, with respect to d).

7 SHALLOW UNCONFINED FLOW

An unconfined aquifer is one whose upper boundary is a water table, or phreatic surface.
Problems with such a boundary are difficult to solve. Approximate solutions for such
problems can be obtained when the flow is mainly horizontal so that the resistance to
flow in the vertical direction may be neglected. A large class of groundwater flow
problems fulfills this condition. We will consider such problems in this section, and
make the additional assumption that the pores of the soil beneath the phreatic surface are
completely filled with water, and the pores above it are completely filled with air. This
assumption is justified for fairly permeable soils such as sand. The zone of the aquifer
below the phreatic surface is sometimes called the saturated zone.

We will call a flow shallow unconfined flow when we neglect the variation of the
head in the vertical direction. The word shallow is added to avoid confusion; there are
cases of unconfined flow where the resistance to flow in vertical direction may not be
neglected.

Basic Equations

We derived the basic equations for horizontal confined flow directly from the fundamental
equations presented in Chapter 1; the general equations applied because no approxima-
tions were made. For the case of shallow unconfined flow, however, approximations are
being made, and we must take these into account when deriving the basic equations. The
basic equations consist of an equation of motion and the continuity equation. We will
introduce a discharge vector Q; and a potential ¢ for shallow unconfined flow in such a
way that the basic equations become identical to those for horizontal confined flow.

The Dupuit-Forchheimer Assumption

Dupuit [1863] and Forchheimer [1886] independently proposed to neglect the vari-
ation of the head ¢ in the vertical direction. This assumption is usually identified with
the assumption that the component g, of the specific discharge vector is neglected. We
will, however, state the Dupuit-Forchheimer assumption in a somewhat different way:
the resistance to flow in the vertical direction is negligible (Strack [1984]). Thus, the
magnitude of the vertical component g, exists, but is not associated with a variation of ¢:

q: #0 % =0 (7.1

dz
The head thus is constant along vertical surfaces. The Dupuit-Forchheimer assumption
is applicable to aquifers bounded below by an impervious base. This impervious base is
taken as the reference level for the head (see Figure 2.11). If the elevation of the water



Sec. 7  Shallow Unconfined Flow 37

table above the impervious base is h, the head at a point P of the phreatic surface may
be expressed in terms of the pressure as follows (see [2.7]):

o= +z=L 1 12)
P9 Py

- T T S~ T A—————

\1 ‘p

o=h |

p—— ¢=constant

impervious base

Figure 2.11 The Dupuit-Forchheimer assumption.

The pressure at the phreatic surface is equal to the atmospheric pressure. Taking the
atmospheric pressure as zero, (7.2) becomes

¢=h (7.3)

Hence, the head along the phreatic surface is equal to the elevation head, h. Since ¢
is taken to be constant along vertical surfaces, ¢ equals h throughout the unconfined
aquifer.

The Discharge Vector

We defined the discharge vector in Sec. 6 as the product of the specific discharge
vector and the thickness of the aquifer H. For the case of unconfined flow, the aquifer
thickness varies and equals h, and we obtain

Q: = hg:
Qy = hgy
The physical interpretation for Q; is the same for shallow unconfined flow as for hori-

zontal confined flow; the magnitude of Q; equals the amount of flow through a vertical
section of unit width. Application of Darcy’s law (3.11) to (7.4) yields

(74)

Q: = -khg—qb
8; (1.5)
Q,=—-kh—=

By
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Since h = ¢, this becomes

- k2
Qz = k¢
¢

Qy = ‘k¢“_"ay

(7.6)

or, since k is a constant,

_9[3k¢%]
Jxr

[34¢')

dy

Q=
(7.7)

Qy=_

The Discharge Potential
Introducing the discharge potential for shallow unconfined flow as

®=k¢’ +C, 7.8)

where C,, is an arbitrary constant, (7.7) may be written as

P
Qz = __83:
o (7.9)

Qy=_a_y

It is noted that these equations are the same as those derived for horizontal confined flow
(see [6.17])).

Equipotentials and Piezometric Contours

Equipotentials are defined in the same way as for horizontal confined flow; the
concept of an equipotential is universal and is applicable to any potential function. In-
formation regarding the discharge vector may be obtained from a plot of potentiometric
contours as outlined in Sec. 6. Piezometric contours are obtained by letting the head ¢
be constant. The head ¢ is expressed in terms of ® by the use of (7.8):

2(®-C.)
=% (7.10)

Because ¢ is constant whenever & is constant, each equipotential is a piezometric contour.
A plot of potentiometric contours obtained for constant A® may be viewed as a plot of
piezometric contours, with the value of ¢ on each contour obtained from the value of ®
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by the use of (7.10). However, ¢ is not a linear function of @, and therefore Ag, the
difference in value of ¢ on two consecutive equipotentials, is not constant. A plot of
piezometric contours with constant A¢ therefore must be constructed separately from a
plot of equipotentials. Equipotentials serve to gain insight in the magnitude and direction
of the discharge vector. Piezomelric contours are used as a graphical representation of
the head ¢.

Problem 7.1 .
Prove that the magnitude of the specific discharge vector is approximately inversely propor-
tional to the distance between two neighboring piezometric contours (compare [6.22)).

The Continuity Equation

We will express the continuity equation for shallow unconfined flow in terms of the
components of the discharge vector. Unlike the case of confined flow, inflow or outflow
may occur along the upper boundary, as a result of rainfall or-evaporation. We will, for
the time being, make restriction to cases where neither evaporation nor rainfall occurs.
Continuity of flow then can be applied 10 a column of height h and cross-sectional area
AzAy in much the same way as was done in Sec. 4. A plan view of the aquifer is
given in Figure 2.12. The flow through the sides of the column is expressed in terms of
the components of the discharge vector Qi. We obtain, by an analysis similar to the one
outlined in Sec. 4:

Q. , 9Q, _
5e t 5y =0 (7.11)

This equation is the continuity equation for shallow unconfined flow without rainfall or
evaporation.

4 y Qylx, y+ %dy)

Qulx=34x, ) Qulx+ 34x, )

=

Qy(x, y- %ﬁy}

X

e

Figure 2.12  Continuity of flow in an unconfined aquifer.
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Differential Equation for the Discharge Potential

Substitution of expressions (7.9) for Q. and Q, in (7.11) yields

azq’ az_q):

e 7.1
Ox? + oy? 0 7.12)

It is seen by comparing (7.12) with (6.20) that the governing equations for hori-
zontal confined and shallow unconfined flow are the same. These flows therefore can
be treated mathematically in the same manner. It is noted that this result was achieved
by the use of the discharge potential ®, which was introduced by Girinski [1946] in a .
somewhat different form.

The difference between horizontal confined flow and shallow unconfined flow lies
in the expressions for ®. We defined @ for horizontal confined flow as a linear function

of ¢

®=kH¢+C. (7.13)
and for shallow unconfined flow & is given by a quadratic function,

& =1k’ +C, (7.14)

Plots of equipotentials can be viewed as plots of piezometric contours for cases of
horizontal confined flow. For cases of shallow unconfined flow, however, the plots of
equipotentials and piezometric contours differ in the spacing between the contours.

We will solve problems of unconfined flow in three steps: first we express the
boundary conditions in terms of the potential, second we solve the differential equation
with these boundary conditions, and third we obtain the head from the potential by the
use of (7.10). Examples of such solutions are given in the following.

One-dimensional Flow

Consider an unconfined aquifer bounded by two long, parallel rivers. A cross-section
through the aquifer is given in Figure 2.13. The heads along the river banks are ¢, and
¢, and the distance between the banks is L. An z, y, z coordinate system is chosen as
indicated in the figure. The y coordinate is parallel to the rivers and the origin is midway
between the two river banks. The boundary conditions in terms of the head ¢ are

g=-3L ¢=¢
z= IL ¢=¢

and may be expressed in terms of the potential ® by the use of (7.14). The constant C,
can be chosen arbitrarily and we will, unless stated otherwise, take C,, as zero. Then,

(7.15)

z=-1L ®=9 = k¢’

7.16
2= 1L ®==lked e
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Figure 2.13  Onec-dimensional flow in an unconfined aquifer.

For one-dimensional flow, @ is a function of z alone, and the differential equation (7.12)
reduces to d’®/dz? = 0, with the general solution:

¢®=Az+B (7.17)
Application of the boundary conditions (7.16) yields
®, = k¢t =—-LAL+ B

(7.18)
@, =3k¢3= JAL+B
Hence,
1r1=2='3--;—':)l B=3(® + ) (7.19)
and the expression (7.17) for the potential becomes
O = (@ - )7 + 3@ + &) (7.20)
The discharge Q; is found from Q, = —9¢/0z,
P — b,
= 1.2
Q: I (7.21)
Substitution of the expressions (7.16) for ®; and &, gives
k¢ — ¢))
= — = 22
Q: 2L (7.22)

This formula for the leakage through an unconfined aquifer, which could be called a

“dam with vertical faces,” is due to Dupuit. It was shown by Chamy [1951] that the

Dupuit formula is exact, notwithstanding the simplifying assumptions used to derive it.
An expression for the head ¢ is found from (7.10) and (7.20)

2 _ 42
¢=J§(¢f+¢§)—ﬁ?ﬁz (Cu=0) (1.23)
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This equation represents a parabola, known as the Dupuit parabola.

Problem 7.2
Draw 4 piezometric contours for the case of Figure 2.13 if ¢, = 20 m, ¢» = 10 m, and
L = 1000 m.

Two-dimensional Flow

The results obtained in Sec. 6 for confined flow can be applied directly to unconfined
flow, because the governing equations for confined and unconfined flow in terms of the
discharge potentials are identical. The potential for flow toward a well in a circular
island, illustrated in Figure 2.14, is given by (6.32),
Q. r
L 7.24
L] 2 In R + @ ( )
where the potential is now defined in terms of ¢ by (7.14) rather than (7.13), so that the
expression for ¢ becomes

lkg? = 2% In 7 + $k6 (71.25)
or
6= -:% ln% + & (7.26)

Note that although the potentials for radial confined and radial unconfined flow are
the same, the expressions for ¢, (6.33) and (7.26), are quite different.

rrO-vQ

~— X

b R

Figure 2.14 Unconfined flow toward a well.

It is important to note that, although the superposition principle applies to the
potential, it does not apply to the head; the differential equation is linear in terms of
®, but not in terms of ¢. Superposition of two solutions of the form (7.24) therefore is
allowed, but superposition of two expressions of the form (7.26) is wrong.
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Example 7.1.  As an example of an application of the method of images to a
case of shallow unconfined flow, consider the case indicated in Figure 2.15. A well is
to be drilled in an unconfined aquifer near a long straight river. Prior to the operation
of the well, uniform flow occurs in the direction normal to the river and the head along
vertical planes parallel to the river is constant. The head at a distance L from the river
bank prior to operation of the well is ¢,. The well is to be located at a distance d from
the river bank. The problem is to determine the maximum discharge of the well for
which no river water enters the aquifer after steady flow conditions have been reached.

(b)

c

Figure 2.15 A well near a river.

A coordinate system is chosen, as indicated in Figure 2.15, with the x axis pointing
normal to the river away from the aquifer, and the y axis along the river bank. First we
determine the potential ¢ for the uniform flow in the z direction occurring before the
well operates. The boundary conditions are

z=0 p=¢0 &= =}ko}

(7.27)
g=-L ¢=¢ &= =1ik¢}
For uniform flow in the z direction, ® is a function of z alone, i.e.,
¢=Az+ B (7.28)

see (7.17). Application of the boundary conditions (7.27) to (7.28) yields the following
expression for &:
i -%

= —I  * + @ (1.29)
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The discharge Q., flowing toward the river before the well operates is found from
Q; = —0®/0z and (7.29):

o, -
Q0= _IT"E (7.30)

Equation (7.29) thus can be written as
= —-Qzoz + ®o (7.31)

Second, we consider the case that the well draws an amount Q from the aquifer
and that Q.o = 0. We determine the potential for the situation occurring after the well
has been operating over a sufficiently long period to obtain steady-state flow conditions.
The potential ® is obtained by the method of images. The image well is a recharge
well located at a distance d from the river bank (see Figure 2.15[b]). The corresponding
potential is

Q

¢=-§;

n2+C (1.32)
™2
where 1, and r, are local radial coordinates with their respective origins at the well
(W,») and recharge well (Wz).
The potential for the combined flow, i.e., for flow toward the river with the well
operating, is found by superposition. Adding the potentials (7.31) and (7.32), we obtain
®=—Quz+B+2ml+c (1.33)
2r T )
This potential must fulfill the boundary condition along the river, i.e., ® must be equal
to &g for z =0, r; = r2 = ro. It follows from (7.33) that

z=0 =% +C (7.34)

In order that ® be &, for = = 0, the constant C must vanish

Cc=0 (1.35)
so that (7.33) becomes
®=-Quz+ 2™t +d (7.36)
2T T2

It is noted that the ratio ry/r, approaches unity far away from the well. The
potential (7.36) then reduces to the one for the flow occurring prior to operation of
the well. The influence of the well thus is noticeable only in a limited area. A plot of
equipotentials (the dotted curves) and streamlines (the solid curves) is given in Figure 2.16
as an illustration. The highest value of ®, ®max, occurs along the two short equipotentials
drawn at the extreme left of the plot. The curves are obtained by letting ® be Pmax — ja®,

" 92....,n— 1, where n is the total number of equipotentials. An exception is
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the special equipotential adjacent to the river, which intersects itself at point S in Figure
2.16. The flow stagnates at this point of intersection, where both Q: and Q, are equal
to zero: this point is a stagnation point. Along the z axis, the flow to the right of S
is toward the river, and the flow to the left of S is toward the well, as may be seen
by inspecting the streamlines. The streamline through the stagnation point is called the
dividing streamline, because the flow to the one side of the dividing streamline is toward
the well whereas the flow 1o the other side is toward the river.

Figure 2.16 Equipotentials for flow toward a well near a river.

The question asked in stating the problem was to determine the maximum discharge
of the well such that no river water enters the aquifer. To answer this question, we will
examine the sign of the component Q. of the discharge vector along the river bank. No
water will enter the aquifer from the river if the flow everywhere along the river bank is
out of the aquifer, i.e., if Q is positive. Hence, the condition is

z=0 Q.20 (.37
With Darcy’s law, Q; = —8®/0z, this becomes

z=0 2y (7.38)
or

We express 7y and r; in terms of z and y in order to differentiate (7.36) with respect to
z. This gives

n=@+d’+y?  HR=@-dP+ (7.39)
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Substitution in (7.36) gives, with In(r/r) = %ln(n/ﬁ)z»

. 2, .2
gln(.r+d) +y

4r (- d)P? + 2 + %

®=-Q.r+

=— Qo+ ‘—‘% {In[(z + d)* + ¥*] = In[(x — d)* + 91} + @

(7.40)
Differentiation with respect to x yields
b Q 2(z + d) 2Ax —d)
or Q’“+4r [(;r:+d)2+;,.v2 (:c—d)2+y3] @41)
The condition (7.38) can now be written as follows:
ad Q 44
_ = = — — < -
Or Q’O+41rd2+ 5 <0 (7.42)
or
Q 4d
— < 7.
41ry2+aQ_Qﬂ (7.43)

The expression at the left of the < sign has its maximum value for y = 0. Thus, condition
(7.43) will be fulfilled along the entire river bank, i.e., for all values of v, if

Q! < Q0 (7.44)
nd

or
Q < mdQ (7.45)

This equation gives the maximum discharge of the well [m*/s] in terms of Q. [m?/s]
and d [m]. This maximum discharge increases linearly with the distance between well
and river bank, as is seen from (7.45).

For the critical case that Q = 7dQ.9, Q. is positive along the entire river bank,
except at the origin, where Q. = 0. The river bank is an equipotential and therefore Q,
is zero there. Thus, both Q. and Q, are zero at z = 0, y = O for the critical case; the
origin is a stagnation point. This is illustrated in Figure 2.17(a), where the equipotentials
and streamlines are reproduced for the critical case. If the ratio 7dQ.,o /Q is greater than
unity, the stagnation point lies to the left of the river bank and outflow occurs along
the entire bank (see [7.44]). The equipotentials shown in Figure 2.16 apply to this case;
7dQz0/Q = 1.05. If the ratio 71dQ.0/Q is less than unity, inflow occurs along a portion
of the river bank, centered at the origin. This is shown in Figure 2.17(b), which applies
to the case that 7dQ.o/Q = 0.95. The section of inflow is between the two stagnation
points labeled S; and S,.

Problem 7.3
Determine the y coordinates of the two stagnation points in Figure 2.17(b).
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Problem 7.4
Consider the problem of one-dimensional shallow unconfined flow through a dam with
vertical faces (see Figure 2.18). The dam is divided into two zones, consisting of different
materials which have hydraulic conductivities k, and k,. The lengths of the zones are L,
and Ly, and the heads along the faces are ¢, and ¢,.

Ll ky ky

Figure 2.18 Flow through an inhomogeneous dam (Problem 7.4).

Questions

(a) Express Q; in terms of the parameters of the problem.

(b) Calculate Q; if ki = 107> m/s, k2 = 10~ m/s, L; = 100 m, L, = 100 m, ¢, = 20 m,
and ¢, = 10 m.

Problem 7.5

A dewatering system consisting of 4 wells will be used to obtain dry working conditions

in a building pit in an unconfined aquifer of hydraulic conductivity k = 10> m/s. The

aquifer is bounded by a long straight river and there is no flow before the wells operate.

The head along the river bank is constant, and is ¢ = 25 m above the base of the aquifer.

The building pit is square and the bottom of the pit will be 20 m above the aquifer base.

The sides of the pit -are 50 m in length, and the center of the pit is 100 m away from the

river bank.

Questions

(a) Calculate the discharge Q per well that is necessary to obtain dry working conditions.

(b) Answer the question stated under (a) if it is given that there is a uniform flow of discharge
Q:z0=1.1 %+ 107® m?/s in the z direction before the wells operate.

(c) Verify that the wells can pump the calculated discharges by checking that the heads at
the wells are above the base of the aquifer. The radii of all wells are .25 m.

8 COMBINED SHALLOW CONFINED AND UNCONFINED FLOW

Combined shallow confined and unconfined flow occurs if the head is less than the
aquifer thickness H in some zones and greater than H in others. Such unconfined zones
may occur around wells or near boundaries. Problems of combined shallow confined and
unconfined flow can be solved in a way suggested by Girinski [1946], as is explained in
the following.
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Method of Solution

We will refer to the boundaries between confined and unconfined zones as the interzonal
boundaries and measure ¢ with respect to the base of the aquifer. Along the interzonal
boundaries the head, then, equals the thickness, H, of the aquifer.
A single potential @ will be used throughout the flow region. In the confined zones,

this potential is given by (7.13),

®=kH¢+C. (¢2>H) 8.1
and in the unconfined zones, ® is defined by (7.14),

®=3k¢’+Cu (@< H) 8.2)

We will choose the constants C, and C,, such that the potential is continuous across the
interzonal boundary. Thus, (8.1) and (8.2) must yield the same value when ¢ = H,

kH? + C. = }kH? + C, (8.3)
This condition can be met by choosing C, and C, such that
Ce=Cy — 3kH? (8.4)

One of the two constants can be set arbitrarily. We will let C, be zero, so that (8.4)
becomes

Ce=—3kH?>  C,=0 (8.5)

The single potential @ is thus defined, depending on the magnitude of ¢, as follows:

®=kH¢ - JkH* (¢ > H) (8.6)

®=ik¢* (@< H) (8.7)

The discharge vector has the same physical meaning for horizontal confined flow
as it has for shallow unconfined flow: it points in the direction of flow and its magnitude
equals the amount of water flowing through a cross section of unit width that extends
over the saturated thickness of the aquifer. By continuity of flow, the component of
the discharge vector normal to the interzonal boundary, @,,, must be the same on either
side of that boundary (see Figure 2.19). Furthermore, the interzonal boundary is an

equipotential ¢ = %kﬂz. and therefore the tangential component of the discharge vector
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along the interzonal boundary is zero. The discharge vector is thus continuous across
the interzonal boundary; there exists a single discharge vector throughout the aquifer,

od

Q: = ™ (8.8)
b

Q= o (8.9)

(compare [6.17] and [7.9]). The continuity equation (7.11) must be satisfied in the entire
flow domain, including the interzonal boundary,

9. , 99 _
5t 5, =0 (8.10)

and (8.8) and (8.9) yield Laplace’s equation for the potential &,

e oo

'a—rz—+w=0 (8.11)

interzonal boundary

unconfined
Mow

confined
flow

e ¢ e e e & e e e

Figure 2.19 Continuity of flow across the interzonal boundary.
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It follows that problems of combined confined-unconfined flow can be solved with-
out taking the location of the interzonal boundary into account; if so desired, it can be
calculated after determining ¢ as a function of position. A choice must be made between
(8.6) and (8.7) when writing the boundary conditions in terms of ®; (8.6) applies along
boundary segments where the flow is confined, and (8.7) must be used where the flow
is unconfined.

When calculating the head, for example, in order to obtain piezometric contours,
either (8.6) or (8.7) must be chosen according to the value of ¢:

® + s kH?
=—0g (@2 3kH) (8.12)
20
¢= - (® < %kh’z) (8.13)

Some examples of the application of this approach follow.
One-dimensional Flow

Consider the problem of one-dimensional flow illustrated in Figure 2.20. The aquifer is
confined, of length L, and of thickness H. An i, y, z coordinate system is chosen as
shown in the figure. The boundary conditions are

z=—3L ¢=4>H (8.14)
and
= 3L ¢=¢pr<H (8.15)

|

Figure 2.20 One-dimensional combined confined-uncontined flow.

The aquifer is confined at * = —L/2 and unconfined at r = L/2, and the boundary
values of ¢ are obtained by the use of (8.6) and (8.7), respectively,

r=-3L &= =kH¢ — jkH* (8.16)
and
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z= jL =, =lk¢} @8.17

The expression for the potential is identical to that obtained for the problem of
Figure 2.13 (see [7.20)),

®=—(® - %% + 1@ + ®y) 8.18)

but the expressions for ®; and ®;, in terms of the head are different from those applying
to (7.20). The expression for Q. becomes

- kH¢, — 1kH? — Lkg?
Q, - <I>| - ¢'2 = ¢'I 2L 2 ¢2 (8]9)

The location of the interzonal boundary, z = z,, is obtained from (8.18) by letting
® = JkH?, which gives with (8.16) and (8.17),

zy _ 3(kHér — 3kH® + 1k¢d)
L kH¢, — }kH? — Lkg?

(8.20)

Note that z,/L = —} when ¢, = H, and 7, /L = 3 when ¢ = H.

Problem 8.1
Determine the potential as a function of z for the confined and unconfined zones in Figure
2.20 separately. Join the two solutions by requiring that there be continuity of flow across
the interzonal boundary. Express both the discharge vector and x in terms of the paramelers
of the problem and compare these results with (8.19) and (8.20).

Radial Flow

As a second application, we will consider the case of radial flow toward a well of radius
rw in a confined aquifer (see Figure 2.21). The flow near the well is unconfined: the head
at the well, ¢y, is less than the aquifer thickness, H. The expression for the potential is
identical to those obtained for confined flow and for unconfined flow in Secs. 6 and 7,
and is

QL
Q—Elﬂﬁ+¢0 (8.2')

where @, is the potential at » = R. If the head at = R is ¢o, and if the flow is confined
there, & is given by

®o=kHepo — 3kH?* (¢ > H) (8.22)
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Figure 2.21 Combined confined-uncontined flow toward a well.

The head at the well is less than H, so that

®, = 3kol,  (¢w < H) (8.23)
Application of (8.23) to (8.21) yields, with (8.22),
Q ru: 2
1k¢l, = 5o In +kHey — 3kH (8.24)

and solving for Q, we obtain

YkoZ, — kHoo + LkH?

Q=2m i
In %

(8.25)

The interzonal boundary is a circle. The radius of this circle will be denoted as r, and
is obtained from (8.21) by setting ¢ = $kH?,

gt Qa

skH > In R + & (8.26)
or, solving for r;, and using (8.22)

ry = Rﬁ!rkﬂ[”—wi/Q (8.27)

Problem 8.2
Draw 9 piezometric contours between the concentric circles r = r, and r = R, if 1y, =
0.01R, ¢o = 1.2H and ¢, = 0.2H for the case of radial flow of the preceding example.

Dewatering Problem

The technique explained in this section can be applied to dewatering problems where a
building pit is dug through the upper confining bed of an aquifer. A case of a circular
building pit that is to be dewatered by means of six wells is illustrated in Figure 2.22.
An z, y,  Cartesian coordinate system is chosen with the origin at the center of the pit
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as shown in the figure. The wells are at a distance B from the center of the pit, and are
spaced uniformly along the circle z? + y? = B?. The bottom of the pit is at an elevation
H, above the base of the aquifer, which has thickness H. It is assumed for the sake of
simplicity that there is no flow before the wells operate. The wells all have a discharge
Q. which must be determined such that the head inside a cylinder of radius B around
the center of the pit is less than or equal to Ho:

0<z*+y*<B* ¢<H (8.28)

Figure 2.22 A circular building pit dug into a confined aquifer.

The head at a point P with coordinates z, = R, y, = 0 is assumed to be unaffected by
the wells and is ¢o, where ¢p > H. The potential for this flow problem has the form

Q 6
®= ):1: In[rj(z,y)] +C (8.29)

I

where rj(z, y) is the local radial coordinate emanating from well j, which is centered at
(xj! yj)v ie.,

iz, y) =@ -zl + @y - y) (8.30)



Sec. 8  Combined Shallow Confined and Unconfined Flow _ 55

The coordinates of the six wells are obtained from Figure 2.22:

T|= Tg=—T3=—I4= Bcos% (8.31)
N= p=-yu=-y=3;B (8.32)
= zs= 0 (8.33)
n=-ys= B (8.34)

The condition at point P is
=R y=0 ¢=¢o>H &=00=kH¢o— }kH? (8.35)

and application to (8.29) yields

~00- 2% nr,
C=¢ - 5 2. Inr;(R,0) (8.36)
so that (8.29) becomes
9 Z Ny |
¢ = In (R, 0) (8.37)

The groundwater table along the boundary of the pit will be highest at points midway
between the wells, such as point 7 in Figure 2.22. Water will flow from these points
inward to the center of the pit and from there to the wells. The head will therefore be
higher at point 7 than anywhere inside the cylinder of radius B. Condition (8.28) will
thus be met if the head at point 7 is equal to fy. The flow is unconfined at 7 so that
the potential there equals 3kHg. Substitution of B for r, zero for y and 3kH; for ¢ in
(8.37) yields, with (8.35),

6
o 9 ri(B,0) 12
FhHG = 55 Z: In ko) +kHo~ kH (8.38)

and the discharge @ is obtained as

skHE — kHoy + 3hH?
Q=2 2 In ” r,(B.O) 0) (8.39)
ZJSI r tR 0)

As an illustration, the interzonal boundary ¢ = -Mi'2 and the equipotential ¢ = —Hfu
are shown in Figure 2.23(a) for the case that B/R 0.1, B/H =10, Hy/H = 0.7, and
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| (b)

Figure 2.23  The equipotentials Y = JkH? and ® = jkH? (a) and sectional view (b).

#o/H = 1.4. The corresponding value for Q/(kH?) obtained from (8.39) is 0.31. A
cross-sectional view along the x axis is shown in Figure 2.23(b).

Implementation of Uniform Flow with Wells in the FORTRAN
Program SLW

The solutions to Laplace’s equation discussed so far become more useful when imple-
mented in a computer program. In the following, we will examine a program written
in ANSI FORTRAN 77, with the capability of free-format data input and graphics support.
We will refer to this program as SLW, which stands for Single Layer with Wells. The
program is written for the 1BM PC, but can be easily adapted to other machines, which
should only require rewriting of some of the subroutines for graphics.

The primary purpose of the program is to demonstrate applications of a selection
of the material presented in this text: it is kept as simple as possible. For example,
no provision is made to protect against entering more data (e.g., for wells) than can be
stored, and more weight is given to readability of the program than to computational
efficiency.

Use is made of three packages of service subroutines: one for free-format data input
(written by P. A. Cundall), one for producing piezometric contours and equipotentials,
and one for plotting. These packages will not be discussed in the text; the source code
of all routines is contained on the diskette supplied with this book; for information on
how to use the diskette, see Appendix C.
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We will next discuss the implementation in this computer program of a combination
of uniform flow in an arbitrary direction with wells. The potential for uniform flow
presented so far is valid only for flow in the x direction, and has the form (7.31):

¢ = —Q_-;u;r +C (8.40)

If the flow is in the y direction rather than in the « direction, then the potential is, by
analogy,

®=-Quy+C (8.41)

where Q0 is the discharge flowing in the y direction. Thus, if there is a uniform flow
with a discharge vector with components Q.o and Q 0, then the potential is

®=-Q. 02— Quy+C (8.42)

If the angle between the uniform flow and the x axis is a and the discharge of the
uniform flow is Qy, then the components Q.o and Qo may be expressed as

Q0 =Qocosa

. 8.43)
Qu =Qusina (
so that (8.42) may be written as
¢ = -Qy(xcosa + ysina) (8.44)
If there are n wells of discharge Q; located at (z,y;) (j = 1,2,...,n) then the
general potential for uniform flow and wells becomes
® = —Qozcosa +ysina)+ Y Q; In[r3(x, y)] + C (8.45)
P 4n

where r; is given by (8.30).

To implement (8.45) in a computer program, we first provide the facility for input of
the data (in a routine called SETUP), and then write function subroutines for the various
pants of the potential. Prior to doing this, however, we will establish some rules for
notation, intended to reduce the possibility for making errors. These rules are as follows:

1. All variables of type CHARACTER*1 have A as their first letter. The corresponding
declaration is IMPLICIT CHARACTER®1 (A).

2. All integer values have 1, J, K, N, or M as their first letter. A declaration is
not necessary, as variables with these characters as their first letter are integer by
default.

3. All logical variables have L as their first letter. The corresponding declaration is
IMPLICIT LOGICAL (L).

4. All real variables have R as their first letter. Again, a declaration is not necessary,
as all variables with R as their first letter are real by default.
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5. Most function subroutine names have F as their second letter; the first letter is
chosen according to the type of function following rules 1 though 4.

6. The second and third letters of the names of variables in common blocks represent
a code corresponding to the common block name.

The Main Program

The main program is very short, and merely serves to specify the dimensions of a
matrix for storage of values to be contoured (RMAT), and of a scratch array used by the
contouring routine (RSCRT). The listing of the main program is as follows:

PROGRAM SL
DIMENSION RMAT (50,50),RSCRT(81)
RMAT : matrix used for contouring: RMAT (IMXSZE, IMXSZE)
RSCRTC : array used for contouring , minimum size
is 1+ (IMXSZE*IMXSZE-1)/31
IMXSZE=50
CALL SETUP (IMXSZE, RMAT, RSCRT)
STOP
END

The Routine Setup

The routine SETUP, called by the main program, serves for entering data and for
issuing various commands. The listing contains explanations of all statements of impor-
tance; it will suffice to make some general remarks in the text. SETUP contains a list of
command words, each of which can be entered by the user of the program. The routine
MATCH is called when an input line is entered, and determines whether it contains one
of the command words. If so, the program jumps to the appropriate label and begins
execution of the command.

The only computation contained in this routine is the determination of the constant
C in the solution. This constant is computed from the condition that the head be equal
to a given value ¢y at a point with coordinates xo and yo, referred to in the program as
the reference point. The corresponding value of the potential is obtained by the use of
a function ® = ®(¢), which is given either by (8.6) or (8.7), depending on the type of
flow. Hence,

®o = —Qo(zocosa + yosina) + Z % ln[r?(.ro,yo)] +C (8.46)
j=1

where

Do = D(¢o) (8.47)
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Solving (8.46) for the constant, we obtain:
C =y + Qop(xgcos a + yysina) — Z & In{r}(;ru, Yo)) (8.48)
o 4n

The listing of the routine SETUP is as follows:

Routine for processing input.
RMAT = matrix of maximum size IMXSZE*IMXSZE.
RSCRT = scratch array.
SUBROUTINE SETUP (IMXSZE, RMAT, RSCRT)
All variables beginning with L are logical, all variables
beginning with A are character*1.
IMPLICIT LOGICAL(L),CHARACTER*1 (A)
DIMENSION RMAT(*),RSCRT(*)
c AWORD and AWOGR contain key-words.
DIMENSION AWORD (55),AWOGR (10)
CHARACTER*32 AFILE
c Common block used for free-format input. ALINE=input line,
LERROR, LMISS are set true if an error is detected.
COMMON /CBMATC/ ILPNT (40),LMISS, LERROR, NPBAD, NCHAR
COMMON /CBMATA/ ALINE (80),AFILE
c Common block with grid data.
COMMON /CBGRID/ RGRX1,RGRY1, RGRX2, RGRY2, RGRMAX, RGRMIN,
NGRX,NGRY,RGRXG(ISOJ,RGRYG(ISO},RGRDX,RGRDY,
IGRX1, IGRY1, IGRX2, IGRY2, RGRFAX, RGRFAY, NGRDTX,

NGRDTY, RGREPS

c Common block with aquifer data.
COMMON /CBAQ/ RAQPRM, RAQTHK, RAQBAS

c Common block with reference point data.
COMMON /CBRF/ RRFX, RRFY, RRFFI, RRFCON

c Common block with data for given functions.
COMMON /CBGV/ RGVUQO, RGVUAL, RGVUU (2)

c Common block with well data.

COMMON /CBWL/ NWL, RWLXC (200) , RWLYC (200) , RWLQ (200) , RWLRAD (200)
Functions that can be contoured: RFPOT=potential,

[¢]

RFHEAD=piezometric head.

EXTERNAL RFPOT, RFHEAD

List of main keywords. The routine MATCH matches the word entered
in the input line to the words below. It returns the position in
the list of the keyword for which a match is found. Thus, if you
enter WELL then MATCH will return position number 4. The words
are separated by blanks and an exclamation mark denotes the end
of the list.

0o o o0 o0 o060
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DATA AWORD /‘A’,’Q’,'U’,'I'," *,
"RY,TE’,'F','E," 1,
PO, TNT LTI, TR, T,
'W','E’,'LY,'LY," 7,
OS!'IOl'OLl'lvt’l l'
'W',TI','N’,'D"," ',
fG*','R',"I','D"," *,
fprLILY, O, T, Y,
OL!'lhl'lYl'Ool'l l’
fCLIHYLTEN,CT, T,
rpr LAY, U, TS, r,
PSTL W, TTY T, Y,
PGt ,ITT,T0, TR,/
Keywords defining which function should be contoured.
DATA AWOGR /'H','E’,'A’,'D'," ',
'P'L,TO",T!,TE N
Reading is from unit 5, writing of all messages is to the
default unit (*), and writing of numerical output is to unit 7.
Open unit 7 as the keyboard (default).
OPEN (UNIT=7,FILE='CON’)
Initialization of the logicals LMISS and LERROR.
LERROR=.FALSE.
LMISS=.FALSE.
IF (LMISS) WRITE(*,9001)
IF (LERROR.AND. .NOT.LMISS) WRITE(*,9002)
LERROR=.FALSE.
LMISS=.FALSE.
WRITE(*, 9005)
Read an input line.
READ (5, 9000) ALINE
Tidy up the input line.
CALL TIDY
Find the number (JUMP) of the word in AWORD that matches the
first keyword entered in the input line.
CALL MATCH (AWORD, 1, JUMP)
Return to label 10 if no match was found, an error was detected,
or the input line is empty.
IF (LMISS.OR.LERROR.OR.ILPNT(2) .EQ.0) GOTO 10
Go to the appropriate label, depending on the keyword entered by
the user.
GOTO( 100, 200, 300, 400, 500, 600, 700, 800, 900,1000,
1100,1200,8900) , JUMP
Aquifer data; read hydraulic conductivity, aquifer thickness,
and, if entered, aquifer base elevation. The function RVAR(IPAR)



Sec. 8

o0 o0 006060

100

200

300

Combined Shallow Confined and Unconfined Flow 61

is part of the MATCH Package, interprets the IPAR’th word of the
input line as a real variable, and returns it as a real variable.
The array ILPNT initially is filled with zeros. When the input
line is cleaned up, non-zero numbers are entered in the positions
1 through NPAR+1, where NPAR is the number of parameters in the
input line. Thus, if ILPNT (NPAR+1) is non-zero, then there are at
least NPAR parameters in the input line.

RAQPRM=RVAR (2)

RAQTHK=RVAR (3)

IF (ILPNT(5) .NE.O) RAQBAS=RVAR (4)

GOTO 10

Reference point; read coordinates of reference point (a point in
the aquifer where the head is given), and the head at the
reference point.

RRFX=RVAR (2)

RRFY=RVAR (3)

RRFFI=RVAR (4)

GOTO 10

Uniform flow; read the discharge of uniform flow and the angle
(in degrees) that the direction of uniform flow makes with the

x axis.

RGVUQO=RVAR (2)

RGVUAL=RVAR (3)

Convert the angle from degrees to radians.
RARG=RGVUAL*3.1415926/180.

Compute the cosine and sine of the above angle, and store them
a5 components of a unit vector.

RGVUU (1) =COS (RARG)

RGVUU (2) =SIN (RARG)

GOTO 10

Wells; add one to the number of wells, then store the coordinates
of the well, its discharge, and its radius.

NWL=NWL+1

RWLXC (NWL) =RVAR (2)

RWLYC (NWL) =RVAR (3)

RWLQ (NWL) =RVAR (4)

RWLRAD (NWL) =RVAR (5)

If an error occurred, reduce the number of wells by one, so that
the user can re-enter the data for this well,

IF (LERROR) NWL=NWL-1

GOTO 10

Solve; compute the constant, RRFCON, such that the head is equal
to the specified value at the reference point. The potential due
to all functions in the solution is the sum of RFPGVN and
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RRFCON. The value of the head at the reference point, RRFFI, is
converted to a potential by a function called RFPOTH (RHEAD),
which resides in the module AQUIFER. Thus, in order that the
potential function (RFPOT) at the reference point be equal to
RFPOTH (RRFFI), the constant RRFCON must be computed from:

500 RRFCON=RFPOTH (RRFFI)-RFPGVN (RRFX, RRFY)
GOTO 10

c Window; set the coordinates of the lower left corner and the

n o0 o o0 n

upper right corner to the four values entered:
600 RGRX1=RVAR(2)
RGRY1=RVAR (3)
RGRX2=RVAR (4)
RGRY2=RVAR(5)
GOTO 10
Grid; set the number of grid points, NGRX, to one plus the number
of intervals. The function IVAR(IPAR) is similar to RVAR(IPAR),
but interprets the IPAR'th word as an integer.
700 NGRX=IVAR(2)+1
IF (LERROR) GOTO 10
Prevent the number of grid points to exceed the maximum (assuming

c a square grid).
IF (NGRX.GE.IMXSZE) NGRX=IMXSZE-1
c If the user did not specify a second keyword (HEAD or POTENTIAL),
c use the default (HEAD) this situation occurs if only 2 entries
c exist on the input line, i.e., if ILPNT(3) is the last
c non-zero item:
IF(ILPNT (4) .EQ.0) THEN
JUMP=1
c otherwise call MATCH to find out which keyword was entered.
ELSE
CALL MATCH (AWOGR, 3, JUMP)
ENDIF

Call the routine that initializes the grid: it fills the arrays
RGRXG AND RGRYG with coordinates of points in the grid.
CALL GRINIT
Go to the appropriate label according to the function to be
contoured.
GOTO(710,720) , JUMP
Piezometric heads: fill the matrix with values of the head at
the grid points.
710 CALL FILLXY (RMAT, NGRX, IMXSZE, RFHEAD, LWRONG)
c if the total number of grid points exceeded imxsze*imxsze give
c error message.
IF (LWRONG) WRITE (*,9004)
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GOTO 10
Equipotentials; fill the matrix with values of the potential at
the grid points.
CALL FILLXY (RMAT, NGRX, IMXSZE, RFPOT, LWRONG)
if the total number of grid points exceeded 1mxsze*imxsze give
error message.
IF (LWRONG) WRITE(*,9004)
GOTO 10
Contouring; first check whether the number of grid points, NGRX,
is set.
IF (NGRX.EQ.0.OR.NGRY.EQ.0) THEN
WRITE (*, 9003)
GOTO 10
ENDIF
Display the maximum and minimum values encountered in the grid;
these values are stored by FILLXY in the common block CBGRID.
Ask the user to enter the minimum value to be contoured and the
contour interwval
WRITE (*,9010) RGRMIN, RGRMAX
Read ALINE, containing the desired values.
READ (5, 9000) ALINE
Call TIDY to tidy up the input line.
CALL TIDY
Next, obtain the two above values.
RLEVEL=RVAR (1)
RINCRM=RVAR (2)
IF (LERROR) GOTO 10
Set the screen in graphics mode.
CALL DRAWIN
Produce a layout of all entered wells, plotted as circles on the
screen.
CALL LAYOUT
Call the contouring routine to produce the contour plot on the
screen.
ISIZE=NGRX
CALL CONTUR
(RMAT, ISIZE, NGRX, NGRY, IGRX1, IGRY1, RGRDX, RGRDY, RLEVEL, RSCRT)
Increment the contour level and check whether it exceeds the
maximum. If not, call CONTUR with the next level.
RLEVEL=RLEVEL+RINCRM
IF (RLEVEL.LE.RGRMAX) GOTO 850
Wait until the user presses the enter key prior to leaving
graphics mode.
READ (5, *)
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Re-set the screen to text mode.
CALL DRAWOUT
GOTO 10
Layout: Produce a layout on the screen.
CALL DRAWIN
CALL LAYOUT
READ (5, *)
CALL DRAWOUT
GOTO 10
Check; call the routine for data retrieval.
CALL CHECK
GOTO 10
Pause; causes the program to pause, giving access to DOS
commands. Press enter to return to program.
PAUSE
GOTO 10
The following statements make it possible to switch input
and output devices. The first arqument of the command
SWITCH denotes the new input device (e.g., the name of a
file with input data prepared in advance). The command
SWITCH CON will cause the input to return to the keyboard.
The latter command must be the last command in an input file.
The second argument (e.g., a filename or the name of a device
such as PRN) will cause the output generated by the routine
CHECK to be directed to this file or device. The second
argument is optional. The function GETFN(IPAR) contained in
the match package returns in the variable AFILE the filename
entered on position IPAR.
CALL GETFN(2)
IF(LMISS.OR.LERROR) GOTO 10
CLOSE (5)
OPEN (UNIT=5,FILE=AFILE)
IF(ILPNT (4) .NE.O) THEN
CALL GETFN(3)
CLOSE(7)
OPEN (UNIT=7,FILE=AFILE)
ENDIF
GOTO 10
Leave this routine and stop the program.
RETURN
Format for reading an input line.
FORMAT (80A1)
Error messages.
FORMAT (’ ++++ILLEGAL OR MISSING PARAMETERS IN MAIN+++’/)

Chap. 2
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FORMAT ( ++++ILLEGAL COMMAND IN MAIN+++'/)

FORMAT (’ ++++GRID NOT FILLED+++' /)

FORMAT (

.'++++GRID TOO LARGE, PLEASE REDUCE NUMBER OF GRIDPOINTS+++’)

Command summary.

FORMAT (

.'+<AQUIFER>(K,H)[BASE]'/

." <UNIFLOW>(Q,ANGLE) "’/

.' <WELL>(X,Y,Q,R)’/

-’ <REFERENCE> (X, Y,FI)’/

." <SOLVE>‘/

- <WINDOW>(X1,Y1 X2,Y2)*/

.’ <LAYOUT>'/

L <GRID>(N}[<HERD>/<POTENT1AL>]'!

." <PLOT>'/

." <CHECK>"/

L <SHITCH>(FILEIN)[FILEOUT]’/

.' <PAUSE>"/

.' <STOP>'/)

Message with maximum and minimum levels of contours.

FORMAT (* +MIN. LEVEL= '/E14.6,' MAX. LEVEL=' ,El4.6/
' (MIN. LEVEL, INCREMENT)' /)

END

The subroutine LAYOUT, when called, causes a layout to be
displayed. At present this layout contains only wells. It

calls subroutines that reside in the modules GIVEN and WELL and
provide their part of the layout. These modules are groups of
subroutines that have to do with the uniform flow and the
wells, respectively.

SUBROUTINE LAYOUT

CALL GVLAY

CALL WLLAY

RETURN

END

RMAT = matrix of maximum size IMXSZE*IMXSZE.
RSCRT = scratch array.

The Muain Functions

The functions grouped together under the heading “Main Functions” are separated

into functions whose coefficients are known a priori, referred to in the program as “given
functions,” and functions that contain the contributions of all functions implemented in
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the program. This is done with applications in mind that will be discussed in Sec. 25; at
present the only function with a coefficient that is not known a priori is the constant C.
The main functions have as task only to add together the contributions of the uniform
flow and the wells, which are programmed separately.

The main functions return the value of the potential or the head at any given point
(x, y) in the aquifer. Besides these functions, there are subroutines which are called
with z, y and the two components of the discharge vector; they add their contributions
to these components and return the result.

c Potential function

REAL FUNCTION RFPOT (RX,RY)
c The potential equals the sum of RFPGVN and the constant,
c returned by RFRFC

RFPOT=RFPGVN (RX, RY) +RFRFC (RX, RY)

RETURN

END
c Components of the discharge function. At present, the only
c contribution is from DVGVN, which is called with a pair of
c coordinates and a discharge vector. It adds its contribution
c to the two components of the discharge vector.

SUBROUTINE DISV(RX,RY,RVQ)
DIMENSION RVQ(2)
RVQ(1)=.0
RVQ(2)=.0
CALL DVGVN (RX, RY, RVQ)
RETURN
END
c Piezometric head.
REAL FUNCTION RFHEAD (RX,RY)
RPOT=RFPOT (RX, RY)
The function RFHEDP (RPOT) converts potentials to heads, and
resides in the aquifer module.
RFHEAD=RFHEDP (RPOT)
RETURN
END
Contributions of all functions with given coefficients to the
potential: the function RFGVG in the module GIVEN and the
the function RFWLG in the module WELL.
REAL FUNCTION RFPGVN (RX,RY)
RFPGVN=RFGVG (RX, RY) +RFWLG (RX, RY)
RETURN
END
c Contributions of all functions with given coefficients to the
c components of the discharge vector.
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SUBROUTINE DVGVN (RX, RY,RVQ)
DIMENSION RVQ(2)

CALL DVGVG (RX, RY,RVQ)

CALL DVWLG (RX, RY,RVQ)
RETURN

END

The Module Aquifer

The module AQUIFER consists of a BLOCK DATA SUBPROGRAM where the default
values of hydraulic conductivity, aquifer thickness and base elevation are set, a routine 10
convert heads to potentials, and a routine to convert potentials to heads. The conversion
is valid for combined confined-unconfined flow. The flow may be forced to be unconfined
everywhere by setting the aquifer thickness to a value larger than the head at any point
in the aquifer.

oo o0 0.0

Initialization of common block with aquifer data.
Set aquifer data to default values.
RAQPRM = hydraulic conductivity.
RAQTHK = aquifer thickness.
RAQBAS = aquifer base elevation.
BLOCK DATA BDAQ
COMMON /CBAQ/ RAQPRM, RAQTHK, RAQBAS
DATA RAQPRM, RAQTHK, RAQBAS /1.,1.,.0/
END
Function to convert head RF1 to potential RFPOTH.
REAL FUNCTION RFPOTH (RFI)
COMMON /CBAQ/ RAQPRM, RAQTHK, RAQBAS
RFIL=RFI-RAQBAS
IF (RFIL.LE..O) THEN
Set the potential to zero if the head is below the base
elevation:
RFPOTH=.0
ELSEIF (RFIL.GT.RAQTHK) THEN
Confined flow:
RFPOTH=RAQPRM*RAQTHK*RFIL-0.5*RAQPRM*RAQTHK*RAQTHK
ELSE
Unconfined flow:
RFPOTH=0.5*RAQPRM*RFIL*RFIL
ENDIF
RETURN
END
Function to convert potential RPHI to head RFHEDP.
REAL FUNCTION RFHEDP (RPHI)



Types of Flow

COMMON /CBAQ/ RAQPRM, RAQTHK, RAQBAS
RKHH2=.5*RAQPRM* RAQTHK*RAQTHK
IF (RPHI.LE.0.0) THEN
If the potential is negative set the head equal to the base
elevation:
RFHEDP=RA(UBAS
ELSEIF (RPHI.GT.RKHH2) THEN
Confined flow:
RFHEDP= (RPHI+RKHH2) / (RAQPRM*RAQTHK) +RAQBAS
ELSE
Unconfined flow:
RFHEDP=SQRT (2. *RPHI/RAQPRM) +RAQBAS
ENDIF
RETURN
END

The Module Given

Chap. 2

The module GIVEN here contains only the contributions of the uniform flow to the

potential and discharge vector components. It also contains a routine GVLAY which will
later be used to provide the layout of given functions.

0o 00 o0 n

Initialization of common block with data of uniform flow.
RGVUQO = discharge of uniform flow [L2/T].
RGVUAL = angle between direction of uniform flow and x axis.

RGVUU(I) = components of unit wvector in the direction of uniform

flow.
BLOCK DATA BDGV
COMMON /CBGV/ RGVUQO, RGVUAL, RGVUU (2)
DATA RGVUQO,RRGVUAL,RGVUU /0.,0.,1.,0./
END
Contribution of given functions to the potential.
REAL FUNCTION RFGVG(RX,RY)
COMMON /CBGV/ RGVUQO, RGVUAL, RGVUU (2)
RFGVG=-RGVUQO* (RGVUU (1) *RX+RGVUU (2) *RY)
RETURN
END
Contribution of given functions to the discharge vector.
SUBROUTINE DVGVG (RX, RY, RVQ)
DIMENSION RVQ(2)
COMMON /CBGV/ RGVUQO, RGVUAL, RGVUU (2)
ROX=RGVUQO*RGVUU (1)
RQY=RGVUQO*RGVUU (2)
RVQ(1)=RVQ(1) +RQX
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RVQ(2) =RVQ (2) +RQY
RETURN
END

c Layout: currently no contribution.
SUBROUTINE GVLAY
COMMON /CBGV/ RGVUQO, RGVUAL, RGVUU (2)
RETURN '
END

The Module Reference

The module REFERENCE consists of a BLOCK DATA SUBPROGRAM where the default
values of xo, yo, and ¢y are set, and a function that returns the value of the constant in
the expression for the potential:

c Initialization of common block for reference point
[ RRFX = x coordinate of reference point.
c RRFY = y coordinate of reference point.
[ RRFFI = head at reference point.
c RRFCON= constant in the potential function.
BLOCK DATA BDRF
COMMON /CBRF/ RRFX,RRFY,RRFFI, RRFCON
DATA RRFFI,RRFX,RRFY,RRFCON /4*.0/
END
c Function returning the constant in the potential.

REAL FUNCTION RFRFC(RX,RY)

COMMON /CBRF/ RRFX,RRFY, RRFFI, RRFCON
RFRFC=RRFCON

RETURN

END

The Module Well

The module WELL consists of a BLOCK DATA SUBPROGRAM where the number of
wells is initialized to zero, a function that adds the contributions of all wells to the
potential, and a function that computes the potential due to a single well of unit discharge.
It further contains a subroutine that adds the contributions of all wells to the components
of the discharge vector, a subroutine that adds the contribution of a single well 1o the
components of the discharge vector, and a subroutine that draws a circle with the radius
of the well around the well center. The latter subroutine makes use of a subroutine
RDRAWC(XC,YC,R) that draws a circle of radius R centered at (XC,YC).

c Initialization of common block with well data.
c Set the number of wells to zero.
NWL = number of wells.
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RWLXC(IWL) = x coordinate of the center of well number IWL.
RWLYC(IWL) = y coordinate of the center of well number IWL.
RWLQ (IWL) = discharge of well number IWL.
RWLRAD (IWL) = radius of well number IWL.
BLOCK DATA BDWL
COMMON /CBWL/ NWL, RWLXC (200),RWLYC(200),RWLQ(200) , RWLRAD (200)
DATA NWL /0/
END
Contribution of all wells to the potential.
REAL FUNCTION RFWLG (RX,RY)
COMMON /CBWL/ NWL, RWLXC(200), RWLYC(200),RWLQ(200),RWLRAD (200)
RFWLG=.0
DO 100 IWL=1,NWL
RFWLG=RFWLG+RWLQ (IWL) *RFWELL (RX, RY, IWL)
CONTINUE
RETURN
END
Contribution of a single well of unit discharge to the potential.
REAL FUNCTION RFWELL (RX,RY, IWELL)
COMMON /CBWL/ NWL, RWLXC (200) ,RWLYC(200),RWLQ(200) , RWLRAD (200)
DATA RPI /3.1415926/
RADSQ =(RX-RWLXC (IWELL))**2+ (RY-RWLYC (IWELL) ) **2
RADWSQ=RWLRAD (IWELL) **2
IF (RADSQ.GE.RADWSQ) THEN
RFWELL=,25/RPI*ALOG (RADSQ)
ELSE
For points inside the well, return the wvalue at the well
screen.
RFWELL=.25/RPI*ALOG (RADWSQ)
ENDIF
RETURN
END
Contribution of all wells to the discharge vector.
SUBROUTINE DVWLG (RX, RY,RVQ)
DIMENSION RVQ(2)
COMMON /CBWL/ NWL,RWLXC (200),RWLYC(200),RWLQ(200) , RWLRAD (200)
DO 100 IWL=1,NWL
CALL DVWELL (RX,RY,RVQ, IWL)
CONTINUE
RETURN
END
Contribution of a single well to the discharge vector.
SUBROUTINE DVWELL (RX, RY,RVQ, IWELL)
DIMENSION RVQ(2)
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COMMON /CBWL/ NHL,RHLXC{ZOU),RHLYCIZOO).RHLQ(ZOGJ,RHLRAD(ZDO)

DATA RPI /3.1415926/

RADSQ =(RX-RWLXC (IWELL) ) **2+ (RY-RWLYC (IWELL) ) **2

RADWSQ=RWLRAD (IWELL) **2

IF (RADSQ.GE.RADWSQ) THEN
RO2PRS=1./(2.*RPI*RADSQ)
RQX=-RHLO{IHELLJ‘{RX—RHLXC{IHELL}J‘RO2PRS
RQY=-RWLQ (IWELL) * (RY-RWLYC (IWELL) ) *RO2PRS

ELSE
RQX-—RHLQ{IHELL)/(2.‘RPI'RHLRAD(IHELL1l
RQY=.0
IF (RX.LT.RWLXC (IWELL)) RQX=-RQX

ENDIF

RVQ(1)=RVQ (1) +RQX

RVQ (2) =RVQ (2) +RQY

RETURN

END

c layout of all wells
SUBROUTINE WLLAY

COMMON /CBWL/ NWL, RWLXC (200) , RWLYC (200) , RWLQ (200) , RWLRAD (200)
DO 10 IWL=1,NWL

CALL RDRAWC (RWLXC (IWL) , RWLYC (IWL) , RWLRAD (IWL) )
10 CONTINUE
RETURN
END

The Module Check

e S

All the basic functions have now been introduced. Compilation of the source code
presented in this subsection together with the routines provided on the diskette, followed
by linking, will result in a program that is capable of producing piezometric contours for
any combination of wells and uniform flow. However, it often is desirable to generate
numerical output besides graphical output. The routine CHECK provides this facility. It
can be used to display the data entered into the program, and to generate the values of
the piezometric head, the potential, and the two components of the discharge vector at
an arbitrary point. The routine makes use of free-format input similarly as SETUP does.
The listing of this routine is as follows:

!
\ _ _

| c Routine for data retrieval.

} SUBROUTINE CHECK

| IMPLICIT LOGICAL(L),CHARACTER*1 (A)
1 DIMENSION AWORD (45),RVQ(2)

E CHARACTER* 32 AFILE

t
1
|

COMMON /CBMATC/ ILPNT (40), LMISS, LERROR, NPBAD, NCHAR
COMMON /CBMATA/ ALINE (80),AFILE
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COMMON /CBAQ/ RAQPRM, RAQTHK, RAQBAS
COMMON /CBRF/ RRFX, RRFY, RRFFI, RRFCON
COMMON /CBGV/ RGVUQO, RGVUAL, RGVUU (2)
COMMON /CBWL/ NWL, RWLXC (200) , RWLYC (200) , RWLQ (200) , RWLRAD (200)
list of keywords in check.
DATA RWORD /’A’,’Q",'U’,"I',' *,
‘R','E',"F',"E"," ',
. fUYLINYLTTY LR, Y,
. ‘W','E','LY,'LY,T 0,
. cr,'0','N T, 1,
THYL,'E’,'A’,'D"," !,
rprL,IQf, T, TE, T,
'D','1',’'s",'cr," !,
. 'R','E’,'T",'U" "M/
LERROR=.FALSE.
LMISS=.FALSE.
10 IF (LMISS) WRITE(*,9001)
IF (LERROR.AND. .NOT.LMISS) WRITE(*,9002)
LERROR=.FALSE.
LMISS=.FALSE.
WRITE (*, 9005)
READ (5,9000) ALINE
CALL TIDY
CALL MATCH (AWORD, 1, JUMP)
IF (LMISS.OR.LERROR.OR.ILPNT(2) .EQ.0) GOTO 10
GoTo( 100, 200, 300, 400, 500, €00, 700, 800,8900),JUMP _
Aquifer data. i

100 WRITE(7,9010) RAQPRM, RAQTHK, RAQBAS
GOTO 10 !
Reference point.

200 WRITE(7,9020) RRFX,RRFY,RRFFI, RRFCON i
GOTO 10 i
Uniform flow. |

300 WRITE(7,9030) RGVUQO,RGVUAL,RGVUU(1),RGVUU(2) :
GOTO 10
Wells.

400 IF(NWL.GT.0) THEN

WRITE (7,9040) |
WRITE(7,9041) (I,RWLXC(I),RWLYC(I),RWLQ(I),RWLRAD(I),I=1,NWL)
ENDIF
GOTO 10
Head at reference point: specified value versus computed value.
500 WRITE(7,9050) RRFFI,RFHEAD (RRFX,RRFY)
GOTO 10
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Head.
RX=RVAR (2)

RY=RVAR (3)

IF (LERROR) GOTO 10

WRITE (7, 9060) RX, RY, RFHEAD (RX, RY)
GOTO 10

Potential.

RX=RVAR (2)

RY=RVAR (3)

IF (LERROR) GOTO 10

WRITE (7, 9070) RX, RY, RFPOT (RX, RY)

GOTO 10

Discharge vector.

RX=RVAR (2)

RY=RVAR (3)

IF (LERROR) GOTO 10

CALL DISV(RX, RY, RVQ)

WRITE (7, 9080) RX,RY,RVQ(1),RVQ(2)
GOTO 10

Return to SETUP.

RETURN

FORMAT (80A1)

FORMAT (’ ++++ILLEGAL OR MISSING PARAMETERS IN CHECK+++' /)
FORMAT (’ ++++ILLEGAL COMMAND IN CHECK+++* /)
FORMAT (

.'+(AQUIFER><REFERENCE>(UNIFLO><HELL><CONTRDL><HEAD)tX,Y]’f
L <DISCHARGE>(X,Y](POTENTIRL){X,Y]€RETURN>'/)

FORMAT (

-"AQUIFER: PERMEABILITY THICKNESS ELEVATION OF BASE’/

! *,3E14.6)

FORMAT (

."REFERENCE : X Y HEAD CONSTANT' /

S ',4E14.6)

FORMAT (* UNIFORM FLOW ANGLE COS (ANGLE) SIN(ANGLE) '/
4E14.6)

FORMAT (‘WELLS: GIVEN: NO XCENTER YCENTER ’,

! DISCHARGE RADIUS’)

FORMAT (* ‘,14,4E14.6)

FORMAT (’ SPECIFIED HEAD CALCULATED HEAD’/

‘ REFERENCE POINT :",E14.6,4%X,E14.6)
FORMAT (X, Y, HEAD ’,3E14.6)
FORMAT (X, Y,PHI ',3El4.6)
FORMAT (' X, Y, QX, QY *,4E14.6)
END
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Expansion of the Program

The program will be gradually expanded. As we progress through this chapter, we
will add infiltration from rainfall, infiltration through the bottoms of circular ponds, and
the capability to deal with layering in the aquifer. In the next chapter, we will convert
the program to deal with complex numbers, and include the effects of creeks and fully
penetrating rivers and lakes. In Chapter 4, we will add the capability to plot streamlines.

Problem 8.3
Use the computer program to verify your answer to Problem 6.3. Enter the wells with
the computed discharges, and set the head at a point of the river bank equal to the given
boundary value. Let the program reproduce the piezometric contour with the maximum
value allowed inside the building pit: this contour must be outside the pit and touch one
of its sides at one point. Use the routine CHECK to verify your answer to question (b) of
Problem 6.3.

Problem 8.4
Use the program to reproduce the piezometric contours drawn for Problems 6.1, 6.2, 7.2,
and 8.2. Note: For the cases of one-dimensional flow, choose the reference point at one
of the two rivers, and enter the discharge Q.o, computed as the difference in value of the
potential along the river bank.

Problem 8.5
Enter the data corresponding to Figure 2.17(b) in SLW. Use the program to determine the
heads at the two stagnation points computed in Problem 7.3. Reproduce the piezometric
contours through these points.

Problem 8.6 _
Verify your answer to problem 7.5, questions (b) and (c), by the use of SLW (compare
Problem 8.3).

9 SHALLOW UNCONFINED FLOW WITH RAINFALL

Water may percolate downward through the soil above the phreatic surface of an uncon-
fined aquifer. This water may infiltrate, for example, as the result of rainfall or artificial
infiltration, or may infiltrate through the bottom of a creek or pond that is located above
the phreatic surface. In the first case the infiltration occurs over the entire aquifer or a
large part of it. In the latter two cases the infiltration is local. We will in this section first
derive the basic equations for shallow unconfined flow with rainfall, and discuss both
uniform and local infiltration for one-dimensional, radial, and two-dimensional shallow
unconfined flow along with some examples.

Basic Equations

The infiltration rate will be represented as N [m/s] and is equal to the amount of water
per unit area that enters the aquifer per unit time. The resistance to flow in the vertical
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direction is neglected in accordance with the Dupuit-Forchheimer assumption, and the
infiltration is modeled as taking place without any change in head over the height of the
aquifer. The process by which the rainwater moves down toward and into the aquifer is
not considered in this section.

With this assumption, the condition that the inflow into a volume with sides Ax
and Ay in the z and y directions be equal to the outflow becomes (see Figure 2.24):

[Qx(;r: - %5, v)] Ay + [Q,,(;.-:, y— %1)] Ar+ NAzAy

=[Q:e+ &7, 9] Ay + (@@, + §0)] Az ©.1)

Dividing by AzAy and passing 1o the limit for Az — 0,Ay — 0, the following is
obtained:
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Figure 224 Unconfined flow with rainfall,
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Figure 2.25 One-dimensional unconfined flow with rainfall.

The expression for the potential in terms of the head, (7.14) with C, = 0, remains un-
changed and the discharge vector equals minus the gradient of ®. Hence, the differential
equation for the potential becomes the Poisson equation:

il B
5 tap =V N ©3)

where the operator V? stands for 82/dz? + 8%/3y?, and is pronounced “Nabla second.”
The infiltration rate N may be a function of position. For the time being, however, we
will assume that N is a constant.

One-dimensional Flow

For one-dimensional flow, (9.3) becomes

&2®
7 -N 9.4)
with the general solution
= —IN2* + Az + B ©.5)

As an example, consider the case of flow between two long and straight parallel rivers,
as illustrated in Figure 2.25. The distance between the rivers is L. The origin of an
z, y, z coordinate system is chosen to be halfway between the rivers, with the = axis
normal to the river banks. The boundary conditions become

z=—3L ¢=h ®= =jké| ©.6)

z= jL ¢=¢r P=®1=3k¢} ©.7
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Application of the boundary conditions (9.6) and (9.7) to the general solution (9.5) yields

P - P,
L

The expression for the discharge vector component Q) is found from (9.8) upon
differentiation,

®=—iN[z* - (L) - T+ 3(® + ®2) 9.8)

e

Qu=-T =Nz 4+ 222

L

The location of the divide, x = x4, the point where ® has a maximum and d®/dr = 0,
is found by setting Q. equal 1o zero,

P -9,
L

The divide is at the center of the aquifer when @, = ®,, as would be expected. There
will not always be a divide: if the value obtained for z4 from (9.10) is larger than 3L
or less than —3 L, there is no divide and the flow occurs in one direction throughout the
aquifer. If, for example, x4 is greater than %L, all flow is in the negative x direction
and all rainwater flows off to the boundary at z = —3L. If —}L < x4 < jL, there is a
divide and the amount of rainwater flowing per unit width of the aquifer to the boundary
atz = 3Lis (3L — z4)N whereas the remaining amount, (L + z4)N flows toward the
boundary at z = —3 L.

9.9)

Nzy=-

(-3L<za<3iL) (9.10)

Radial Flow

The potential for radial flow with rainfall is obtained by application of Darcy’s law and
the condition that there be continuity of flow (see Figure 2.26). Consider the case of rain
falling on a circular island of radius R. There is no well in the island and the infiltrated
rainwater flows off to the boundary. Use is made of the radial coordinate r and the head
at the boundary r = R is ¢p. Hence,

r=R  ¢=¢p &=P0=}kej ©.11)

The amount of rainwater infiltrating inside a cylinder of radius r equals N7r?. By
continuity of flow, this amount of water must flow through the wall of the cylinder.
Since the flow is radial, the component Q, of the discharge vector is constant along the
cylinder wall; the total flow through this wall equals 277Q,. The continuity equation
thus may be written as follows:

27rQ, = N7r? (9.12)
or

Q-=3Nr 9.13)
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Figure 2.26 Radial shallow unconfined flow with rainfall.

Application of Darcy’s law yields
Q,=—-——=3Nr (9.14)

so that

¢I>=—1-Nr2+C 9.15)

where C is a constant of integration. Application of the boundary condition (9.11) to
(9.15) yields C = %NR2 + &, so that (9.15) becomes

®=—ING? - R+ ®o (9.16)
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Superposition

The differential equation for shallow unconfined flow with rainfall is the Poisson equation
9.3),

Vig=-N 9.17)

Because the Poisson equation is linear, superposition of solutions is possible without
violating the differential equation. Let ¢; be a solution to the Poisson equation,

Vi, = -N (9.18)
whereas ®; is a solution to the Laplace equation,
Vi, =0 9.19)
Then the sum, ¢ = ¢| + &,, fulfills the Poisson equation,
Ve = VX(®, + ®5) = V2@, + V2, = —N (9.20)

Superposition is useful for solving problems of unconfined flow with rainfall. These
problems, then, are solved in two steps: first a particular solution to the Poisson equation
is selected and, second, a solution to Laplace’s equation is determined such that the sum
of the two solutions meets the boundary conditions. As an example, the problem of
unconfined flow with rainfall and a well in the center of a circular island will be solved

by superposition.

Radial Flow Toward a Well

The problem of radial unconfined flow with a well at the center of a circular island is
illustrated in Figure 2.27. The discharge of the well is @, the radius of the island is R
and the head at r = R is ¢. Hence, the boundary condition at r = R is given by (9.11).
The particular solution of the Poisson equation is (9.16). Addition of the potential for
unconfined flow toward a well, (7.24), to (9.16) yields

®=—ING'-R)+ z%ln%+C 9.21)

It is noted that a new constant C is introduced and the constants ®p in (7.24) and (9.16)
are omitted; it is advisable 1o introduce a new constant after superimposing individual

solutions and to determine this constant from a boundary condition. Application of the
boundary condition (9.11) to (9.21) yields C = ¢, and (9.21) becomes

Qin’ 4 9.22)

¢=—41N(r2—R2)+§-I—r B
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Figure 2.27 Radial flow toward a well.

The expression for the component Q, of the discharge vector is obtained from (9.22)
upon differentiation,

i@ _,\ _ Q

Q"=—'E;=i r-5— (9.23)
The divide occurs at r = r4, where Q. =0, i.e.,

INp = 9

3NTa py— (9.24)

Td= 1’% (fd < R) (925)

Similarly, as in the case of one-dimensional flow, there may not be a divide in the
aquifer; there only is a divide when 4 < R.

Rainfall on an Island with an Elliptical Boundary

Circular islands rarely occur in reality; a solution whereby the boundary of the island is
an ellipse would be more useful. Consider the following potential in this context:

T [(E) + (%) - 1] + @ (9.26)

This potential fulfills the differential equation

&=-

|-

V¢ =-N 9.27)
and, in addition, has the value ®, along the boundary of an ellipse with principal axes

of lengths a and b:
2\2 v\?
(_) + (_) =1 B=d, (9.28)
a b
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In view of these properties, the potential (9.26) describes the flow in an elliptic island.

The potential (9.26) may be generalized for the case that the principal axis of length
a makes an angle a with the z axis. We introduce an z*, y* Cartesian coordinate system
with its origin at the center of the ellipse; the potential then may be written in terms of
this coordinate system as follows:

y N z* 2 y* 2
o=-d—— (%) + (%) -1+ (9.29)
stz [\e b

The coordinates z* and y* may be expressed in terms of = and y as follows, using
Figure 1.5 and noticing that the origin of the *, y* coordinate systemisat r = ., ¥ = y.:

It

) (x— x,,)c.osa +(y — yo)sina (9.30)
y'=—(xr—z)sina+(y — y)cosa

The potential (9.29) may be written in a form that applies to the case that either a or b
is zero:

l N
Za2 4+ 12

This may be written in terms of z and y by the use of (9.30) as follows:

b=- [B*@*) + a(¥*)? — a®b?] + B 931)

N
a?+ b

¢=-1 {6?[(x — zc)*cos’ a + 2(x — TNy — yc)sinacos a

+ (y — yo)*sin’ a]
+a*[(z — zc)*sin’ @ — 2(z — TNy — yc) sinacosa
+(y — yo) cos’ a] — a’b’} + ®o

(9.32)
Collecting terms, this may be simplified to
N [(@?sin? & + b2 cos? a)(z — z.)?
2a2 + 2 ©
—2(a® - 62}(1: — )Ny — yc)sinacos
+(a®cos? a + b sin a)(y — yc)? — azbz] + & (9.33)

This function covers all cases of uniform infiltration that we have discussed so far: if
a =0 and a =0, then (9.33) reduces to

= —IN(@@ - z.)’ + ®= —~}Na* + Nz.z — }Nz2 + ®o (9.34)

which is equivalent to (9.5) with Nz, replacing A and —.},N:rﬁ + @, replacing B. If
a = b= R, then (9.33) reduces to the potential (9.16) for radial flow with rainfall.
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Expressions for the components Q; and Q, of the discharge vector are obtained
from (9.33) by the use of Darcy’s law:

Qe=-57 = 5[ (@sina + B oos? ) - 7.
—(a2 - b%(y — yc)sinacosa
o0 N ] (9.35)
QF = --—a; = m [—(ﬂ,z - 62){]: ! Ic)sinﬁ‘cosa

+(a%cos? a + b sin? a)(y — ve))

We will implement equations (9.33) and (9.35) in the computer program SLW at the end
of this section.

Local Infiltration

When the bottom of a ditch or a pond is not in contact with the phreatic surface, water
will leak through the bottom, filter down to the phreatic surface and finally join the flow
in the aquifer. We will not attempt to model the unsaturated flow in the zone between
the bottom of the ditch or pond and the phreatic surface. For the sake of simplicity, we
assume that the infiltrating water percolates vertically downward through the unsaturated
zone. We will first discuss infiltration through the bottom of a long ditch for cases of
one-dimensional flow, and second the infiltration through the bottom of a circular pond.

One-dimensional Flow

Consider the case of infiltration through the bottom of a long ditch of width b,
which is parallel to the two infinite boundaries of an unconfined aquifer. There is no
rainfall, a Cartesian coordinate system is chosen as shown in Figure 2.28, the width of
the aquifer is L, and the heads along the two boundaries are ¢, and ¢,:

= 1 = = = 1 2
r= 3L o=¢ =0, =3k¢;

The coordinates of the boundaries of the ditch are £, and & (see Figure 2.28), so that

L-&=b 9.37)

The rate of infiltration through the bottom of the ditch is N; [m/s]. The differential
equations for the potential ¢ are

d*®
—3L<z<§ i 0
2
6§ <z & dd%. =-N (9:38)
e
1 -
L<z<;3L P 0
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Figure 2.28 Local infiltration for one-dimensional flow.

We will solve problems with ditches by making use of special solutions, which we
will refer to as influence functions. Two of these influence functions are as follows:
T - F= T -1

7 I (9.39)

F|=—

where z; and z, represent the coordinates of the right- and left-hand boundaries, respec-
tively, and L is the width of the aquifer. For the case of Figure 2.28, x| and r, are as
follows:

T=—3L =1L (9.40)
The functions (9.39) represent straight lines, and
da F, 1 sz;

The function F} is zero at z = T2 and unity at = = x|, whereas F is zero at = = ) and
unity at x = x,; this is seen from (9.39), with the aid of the relation:

Ty—-x1=L (9.42)

We can make use of the functions (9.39) to solve the general one-dimensional problem.
If, for example, the potential at z = 2 is ®; and at z = z,; equals ®,, then the solution
is

=0 F + 95 =_¢Iz—n +¢2I},I|

L

(9.43)

Another influence function serves to implement rainfall, and has the form:

F =@z - o)z - 1)) (9:44)
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It vanishes at = r; and z = ), and fulfills the following differential equation:
V2F, = -1 (9.45)

If there is infiltration of a rate N on the aquifer with boundary values ®; and ®,, then
the potential ¢ is obtained by adding a term N Fi. to (9.43), which yields

&= & F +5F+NF,

r—I r—1I
= -, L + o, 17
It is noted that the influence function F). does not affect the boundary values of ®; its
addition to the potential serves only to include rainfall.

We will use the above influence functions to construct yet another influence function
that serves to include infiltration over an area extending between z = £, and z = §,, and
vanishes at the boundaries = =, and = = z,. This influence function, which we will
write as Gq4(z, £), &), where the index d stands for ditch, is depicted in Figure 2.29(a):
it is obtained by addition of the functions Gy and aF3, (a > 0), which are plotted
versus z in Figures 2.29(b) and (c). We require that the function Gy meets the following
conditions:

- 3N(z — 2)(z — 71) (9.46)

<< Go= 0 9.47)
4G,

G<z<8 dr;‘ =-1 (9.48)
e

@<zsn 3 xz" =0 (9.49)

The function F3 is defined by (9.39) and addition of aF> to Gy, where a is the
value of Gy at = = x;, yields G4. Because Gy is zero for z; < z < £, the derivative
dGp/dzx at § is zero. We thus obtain the following two boundary conditions for the
determination of Gy along the interval §, < = < &:

dGyp
= = _— = 9.50
r=§  Go=0 e 0 (9.50)

It follows from (9.48) that dGo/dx = —x + C, where C is a constant of integration, and
application of the second condition in (9.50) yields

dG,

Gszsle ——=-@-&) ©.51)
Integration and subsequent use of the first condition in (9.48) gives

G<z<& Go=-3x-6&) 9.52)
The values of Gy and dGy/dx at x = £ are used as boundary values for Gy on the
interval §; < = < x; these values are
dGy
dr

z=6 Go=-3}&-&) =—(& - &) 9.53)
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Figure 2.29 Determination of the influence function G 4.

The function Gy is linear for §& < r < r, and application of the two boundary conditions
(9.53) to this linear function gives the following result:

<< Go=—(6 - &) - &) - 36— &) (9.54)

The constant a equals —Gp at = = x (see Figure 2.29),
a=(&-&)z2 - &)+ 3& - &) (9.55)

The function G4(z, £, &) is obtained by adding aF; to Go:

1 ) el
n<r<&  Ga,&,&)=aF =& - &)@ — &) + 36 - &)’ ——

(9.56)
G<r<&  Gux,&,&)=aF - jz - &) 9.57)
<r<n  Guz,b,&) =R — (& - &) - &) - 3 & - &) (9.58)

The function Ga(z, &, £&>) models an infiltration of rate 1 along the interval §; < r < &
and vanishes at the two boundaries. It can be applied to the case of an infiltration rate
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N, simply by multiplication by a factor N,. The potential for the flow problem of Figure
2.28 is now readily obtained by superposition as follows, using (9.36), (9.39), and (9.40):

1 1

r - EL £+ EL
L + ¢ I

Using (9.37) and (9.40), equations (9.56) through (9.58) may be simplified as follows:

¢=-9 + NGz, &,6) 9.59)

+ 3L
—3L<x<¢ Galx,6,6) =aF, = [(3L - &)b + 5] -'-"__I_’z_ (9-60)
G<r<& Gux,6,6)=ak; - Jx - §) 9:61)
@<z<iL G, 6,6)=aF; - ba - &) - 3’ (9.62)

The influence function G4 may be used to model infiltration through n ditches,
located at §;— < r < &j,j = 1,2,...,n, where the infiltration rate through the bottom
of the j'* ditch is N;. The corresponding potential is obtained by superposition:

z N;Gu(x,6j-1,62)) (9.63)

j=

1 ]
o I—EL I+§L
¢ =-9 I + P, I +

It is recalled that we introduced the influence function G4(x, &, &) in such a way
that

1. In each zone of the aquifer it fulfills the appropriate differential equation.

2. The conditions of both continuity of potential and continuity of flow are fulfilled
at the boundaries between the zones.

3. The influence function vanishes at the boundaries of the aquifer.

It is a consequence of these properties of G that superposition of an arbitrary number of
functions of this kind is possible by violating neither the differential equations nor the
boundary conditions.

Problem 9.1
Establish, for the flow problem of Figure 2.28, the conditions for which:
1. All water infiltrating through the bottom of the ditch leaves the aquifer at x = —3 L.
2. All water infiltrating through the bottom of the ditch leaves the aquifer at x = 1 L.
3. Some of the water infiltrating through the bottom of the ditch leaves the aquifer at
z=—34L, and some at x = ;L. Determine the fraction of the total amount that leaves
the aquifer at z = —1 L.

Problem 9.2
Two ditches of width b are used for infiltration into an unconfined aquifer. The ditches
are long and parallel to the two boundaries of the aquifer; the flow is one-dimensional. The
distance from the center of each diich to the nearest boundary is d + b/2, the width of the
aquifer is L, and the heads at the boundaries are ¢, and ¢;. The infiltration rate through
the bottom of the one ditch is N, and of the other is N2. The hydraulic conductivity is k.
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Questions

(a) Determine expressions for the ratios Ny /k and N2 /k so that the phreatic surface between
the ditches is horizontal and a distance 1 above the aquifer base.

(b) Determine the conditions that H, ¢,, ¢, b, and  must satisfy in order that the infil-
tration rates Ny and N> are less than k. (Infiltration at a rate larger than k is physically
impossible.)

Rudial Flow

An influence function useful for modeling infiltration through circular ponds can
be determined in much the same fashion as was done above for one-dimensional flow.
This function will be used for infinite aquifers and we will choose it such that it vanishes
at the boundary of the pond. We will represent this function as G, y,ry, y, R), where
the index p stands for pond, and where ., and y, are the coordinates of the center of
the pond and R is its radius. The function will apply to a unit infiltration rate through
the bottom of the pond. Hence, (7, must fulfill the following differential equations:

0<r <R VG, = -1 (9.64)

R<r<oo VG,= 0 (9.65)
where

=V —r) + = un)? (9.66)

The expression for G, that applies to the area below the pond is obtained from (9.16)
with N =1 and ¢, = 0, and with r, replacing r:

0<m<R G,=-101-R) (9.67)

The discharge at r; = R is directed normal to the boundary of the pond because the flow
is radial, and the total discharge flowing out of the pond of unit infiltration rate is Q.
with

Q=nR? (9.68)

Continuity of flow through the wall of the cylinder of radius 12 about the center of the
pond requires that the discharge enters the area outside this cylinder radially. Further-
more, (7, must fulfill Laplace’s equation outside the pond, and the following function
TfRz r Rl L]
R<r <o G,,——?In—ﬁ--a—lnﬁ
meets these conditions. Expressions (9.67) and (9.69) both vanish at r, = R, so that the
potential is continuous at r; = R. The function G is thus defined as follows:

(9.69)

0<m <R Gya,yr,u,R)= —i@ -2’ +w-u)P-RY
(9.70)

2 P 2 _ 2
‘RSI"| < oo Gir(r|y|rl;y|nﬁ);_%lﬂ(r .T[) I;{y y')

9.71)
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As an example, we will solve the problem of flow from a circular pond of radius
R and infiltration rate N, with its center at a distance d from the bank of a long river
(see Figure 2.30). The head along the river bank is ¢o. An x, y, z coordinate system is
chosen as indicated in the figure, with the y axis along the river bank, the r axis pointing
away from the aquifer, and the negative = axis passing through the center of the pond.
Far away from the pond, the flow is uniform in the x direction and has a discharge Q ro.
We will henceforth refer to flow fields near infinity as far-fields.

Figure 230 Flow from a circular pond toward a river.

The function Gp(z,y, 1,1, R) for this case becomes
0<n <R Gya,9-40,R=-}[c+d’+y¥-R]  ©O72)

R (@+df+¢

R<r <o Gy(z,y,-d,0,R) = vy In 72 (9.73)

where
Z=@+d’+y (9.74)

The potential due to the flow from the pond and valid in the area outside the po_nd equals
that of a recharge well of strength 7Ny R?. The boundary condition along the river bank,

z=0 ¢=¢o ®=Po=3k$; 9.75)
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thus can be met by placing an image well of discharge 7N;R? at z = d,y = 0. The
complete potential for this problem thus becomes

N, R?
4

The constant C is found by applying the boundary condition (9.75) to (9.76). Since
1 > R along the river bank, (9.73) represents G, there and we obtain

® = —Qz0z + NGy(z,y,-d,0,R) + In[(z-d?+y’] +C (9.76)

_ —.N|R2 d2+yz .N|R1 2 2
dy = 2 In R? + 3 In(d° +y°)+ C 9.77)

so that

N\ R?

C=d— In R? (9.78)

Substitution of this expression for C in (9.76) yields

N[Rz In (.'B—d)z +y2

® = -Q:0z + N,Gp(z,y,—-d,0,R) + i R

+d 9.79)

where (), is defined by (9.72) and (9.73).

Problem 9.3
Infiltration occurs at a rate N; through the bottom of a circular pond of radius R in an
infinite aquifer. If the pond were not present, there would be no flow. A well is drilled
through the bottom of the pond and screened in the aquifer. Determine the location and
the discharge of this well such that exactly all infiltrated water is captured. Determine an
expression for the potential as a function of position,

Implementation of Infiltration in SLW

In the following we will implement in the FORTRAN program SLW the functions for
uniform infiltration from rainfall and for infiltration through the bottoms of circular
ponds. We will choose the function given by (9.33) to model the uniform infiltration;
this function has the advantage that its parameters can be chosen so as to meet the
condition that the head is constant either along straight equipotentials at an arbitrary
angle, or along a circle, or along an ellipse at any orientation and of any aspect ratio.

Implementation of these functions in the program requires the modification of the
routine SETUP so that the parameters associated with the new functions can be entered,
the expansion of the common block CBGV to communicate these parameters between the
various subroutines, and, finally, the programming of the functions; these will be placed
in the module GIVEN. We will further add the facility to retrieve data associated with
these functions by the use of the module CHECK. In order to save space, new listings
will not be given of the subroutines SETUP and CHECK: it will suffice to list only the
statements that must either be changed or added.
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The Module Given

The function that adds the contributions of all ponds to the potential is a direct
implementation of (9.72) and (9.73); an IF-THEN-ELSE construction is used to distinguish
between points inside and outside the ponds. The contributions of all ponds to the
discharge vector components are obtained by differentiation of (9.72) and (9.73). The
function that adds the contribution of the uniform infiltration is a direct implementation
of (9.33); the contribution to the components of the discharge vector is programmed by
implementing (9.35). The listing of the modified module GIVEN is as follows:

Initialization of common block with data of rain, uniform flow

and ponds.

RGVUQO = discharge of uniform flow [L2/T].

RGVUAL = angle in degrees between direction of uniform
flow and x axis.

RGVUU(I) = components of unit vector in the direction of

uniform flow.

RGVRN = infiltration from rainfall [L/T].

RGVRX, RGVRY = x and y coordinates of the center of the
elliptical equipotentials generated by rainfall

alone.

RGVRAS = square of the a axis of the ellipse.

RGVRBS = square of the b axis of the ellipse.

RGVRAL = angle between the a axis of ellipse and the
X axis

NGVP = number of ponds.

RGVPXC (IPOND) = x coordinate of the center of pond number IPOND.
RGVPYC (IPOND) = y coordinate of the center of pond number IPOND.
RGVPRD (IPOND) = radius of pond number IPOND.

RGVPSG(IPOND) = infiltration rate of pond number IPOND.

a0 0606060060000 6060060 6060000 6

BLOCK DATA BDGV
COMMON /CBGV/  RGVUQO,RGVUAL, RGVUU(2),
RGVRN, RGVRX, RGVRY, RGVRAS, RGVRBS, RGVRAL,
. NGVP, RGVPXC (20) , RGVPYC (20) , RGVPRD (20) , RGVPSG (20)
DATA RGVUQO, RGVUAL,RGVUU /0.,0.,1.,0./
DATA RGVRN, RGVRX, RGVRY, RGVRAS, RGVRBS, RGVRAL
/.0 .0 , -0 (1. . 1. .0 /
DATA NGVP /0/
END
c Contribution of given functions to the potential.
REAL FUNCTION RFGVG (RX,RY)
COMMON /CBGV/ RGVUQO, RGVUAL, RGVUU (2) ,
RGVRN, RGVRX, RGVRY, RGVRAS, RGVRES, RGVRAL,
NGVP, RGVPXC (20) , RGVPYC (20) , RGVPRD (20) , RGVPSG (20)
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RFGVGP=.0
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Contribution of the uniform flow.
RFGVG-—RGVUQO‘{RGVUU(I)'Rx+RGVUU(2)‘RY}
Contribution of the rainfall.
IF (RGVRN.NE.0.) THEN
RCOS =COS (RGVRAL)
RSIN =SIN(RGVRAL)
RCOSSQ=RCOS**2
RSINSQ=RSIN**2
RCROSS=2. * (RGVRAS-RGVRBS) *RSIN*RCOS
RCOF =-.5*RGVRN/ (RGVRAS+RGVRBS)
RFGVG =RFGVG
+RCOF*(tRGVRAS‘RSINSQ+RGVRBS‘RCOSSQ)*(RX-HGVRXI"Z
- RCROSS* (RX-RGVRX) * (RY-RGVRY)
+ (RGVRAS*RCOSSQ+RGVRBS *RSINSQ) * (RY-RGVRY) **2)
ENDIF
Contribution of the ponds.
RFGVG=RFGVG+RFGVGP (RX, RY)
RETURN
END
Potential due to all ponds.
REAL FUNCTION RFGVGP (RX, RY)
COMMON /CBGV/ RGVUQO, RGVUAL, RGVUU (2) ,
RGVRN, RGVRX, RGVRY, RGVRAS, RGVRBS, RGVRAL,
NGVP,RGVPXC(ZO),RG?PYC[?O},RGVPRD{2OJ,RGVPSG{ZOJ

IF (NGVP.EQ.0) RETURN
DO 100 IPOND=1,NGVP
RADSQ ={RX—RGVPXC[IPOND)]**2+{RY-RGVPYC(IPOND))"2
RADPSQ=RGVPRD (IPOND)
IF (RADSQ.GE.RADPSQ) THEN
Outside the pond:
RFPPD-—.ZS'RADPSQ*ALOGtRADSQ/RADPSQl
ELSE
Inside the pond:
RFPPD=-.25* (RADSQ-RADPSQ)
ENDIF
RFGVGP=RFGVGP+RGVPSG (IPOND) *RFPPD
CONTINUE
RETURN
END
Contribution of the given functions to the discharge vector.
SUBROUTINE DVGVG (RX, RY, RVQ)
DIMENSION RVQ(2)
COMMON /CBGV/ RGVUQO, RGVUAL, RGVUU (2},

9



92 Types of Flow Chap. 2

RGVRN, RGVRX, RGVRY, RGVRAS, RGVRBS, RGVRAL,
NGVP, RGVPXC (20) , RGVPYC (20) , RGVPRD (20) , RGVPSG (20)

c Contribution of uniform flow.
RQX=RGVUQO*RGVUU (1)
RQY=RGVUQO*RGVUU (2)

c Contribution of rainfall.

RCOS =COS (RGVRAL)

RSIN =SIN(RGVRAL)

RCOSSQ=RCOS**2

RSINSQ=RSIN**2

RCROSS= (RGVRAS-RGVRBS) *RSIN*RCOS

RCOF =RGVRN/ (RGVRAS+RGVRBS)

ROX=ROX+RCOF* ( (RGVRAS*RSINSQ+RGVRBS*RCOSS5Q) * (RX-RGVRX) -

. RCROSS* (RY-RGVRY) )

RQY=RQY+RCOF* (-RCROSS* (RX-RGVRX) + (RGVRAS*RCOSSQ+RGVRBS*RSINSQ) *
(RY-RGVRY) )

RVQ(1)=RVQ (1) +RQX

RVQ(2) =RVQ (2) +RQY

c Contribution of ponds.
CALL DVGVGP (RX,RY,RVQ)
RETURN
END
c Contribution of all ponds to the discharge vector.

SUBROUTINE DVGVGP (RX,RY,RVQ)
DIMENSION RVQ(2)
COMMON /CBGV/ RGVUQO, RGVUAL, RGVUU (2) ,
RGVRN, RGVRX, RGVRY, RGVRAS, RGVRBS, RGVRAL,
. NGVP, RGVPXC (20) ,RGVPYC (20) , RGVPRD (20) , RGVPSG (20)
IF (NGVP.EQ.0) RETURN
DO 100 IPOND=1,NGVP
RADSQ =(RX-RGVPXC(IPOND))**2+ (RY-RGVPYC (IPOND) ) **2
RADPSQ=RGVPRD (IPOND)
IF (RADSQ.GE.RADPSQ) THEN
c Outside the pond:
RROZRS=RADPSQ/ (2. *RADSQ)
RQX=RGVPSG (IPOND) * (RX-RGVPXC (IPOND) ) *RRO2RS
RQY=RGVPSG (IPOND) * (RY-RGVPYC (IPOND) ) *RROZRS
ELSE
c Inside the pond:
RQX=.5*RGVPSG (IPOND) * (RX-RGVPXC (IPOND) )
RQY=,5*RGVPSG (IPOND) * (RY-RGVPYC (IPOND) )
ENDIF
RVQ (1) =RVQ (1) +RQX
RVQ (2) =RVQ (2) +RQY
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100

100

CONTINUE
RETURN
END
Layout; the ponds are plotted as circles.
SUBROUTINE GVLAY
COMMON /CBGV/ RGVUQO, RGVUAL, RGVUU (2) ,
RGVRN, RGVRX, RGVRY, RGVRAS, RGVRBS, RGVRAL,
. NGVP, RGVPXC (20) , RGVPYC (20) , RGVPRD (20) , RGVPSG (20)
DO 100 IPOND=1,NGVP
CALL RDRAWC (RGVPXC (IPOND), RGVPYC (IPOND) , RGVPRD (IPOND) )}
CONTINUE
RETURN
END

The listing contains the modified common block; this common block must replace

the former ones in SETUP and in CHECK.

The Routine Setup

We add the command words RAIN and POND to the data statement of AWORD in

SETUP, and change the dimension of AWORD accordingly; the following statements replace
the old ones:

DIMENSION AWORD (75) ,AWOGR (10)

DATA AWORD /’A’,’Q',’U’,"I’,’ *,
"RY,VEY,TET, R, 7,
‘U"'N','I’,‘F',' "
FRYLIAT, TV, N, 0,
'Br,rOr,INY, DY, T,
l“l'!El"!Ll"!Lc'! J"
R R
YWY, T, N, D, Y,
'GY,IRY,TTY,D0," t,
OPI'IL!’JO!’iT!II f‘
PLeLURY, Ty, r00,
o R R
S URT R
R O O
!si,l’Tr,l’O!'!pi'!!t/

We must add two new labels to the computed GOTO; we choose labels 320 and

340 to correspond to the command words RAIN and POND, which are the fourth and fifth
command words in the list, respectively. The new computed GOTO is

Goro( 100, 200, 300, 320, 340, 400, 500, 600, 700, 800, 900,1000,
8500) , JuMP
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The statements associated with these labels store the data corresponding to rainfall

and ponds and are as follows:

c

320

340

Infiltration from rainfall.

RGVRN=RVAR (2)

RGVRX=RVAR (3)

RGVRY=RVAR (4)

Principal axes of the ellipse; store al and bl.
RGVRAS=RVAR (5) *RVAR (5)

RGVRBS=RVAR (6) *RVAR (6)

Read the angle between the a axis and the x axis;

.

convert it to radians.

RGVRAL=RVAR (7) *3.1415926/180.

GOTO 10

Ponds; add 1 to the number of ponds, store the coordinates or
the center and the infiltration rate.

NGVP=NGVP+1

RGVPXC (NGVP) =RVAR (2)

RGVPYC (NGVP) =RVAR (3)

RGVPRD (NGVP) =RVAR (4)

RGVPSG (NGVP) =RVAR (5)

If an error occurred, reduce the number of ponds by 1 so that
the user can enter the data again.

IF (LERROR) NGVP=NGVP-1

GOTO 10

The final modification of SETUP is the change of the format statement which controls

the content of the command prompt:

9005 FORMAT (

. " +<AQUIFER> (K, H) [BASE] '/

.* <UNIFLOW>(Q,ANGLE) "’/

.* <RAIN>(INF.RATE,XCTR, YCTR,A AXIS,B AXIS,ANGLE)’/
. <POND> (XCTR, YCTR, RAD, INF.RATE) '/

.' <WELL>(X,Y,Q,R)’/

.’ <REFERENCE>(X,Y,FI)’/

.’ <SOLVE>'/

.* <WINDOW>(X1,Yl X2,Y¥2)*/

.* <LAYOUT>'/

.’ <GRID> (N) [<HEAD>/<POTENTIAL>]"/

. <PLOT>'"/

. <CHECK>'/ .
." <SWITCH>(FILEIN) [FILEOUT]"/

.' <PAUSE>"/

.Y <STOP>'/)
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The routine SETUP is now prepared for the new functions.

The Routine Check

Only minor modifications are necessary in CHECK: besides replacing the common
block BDGV with the new one, we add the command words RAIN and POND to the list of
command words and modify the dimension statement of AWORD:

DIMENSION AWORD (55),RVQ(2)

DATA AWORD /'A’,’Q','U’,’I’,' *,

) "RY,TEY, BT, 0E 0 0,
U, N, T, R,
RO, TAY, T, N,
BT, 0f, INY, e,
WU, L, L, e,
Cr, 0, Nt e,
"H','E’,'A’,'D"," 7,
IR
‘D', CI7,080, 0,0,
TRY, RS, T, U, 1)

The computed GOTO must be changed, and two new labels added with the state-
ments necessary to print data regarding the new functions:

GOTO( 100, 200, 300, 320, 340, 400, 500, 600, 700, 80O,
8900) , JuMP
c Infiltration from rainfall.
320 WRITE(7,9032) RGVRN,RGVRX,RGURY,SQRT(RGVRAS},SQRT{RGVRBS).
. RGVRAL*180./3.1415926
GOTO 10
[ ponds.
340 IF(NGVP.GT.0) THEN
WRITE(7,9034)
WRITE(7,9035)
(I,Rcvpxcul.RG?PYC(I},RGVPRB(Il.RGVPsG(IJ.I=1.NGVPJ
GOTO 10
ENDIF

The final changes and additions are the modification of the format statement for
the command line, and the addition of three new format statements:

9005 FORMAT (
.'+<AQUIFER><REFERENCE>(UNIFLO><RAIN><POND><HELL><CONTROL>'/
L <HEAD>(x,yj;DISCHARGE>Ix.YJ<POTENTIAL>(X,Y}<RETURN>'/)
9030 FORMAT (' UNIFORM FLOW ANGLE COS (ANGLE) SIN(ANGLE) "/
4E14.6)
9032 FORMAT (' RAIN XCENTER YCENTER' /
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,3E14.6/
J A-AXIS B-AXIS ANGLE' /
. . *,3E14.6)
9034 FORMAT (‘ PONDS: NO XCENTER YCENTER RADIUS *,
L INFILTRATION')
9035 FORMAT (" *,14,4E14.6)

Problem 9.4
Implement the new functions in your version of SLW. Use the computer model to sim-
ulate the flow case governed by (9.8) and verify that the flow rates through the boundaries
at r = —1L and at x = }L are as given in the text. Verify further that the program re-
produces the divide in the proper place by using the command DISCHARGE in the routine
CHECK. Note that you cannot enter the heads along the two boundaries directly; however,
you can reproduce them by centering the rainfall midway between the river banks, by setting
the head at a point of one of the river banks to the given value, and by entering uniform
flow with a discharge computed such that the head along the second river bank maiches the

boundary value.

Problem 9.5
Use the computer model to simulate flow toward a well at the center of a circular is-
land with rainfall, and verify that the program produces the divide at the location computed
by the use of (9.25).

Problem 9.6
Use the computer model to verify your answer to Problem 9.3.

10 SHALLOW INTERFACE FLOW

We will refer to a flow as interface flow when the aquifer contains two fluids that are
separated by an interface rather than a transition zone, and when one of the fluids is at
rest. Coastal aquifers are often modeled with good approximation by assuming interface
flow. The fresh water, then, is assumed to flow over salt water at rest. If the aquifer is
sufficiently shallow with respect to its extent so that the resistance to flow in the vertical
direction may be neglected, we will call the flow shallow interface flow.

Condition Along the Interface

A cross section through an aquifer with fresh water flowing over salt water at rest is
shown in Figure 2.31. The aquifer is bounded above by a phreatic surface and below by
an interface that separates the fresh water from salt water at rest. The distances between
these surfaces and sea level are denoted as hy and h,, where the indices f and s stand
for fresh and salt. All heads are measured from a reference level, which lies a distance
H, below sea level. The head in the fresh water, ¢, is expressed in terms of the pressure
ps by the use of (2.7) as

6="+L + 2z (10.1)
9pf
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where py is the density of the fresh water and the elevation head Z is measured from
the reference level. The head ¢, in the salt water is written similarly in terms of the
pressure p, in the salt water,

B, = q‘;: +2 (10.2)

where p, is the density of the salt water. The pressure must be single-valued at all points
of the interface, such as point P in Figure 2.31. This gives, with (10.1) and (10.2), and
with Z2=H, — h, at P;:

gp(¢ — Hy + hy) = gp,(¢s — Hy + hy) (10.3)

e

groundwater table

salt water at rest

— — — — 1 — — — - —— - — ——

interface

Figure 2.31 The Ghyben-Herzberg equation.

We neglect the resistance to flow in the vertical direction, the Dupuit-Forchheimer
assumption, so that the equipotentials are vertical: ¢ = H, + hy. We further limit the
analysis to cases where the salt waler is at rest so that the head in the salt water equals
the elevation of the sea level above the reference level, i.e., ¢, = H,. This yields with
(10.3), after rearrangement of terms and division by gpy:

Ps — Pf
hy=h,———
/ Y (10.4)

This equation is known as the Ghyben-Herzberg equation and was derived independently
by Badon Ghyben [1888] and Herzberg [1901]. It is of interest to note that Du Commun
[1828] should really be credited with the discovery of the Ghyben-Herzberg equation
(Carlston [1963]). It may be noted that the Ghyben-Herzberg equation is equally valid
when the upper boundary of the aquifer is a horizontal impermeable boundary rather
than a phreatic surface. In that case, h; represents the piezometric head with respect to
sea level.
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Potentials

In describing shallow interface flow, we will make use of discharge potentials. These
potentials were introduced by Strack [1976], and are obtained similarly as the ones given
in Sec. 8 for horizontal confined and shallow unconfined flow. We will denote the
saturated thickness of the aquifer as h and make restriction to problems of flow where
h is a linear function of the head ¢, i.e.,

h=a¢+p (10.5)

where a and 3 are constants that depend upon the type of flow. The components of
the discharge vecior, Q. and Q,, are equal to h times the components ¢, and g, of the
specific discharge vector, compare (7.4), and we obtain with Darcy’s law:

Q:=hyg, = —kh?
0; (10.6)
Q,=hqy = —kha

We will first consider the case that a in (10.5) is unequal to zero. Substituting (10.5) for
h in (10.6) and integrating, we obtain:

I 9 B\?
) (10.7)
I 9% __9 |14 s
Q= —kag + M= =~ [zm(ewo) +C| (@70

where C is a constant of integration and the hydraulic conductivity k is constant. The
potential & for a # 0 thus is given by

B

2
¢=%ka(¢+g) +C  (@#0) (10.8)

It may be noted that the potential (8.2) for shallow unconfined flow is retrieved from
(10.8) by noticing that for that case ¢ = h, or a = 1, 3 = 0, which yields ® = k¢* + C.
For the case that a =0, (10.5) and (10.6) yield

= Bg. = k2% =~ 2 &
Q: =Bge = —kB5- = — = (kBp +C)

¢ )
— =——(k C
5 a(ﬂ¢‘+ )

(10.9)
Qy =Pay=-kp



Sec. 10 Shallow Interface Flow 99

which gives the following expression for the potential ¢,

d=kidop+C (a=0) (10.10)

The potential for horizontal confined flow is retrieved from (10.10) by setting 3 = H.
For all cases, the discharge vector equals the gradient of the potential,

Je
QJI__m (10.11)
Q,=-2 '
[ (')y

Shallow Confined Interface Flow

We will refer to the flow as shallow confined interface flow when the aquifer is bounded
above by a horizontal impermeable boundary and below by an interface (see Figure 2.32).
If the upper boundary of the aquifer lies at a distance H above the reference level, the
aquifer thickness i may be expressed as follows:

h=h,—-(H, - H) (10.12)

~
interface

reference level

Figure 2.32 Shallow confined interface flow.
The head ¢ is given by
¢=hy+H, (10.13)

Expressing h, in terms of hy by the use of the Ghyben-Herzberg equation (10.4) and
using (10.12) and (10.13), the aquifer thickness may be writlen as

h=—PL _h,—H,-H)=—LL ¢ L _H +H (10.14)
Ps — Pf Ps — Py Ps — Py
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The constants a and 8 in (10.5) become

a=—LL . =P _H 4+H (10.15)
Ps — P! Ps — Pf
The potential for shallow confined interface flow is obtained from (10.8) and (10.15) as
2
o=k—2L |- Loy 2Pyl 4, (10.16)
Ps = Pf Py Ps

where C,; replaces the constant C; the index ci stands for confined interface flow.

The condition of continuity of flow may be applied to the discharge vector (Q.,Q,)
in the same way as was done for shallow unconfined flow in Sec. 7, compare (7.11).
This gives
0 % =0
or dy

and the differential equation for the potential is obtained from (10.11) and (10.17)

(10.17)

Vi =0 (10.18)

It is important to note that the basic equations in terms of the potential are the
same as those treated in Sections 6 through 8; the difference between the various types
of flows appears only in the definition of the potentials in terms of head.

Elevation of the Interface

The elevation Z of the interface above the reference level equals the difference
between H, and h, (see Figure 2.31):

Z=H,—h, (10.19)

By using the Ghyben-Herzberg equation (10.4) to express h, in terms of hy and (10.13)
to express hy in terms of ¢, we obtain

Z= £ Hs - £r ¢
Ps — P§ Ps — Py

(10.20)

Example 10.1: Uniform Flow Toward the Coust

As an example, we will consider the case of uniform flow toward the coast. An
z, y, z coordinate system is chosen as shown in Figure 2.32, with the z axis pointing
inland from the coast, the y axis along the coast, and the z axis vertically upward. The
head at a distance L from the coast is ¢,;. The flow is one-dimensiona! in the x direction
and the corresponding solution to (10.18) may be written as

®=Az+B (10.21)
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The boundary condition along the coast is obtained in terms of ¢ as follows. The pressure
ps at a point on the coast and just below the confining layer equals the weight of the
column of salt water above that point, which equals gp,(H, — H) (see Figure 2.32). The
elevation of the confining layer above the reference level is H, and application of (10.1)
gives, representing the head along the coast as ¢y,

=0 ¢=¢o=p—f+z=%(H.—H)+H=&,—uH (10.22)
I

gpy Pr Py
The corresponding value for the potential is found from (10.16) to be C,;,

z=0 =Py =C, (10.23)

The condition ¢ = ¢, at z = L may be expressed in terms of &,

2
=L &= =k2 ¢l—&H,+"’—‘"-H] +Ca (1029
Ps — Py Py Ps

Application of these boundary conditions to (10.21) gives

&, —
o= HLL—(D-%HDO (10.25)
The head ¢ as a function of z is obtained from (10.25) using the definition (10.16) for

¢s

s s = 2 s = - ¢
p=Loy L Piy, 2P P [';" 0 + & - C; (10.26)
Py Py k  py L
Problem 10.1

1. Demonstrate that the values of ¢ computed by the use of expression (10.26) are not
affected by the choice of Cl;.

2. Plot 9 points of the interface between £ = L = 10H and = = 0 if p, = 1025 kgfm’.
ps = 1000 kg/m*, H, = 1.1H, and ¢, = 1.3H. ~

3. Why is it not necessary to know the value of k for (e latter exercise?

4. What is h along the coast? Do you believe that this value is realistic? If not, why would
the model predict an unrealistic value?

Problem 10.2
Adapt the program SLW to shallow confined interface flow by modifying the module
AQUIFER.

Combined Shallow Confined Interface Flow and Confined
Flow

We next consider the case that a horizontal impervious base bounds the aquifer from
below, and choose this base as the reference level (see Figure 2.33). Proper choice of
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the constant C,; in the definition of the potential for shallow confined interface flow
enables us to make the transition from confined interface flow to confined flow. This
is done in much the same way as in Sec. 8 where we combined unconfined flow with
confined flow in one aquifer. We will represent the zones of confined interface flow and
of confined flow as zones 1 and 2, respectively (see Figure 2.33). The potential in the
confined zone will be represented by (8.6):

zone2: ®=kH¢— LkH? (10.27)

sea coast piezometric head in lower aquifer

(B~ ©Q

e ——— .

p— n
— impermeable

zone 2 <=0

]
'
]
'
]
'
]

Figure 233 Combined confined flow-confined interface flow. (Source: Adapted from Strack
[1976).)

The interzonal boundary lies at the tip of the saltwater tongue, where h = H. The
corresponding value for ¢ is obtained from (10.14),

=f
Ps

where the subscript ¢ refers to tip. We will require that the potential, which is defined
by (10.16) in zone 1 and by (10.27) in zone 2, is single-valued across the tip of the
saltwater tongue. That is, substitution of ¢, for ¢ in both (10.16) and (10.27) must give
the same value:

& s (10.28)

2
Bl Loy, Pry P PIy| 4 Cu=kHPH, - kHY (1029
ps—ps los " by Py Py
so that
Cei = k2 HH, - k2 2 (10.30)
Py Py

and the potential in zone 1 becomes, with (10.16)

2
zone 1: ®=3k—LL [¢- P H, + "’—"!-H} + k22 HH, - W22 12 (1031)
Ps — Pf Ps Pr Ps Py
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Problem 10.3
Consider the problem solved in Example 10.1, but now with an impermeable base at a
distance H, below sea level. Determine the position of the tip of the saltwater tongue in
terms of .

Flow Toward a Well in a Coastal Aquifer

We will next consider the case of flow toward a well in the confined coastal
aquifer depicted in Figure 2.33. The well is located at a distance d from the coast, and
the problem is to determine the maximum discharge of the well for which no salt water
is pumped. A cross section through the well and a plan view of the aquifer are shown in
Figure 2.34. It is given chat the flow without the well is described by (10.25). Defining
Qo as the discharge flowing in the x direction when the well is not present, (10.25)
may be written as

b =—-Qrr+ P (10.32)

Figure 2.34 Confined flow toward a well in a coastal aquifer.

It is noted that Qo is negative in this case because the flow occurs in the negative
direction toward the coast. The value for &g is given by (10.23) with C,; given by
(10.30)
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®o = k22 HH, - LKk22 g (10.33)
Py Pr

The potential for flow with a well is obtained by application of the method of
images: The potential for a well of discharge Q at z = d, y = 0 and an image recharge
well at z = —d, y = 0 gives ® = 0 along the coast. Addition of the latter potential to
(10.32) will therefore yield the function that meets the boundary conditions:

Q, @—dP+¢
¢=-Qr+—In—=
Qroz + an n(I+d}2+y2

The equation for the tip of the tongue of salt water is found from (10.34) by setting
® equal to the constant value that the potential assumes along the tip. The latter value is
obtained by substituting expression (10.28), ¢, for ¢ in either (10.27) or (10.31) which
yields

+ @ (10.34)

¢, = k:;—; HH, - LkH? (10.35)

and the equation for the tip of the tongue becomes, using (10.33) for &,
Q. (z-dP+y?

k?HH, — 3kH?= —Quz + -%In
!

Ps 1. Ps 1p2
k=2 HH, - k22 H? (1036
4n (a:+d)’+y2+ ps 2 py ( )

which may be written in terms of the dimensionless variables A, and 4 by dividing both
sides by —3Qod as follows:

T pu 2 -1+ (%)
e=2=+4+—Ip-4 " d7 37
M=2gt o M E Ty (1037)
where
kH? p, — ps Q
= —— =—— 10.38)
Ae dQ:0 py " dQz0 (

It may be noted that Q¢ is negative because the uniform flow occurs in the negative x
direction, so that y is positive. If Q is gradually increased while keeping all other flow
parameters constant, the tip will tend to move inland toward the well. This is illustrated
in Figure 2.35 where the tip of the tongue is represented in the dimensionless z/d,y/d
plane for the case that A. = 0.5; only the part of the tip for y/d > 0 is shown. The
curve for u = 2 intersects the z axis inland from the well; the well is pumping salt water,
and the assumption that the salt walter is at rest is violated. The dashed-dotted curve for
p = 1.63 applies to the unstable case that the salt water is on the verge of starting to
flow. This is seen with the aid of Figure 2.36 where the equipotentials are shown that
apply to the unstable case. The dashed-dotted curve represents the tip of the saliwater
tongue. Although the values of @ along the equipotentials are greater than @, in most
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e
Figure 2.35 Locations of the tip for various values of pu.

of the aquifer inland from the tip, there exists an area, shaded in the figure, where the
values of ® are less than ®,. Point S is a stagnation point, and although the head at S
is just high enough to keep the tip at point S, any reduction in head at S will cause the
salt water to enter the shaded area of low heads: the situation is unstable.

Unstable conditions thus correspond to the stagnation point S lying on the tip of
the saltwater tongue. These conditions are described mathematically by requiring that the
coordinates (z,, y,) of the stagnation point fulfill equation (10.37) for the tip. Equations
for the coordinates of the stagnation point are obtained by setting the expressions for Q.
and Q, obtained by differentiation of (10.34) equal to zero:

z,+d ]
th_a-qw—‘—[(”s d)’+y. (@t A+ =0 (1039)
and
—_@__2 Ys _ Ys N
“ Ty o [(Is—dﬂyf (a:..+d)2+y3]‘° (10.40)

The only roots of (10.40) occur for either y, = 0 or £, = 0. The case z, = 0 can be
disregarded, however, because for z, = 0 the stagnation point(s) are on the coast, which
means that salt water is entering the aquifer: this violates the assumption that salt water
is at rest. Thus, y, =0, and (10.39) becomes

QI 1 1] Qf 2 |_ -
- [ ]~ w [FEa] =0 w0 a0
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Figure 2.36 Equipotentials for the unstable case.

Solving this equation for z,, we obtain, writing —Q/(Qod) as u,

Zs _ _k =
5 +‘/1 = =0 (10.42)

where the + sign is selected because z, is known to be positive. Substitution of this for
z, and y, in (10.37) gives the following condition for instability to occur:

A =2 }1_£+Eln____l" VA - u/m (10.43)
w14/ - p/m)

This equation represents a curve, which is shown in Figure 2.37(a), where A. is plotied
versus . This curve divides the plane into two domains: points plotting above the curve
correspond to two-fluid flow, and points plotting below it to one-fluid flow. The points
in the plot labeled as (1), (2), and (3) correspond to the curves labeled equally in Figure
2.35. Equation (10.42) is represented graphically in Figure 2.37(b).

Shallow Unconfined Interface Flow

A shallow coastal unconfined aquifer is shown in Figure 2.38. The aquifer thickness h
now may be expressed in terms of h, and hjy as

h=hy+h, (10.44)
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Figure 2.37 Flow parameters for an unstable situation. (Source: Adapted from Strack [1976).)

salt water \‘

A reference level

Figure 2.38 Shallow uncontined interface flow.
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Using the Ghyben-Herzberg equation (10.4) to express h, in terms of hy and solving
(10.44) for hy, we obtain

hy=22"PLp (10.45)
Ps
It is seen from the figure that ¢ may be expressed as

The general form (10.8) of the potential ® may be applied to shallow unconfined interface
flow by expressing h linearly in terms of ¢ according to (10.5). Using (10.45) and (10.46),
we obtain

h=">e_y__ P o (10.47)
Ps — Py Ps — Pf

so that the constants a and 8 in (10.5) become
p& pa

o= —" = H, (10.48)
Ps — Pf Ps — Py
The potential ¢ is obtained from (10.8) as
®=1k—L _(p-H+0y (10.49)

Ps — Pf

Elevation of the Interface

The expression (10.20) for the elevation Z of the interface was obtained from the
Ghyben-Herzberg equation and the identity ¢ = H,+ h s, which are both equally valid for
unconfined interface flow as for confined interface flow. The elevation of the interface
for unconfined interface flow thus is given by (10.20):

z=-tr_ gy __P 4 (10.50)
Ps — Pf Ps — Pf

Problem 10.4
1. Determine the head as a function of position for the problem described in Example 10.1,
but with a phreatic surface replacing the upper confining boundary.
2. Plot 9 points of the interface between = L = 10H, and z = 0 if p, = 1025 kg/m’,
ps = 1000 kg/m®, and ¢, = 1.1H,.

Combined Shallow Unconfined Interface Flow
and Unconfined Flow

Two types of flow may occur in the aquifer if the lower boundary is an impermeable
base: the flow will be shallow unconfined interface flow near the coast and shallow
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unconfined flow at some distance away from the coast. Such problems can be solved
by the use of a single potential ® in the same fashion as was done in the foregoing.
The constants C,, and C,,; involved in (8.2) and (10.49) must be chosen such that ® is
continuous across the interzonal boundary, which occurs at the tip of the tongue, where
¢ =p,H,[/ps. Application of this condition of continuity to (8.2) and (10.49) yields

2 2
1k [&H,] +C, =ik [EL_—"’H,] +Cus (10.51)
ps ps—pr L py
or
Cu=3k22H2  C,=0 (10.52)
Ps

where the choice C, =0 is arbitrary. The expressions for the potential thus become

o=1k—L G- H2+ U2 (5<Prp, (10.53)
Ps — Py Py Ps
and
o=k (4> ::—’H.) (10.54)
f

As an example, the problem illustrated in Figure 2.34 will be solved for the case that
the upper boundary of the aquifer is a phreatic surface. The expression for the potential
as a function of position will be as before, i.e., (10.34). However, the expression for the
potential along the coast, ®, will be different. It is seen from Figure 2.38 that the head
along the coast equals H,, so that the potential ® is obtained from (10.53) as

@ = 122 2 (10.55)
17

The potential along the tip of the tongue is found by setting ¢ equal to p,H,/p; in either
(10.53) or (10.54):

-~

2
®, =k [%H,] (10.56)

The equation for the tip of the tongue is obtained by setting ® equal to ®, in (10.34),
which yields, with (10.55):

2 2 2

£ ] - +y Ps
e (g, | =- QEod Y b 10.57
2 p;H Qﬂx+4wn(r+d)2+y2+zlpf : ( )

This equation is written in terms of dimensionless variables by dividing both sides by
—1Qzod, yielding
p E 2 ¥\2
T o G-+
=22+ L jpd 7 T td 10.58)
=25+ 50 "EF Ty (
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where u is given in (10.38) and A, is defined as
ol WY X < il 4 A (10.59)

It appears that the present case of an aquifer bounded above by a phreatic surfuce differs
from the confined case only in the expressions for ®9 and A, or A; compare (10.58) and
(10.37). The results represented in Figure 2.37 may therefore be applied to the present
case by replacing Ac by Ay.

We will next examine the location of the most inland point of the tongue as a
function of the parameters p and A, or A.. It appears from Figure 2.35 that the most
inland point lies on the z axis. We will denote the = coordinate of this point as L, and
L, for the confined and unconfined cases, respectively. Expressions for L. and L, are
obtained by setting y equal to zero and = equal to L. in (10.37), and to L, in (10.58).
The resulting equations are represented graphically in Figure 2.39.

The case of uniform combined shallow unconfined interface flow and unconfined
flow toward the coast without a well was solved by Henry [1959] without making use
of discharge potentials. The discharge Q.o for that case may be expressed as

& -9
Qo= ——'ITE' (10.60)

where @, is the potential at some distance away from the coast and @, the potential
along the coast. If ¢, > p,H,/ps and ¢o = H, represent the corresponding values of
the head, then (10.60) may be written as follows (see [10.53] and [10.54]):

ik [¢} - £y

Qz=— I

(10.61)

Youngs [1971] showed that (10.61) gives the exact value of the discharge (i.e., the
discharge obtained without making the Dupuit-Forchheimer assumption) if the boundary
at z = L is an equipotential and if the coast is vertical.

Problem 10.5

Consider the problem shown in Figure 2.34, but now with the well inactive, the upper

impermeable layer elevated above sea level (H > H.,), and assuming that ¢, > H.

1. List three types of flow that occur in the aquifer if H > psHyfps.

2. Select the constants in the various expressions for the potential such that it is continuous
throughout the aquifer for the case that H > p,H./p;. Determine the location of the
tip of the saltwater tongue if L = 10H, p, = 1025 kg/m®, py = 1000 kg/m®, H, =0.8H,
¢1 = 1.1H. Plot 9 points of the interface between the coast and the tip of the tongue.

3. List the three types of flow that occur in the aquifer if H < psH,/ps. Repeat pan 2 for
H < p,H,/py, and H, = 0.98H rather than 0.8H.
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Figure 239 L./d and Ly /d as functions of Ac, Ay, and u. (Source: Adapted from Strack
[1976]).)

Shallow Unconfined Interface Flow with Rainfall

-

Shallow unconfined interface flow with rainfall may be treated in the same way as
unconfined flow without an interface. This is possible because the basic equations in
terms of the discharge vectors and the potentials are identical for these types of flow.

The Interface in an Island

Consider the problem of shallow unconfined interface flow combined with uncon-
fined flow in the circular island of radius R illustrated in Figure 2.40. The potential may
be written in the form

$=—IN@* - R+ ® (10.62)
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@ = jht P Perride HP+ 21 (9<2Hh,)
o Ps P" (10.63)
§k¢ @>2H,)
Ps

see (10.53) and (10.54). The value for ® is given by (10.55). The tip of the saltwater
tongue occurs when ® = @, see (10.56), and the corresponding radius 7. is found from
(10.62) as

2k [Hy|" ps ps — Py
= - = 64
- (] 22 ooy

Note that the interface lies entirely above the base of the aquifer when the root is
imaginary.

e T T T T T T B

sea
salt salt Hg
water water
Figure 2.40 A circular island in the sea.
Problem 10.6

Determine the potential for the problem of Figure 2.40, but with a well of discharge Q
at the center of the island. Find the equation that holds for the unstable condition of the
interface.

Problem 10.7
Determine an expression for the location of the tip of the saliwater tongue for rainfall
on an island with an elliptic boundary, using (9.26).

11 AQUIFERS WITH VERTICALLY VARYING HYDRAULIC CONDUCTIVITY

Aquifer systems often consist of a stack of aquifers of different hydraulic conductivities,

sometimes separated by layers of low hydraulic conductivity. We call the separating
layers aquicludes if they are impermeable, and leaky layers or aquitards if their hydraulic
conductivity is not zero, but much less than the hydraulic conductivities of the aquifers. If
the vertical variations in the hydraulic conductivity are relatively small, and the resistance
to flow in the vertical direction may be neglected, the head will vary little in the vertical
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to flow in the vertical direction may be neglected, the head will vary little in the vertical
direction. Such problems may be solved by the use of potentials first introduced by
Girinski [1946]. Problems where different heads must be assigned to each aquifer in the
system will be discussed in Sections 12 through 16.

We will first present discharge potentials in a form somewhat different from that
introduced by Girinski, emphasizing continuity of the potentials across interzonal bound-
aries. We will then present the potential as introduced by Girinski, along with a general-
ization due to Youngs [1971]. It is assumed, throughout this section, that the hydraulic
conductivity k is a function of the coordinate in the vertical direction, z:

k=k(z) (11.1)

Continuous Discharge Potentials

The two components of the discharge vector are defined by the relation

Zy
Qz = / q:(z,y, z)dz
% (11.2)

Zy
Q= / qy(z,y, 2)dz
Zy

where Z, and Z, represent the lower and upper boundaries of the saturated zone of
flowing groundwater in the aquifer. Note that equations (11.2) are valid for three-
dimensional flow. Using Darcy’s law, (11.2) may be written as

Zy
Qr=- k(z)?q—bdz
Zy BI
2, 9 (11.3)
=-— k(z)=—dz
Qy Zy 6y ~

According to the Dupuit-Forchheimer assumption, ¢ is independent of z, so that (1 1.3)
may be written as

z,

Q. = ——g—g k(z)dz

06 Z_;‘ (11.4)

= - k(z)dz
%="% I,

We make the assumption that Z; and Z, may be expressed as functions of ¢ alone:

Zy = Zi(9)

11.5
Zy = Zy(p) (1
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It may be noted that all types of flow discussed so far satisfy this condition. The
transmissivity, T, of the aquifer is defined as

Z,

T= k(z)dz = T(¢) (11.6)

Zy

which is a function of ¢ alone, as follows from (11.5). The expressions (11.4) for the
components of the discharge vector may now be written as:

Qx = _T(¢}gg = _3_@
T oz
9 o0 aLn
= —T —_= ——
Qy (d’)ay £
where the potential ® is defined as
tb:fT(¢)d¢+C (118)

The constant of integration, C, must be chosen such that the potential is continuous
across interzonal boundaries.

The components of the specific discharge vector are now functions of z because
the hydraulic conductivity is a function of z:

q: = —k(z.}g’f
T

a6 (11.9)
qQy = 'k(z)a

These components may be expressed in terms of the components of the discharge vector
by the use of (11.7):

_ k(2)
qr = T Q: (1] IO)
k(z) :
QH = T Qy

All discharge potentials presented so far may be obtained by the use of (11.8). For
example, if the flow is unconfined with a base at Z;, = 0 and the hydraulic conductivity
is uniform, then

@
T(¢)=j kdz = k¢ (11.11)
0
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so that (11.8) yields:

d>=]k¢d¢+C=§k¢2+c (11.12)

Flow in an Aquifer with an Arbitrary Number of Layers

Aquifers often have a layered structure, and the approach presented in this section makes
it possible to include the effect of these layers on the flow in an approximate fashion. It
should be kept in mind, however, that the analysis is valid only if the differences in the
hydraulic conductivities are small enough that variations of the head in the vertical direc-
tion can be neglected. We will consider the case that the aquifer is bounded between two
parallel impervious horizontal boundaries, but allow for combined confined-unconfined
flow.

We number the layers as 1,2,... ,n, where layer 1 is the bottom layer, represent
the base of layer j as bj, and denote the base of the upper confining bed as b, ,. The
thickness, Hj, of layer j may thus be written as

Hj=bjy —-b; (i=12,...,n) (11.13)

The hydraulic conductivity is uniform within each layer, and is represented for layer j
as k;. If layer j is fully saturated, then its transmissivity is T;, with

T}'=k_,'HJ' =kj(bj+|—bj) (”14)

The head at any point of the aquifer may vary between the base elevation (b;) and values
larger than the elevation of the upper confining bed (b,,4,). If ¢ is equal to some value
between b,, and b,,4) (m = 1,2,...,n), then the layers m + I,m + 2,... ,n do not
contribute to the transmissivity. Hence, if T represents the total transmissivity of the
aquifer, then

m=1

T=) Tj+kn@®—bn)  (bn << biy) (11.15)

j=1

We will adopt the convention that summations are not to be carried out (i.e., are set to
zero) if the upper bound (m — 1 in this case) is less than the lower one. The potential
® may be expressed in terms of ¢ by the use of (11.8) and (11.15) as follows:

m—1
$= f [ Z T} + km(¢ - bm)] d¢ + Cm (bm S ¢ S bm+l) (1 ilﬁ)
=1

Integration yields

m—1

©=) "Ti¢+ 3km@—bn)* +Cin  (bn < ¢ < byny1) (11.17)

5=l
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where the index m in the constant C,,, denotes that the aquifer is saturated up to a level
somewhere in layer m.

We must now choose the constants C,,, (m = 1,2,... ,n) in such a way that the
potential varies continuously if the head varies continuously between all possible levels
in the aquifer. We will see that this is accomplished if we choose C,, such that (11.17)
becomes:

m=—1
®= Z [’I:,(Qb— bJ) - %kj(bfi'l = bj)'z] + %km(¢_ bm)z (b <9< bm-H) (11.18)

j=l
For the special case that m = 1, (11.18) reduces to
o=1kip-b)Y (Bi<op<b) (11.19)

We will demonstrate that the potential (11.18) indeed varies continuously across the
interzonal boundary where the groundwater table intersects the base of layer m. We
determine the potential for the case that b,,—, < ¢ < b,n (m > 1), and then show that
the resulting expression for the potential is equal to (11.18) for the limiting case that
¢ =by. If by < @ < by, then (11.18) becomes

m=2
¢= Z [T‘J(‘i’ - bJ) - %kj(bj+l = bj)2] + %*%n-—l(‘ﬁ - bm—l}z
=l

(bm—l E ¢ 5 bm m > l) “ ]20)

If ¢ = b,,, then (11.18) and (11.19) become

m=1

@y = ; [T = b) = 5ki 501 = 67 (m>1) (11.21)

q)| = 0
where @, represents the value of the potential for ¢ = b,,. With ¢ = b, (11.20)
becomes

m-—2
'l’m = Z [,rj(bm - bJ) - %kj(bj'i'l - bJ)z] + %klll—](bﬂl = m—l)2 (> 1) (“22)
j=1

It follows from (11.14) that
%kmul(bm - bm—i)2 = T,m—l(bm - bm—l) - %km—l(bm - !"'m—l)2 (l l23)

Thus, (11.22) is indeed identical to (11.21): the potential varies continuously across the
interzonal boundary where the phreatic surface passes through the base of layer m, as
asserted. Since m may be any number between 1 and n, the potential (1 1.18) is valid
for any position of the phreatic surface below the upper boundary.
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If the aquifer is entirely confined, then the potential becomes

= Z [Tj(¢ — bj) — 3kj(bj41 — bj)?] (bny1 < @) (11.24)

)=l

We can use the potential given by either (11.18) or (11.24) to model flow in a
layered system; the potential obeys either the Laplace or the Poisson equation, depending
upon whether or not there is infiltration. It can be obtained in the usual manner, provided
that we use the appropriate expression to transform boundary conditions given in terms
of heads into boundary conditions in terms of the potential. Once the potential is known
as a function of position, we must invert either (11.18) or (11.24) to compute the head
¢. If & > @, 4, where &, is obtained from (11.24) as,

D1 =Y [Tilbusr — b)) — k(b1 — b;)?] (11.25)
7=
then the flow is confined in all layers. The head, then, may be expressed in terms of the
potential by the use of (11.24) as follows:
6= ® + 300 [Tbj + 3kitbjsr = b;)']

T

(CD > (Dn+l) (I 1.26}
where
T=Y T, (11.27)
J=1

Equation (11.26) may be written in a slightly different form as
_ ® - Z}L. [’I}(bn-ﬂ - bj) - %"‘J(bﬁ-l B bi)z] + Z::i‘=| Tjbn sy

¢, m n (‘I' > d)u+l)
T T
-~ (11.28)
or
¢ - 113,,
¢=byp + ——E (@ > D) (11.29)
T

where use is made of (11.25) and (11.27).
If the potential has some value between @, and ®,,,4,, then (11.18) applies. We
write this equation in a different form:

m—=1
&= (T - bu) + (b — b)) = Ly by = b))} + Lhin(d = byu)?
=1

(‘bm S L S ‘Dm+|) (1 1-30)




118 Types of Flow  Chap. 2

In view of (11.21) this may be written as

m=1

¢ = Z T:;(¢' = b))+ @y + %km(‘ﬁ - bm)2 @Pn<®< Pint1) (11.31)
j=1

m=1

Hhm@ = bl + Y Ti(@—bu) = (@—2,)=0 (2, << Duyy) (1132)

J=1

The two roots of this quadratic equation in terms of (¢ — b,,,) are

m=1

- T ( T ) +2L,"(¢ ‘PHI)

(¢’ - bm)l.l = k (‘tm S ¢ S ‘pmi—l) (l l33)

LU

where T is defined by (11.27) (with 1 — 1 replacing n). Since ¢ — b, is positive, the
+ sign applies, so that

k"l k‘" k’"

m=1 m=—1
T T : 2 ¢ - q’.':uu
¢=bln_'_+J(‘_"") +(_“‘_"')' {‘pmgq’sq’ﬁrfl) (11.34)

The analysis is now complete. The equations are suitable for evaluation by hand only if
the number of layers is small. The equations are, however, suitable for implementation in
a computer program: at the end of this section we will modify SLW for layered aquifers.

Girinski Potentials

The potentials introduced by Girinski are rather similar to the potential (11.8); they differ
in form and do not contain the additive constant, but otherwise render the same result.
For the derivation of Girinski potentials use is made of Leibnitz’s rule for differ-
entiation of a definite integral (see, for example, Abramowitz and Stegun [1965)):
y 2, z ; .
% " F(z,y,2)dz = Lt BEF(I’y’ 2)dz + F(x,y, Zl)%i—‘ — F(x,y, Zg,)d,—(jzr—b
(11.35)

Since k(z) is independent of x and y, the integrands in (11.3) may be interpreted as the
derivatives JF/dx and OF/dy, and the application of Leibnitz’s rule to (11.3) yields

9 [% 9Z
Qe=-5- [ kapdz+ &(meb ~ k(Zun

L Zs

e o, » (11.36)
Q==gy |, K+ MZ06 T~ Mz !

dy Jz,
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where

Ge=Pr,y, 20 op =Py, Zy) (11.37)

Note that these expressions are valid for three-dimensional flow. Girinski potentials are
obtained by adopting the Dupuit-Forchheimer assumption. If the flow is unconfined then
Zy=h, Z,=0, and ¢ = ¢, = h so that (11.36) may be written as

a [ K a [
Q: = —.—/ k(:)odz + k(¢)p—— = —.—/ k(=)@ — 2)dz
dr 0 Jr 0

or (11.38)

J [* o J [
Qy= "'(.)—'y/t] k(z)pdz + ‘(Q’)‘Da = _()_r;./u k(z)(¢ — 2)dz

Note that Leibnitz’s rule is applied in reverse order to write the second term in each
equation as the derivative of an integral. The Girinski potential thus becomes

h
¢ = k()¢ — 2)dz (11.39)
0

If k is constant the familiar potential for unconfined flow is obtained:
® = ko’ — 1ko” = Lkg? (11.40)

Equation (11.39) is applicable to cases of confined flow provided that the upper limit in
the integral is set equal to the aquifer thickness H. That this is true does not follow from
(11.36) directly: setting Z, = H and Z, = 0 yields only the first term of the integrand
in (11.39). However, if h = H the second term in this integrand yields a constant upon
integration and thus may be included. This constant, fortuitously, makes the potential
continuous with (11.39) across the interzonal boundary. Setting h = H in (11.39) we
obtain for k(z) = k = constant:

b =kHo— SkH? (11.41)

Girinski also presented a potential for interface flow (Girinski, 1949) but this function is
not continuous with (11.40) across the interzonal boundary with an unconfined zone.

Youngs [1971] did not adopt the Dupuit-Forchheimer assumption, and expressed
¢ in (11.36) in terms of the pressure p by the use of the relation ¢ = p/(pg) + =. This
yields the following for QQ,:

d Z P Q) Z
L= - — k(z)—dz — — 2k(2)d=
Q@ or J, ( )pyd or fz“ ()
07 ’ 97,
+A»(z,)(ﬂ + Z.) . nm(ﬂ + Z:,) 0% (11.42)
Py i Py or

where

= play. Zp) oy = plr,y. Zy) (11.43)
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Application of Leibnitz’s rule to the second integral in (11.42) yields after rearrangement:

Zy
Q=-2 ke Eds + bz 2 % k%
oz Jz, Oz pg Oz
If the flow is unconfined, p, = 0 and we obtain
Z,
Q;=—£/ k(z )wdz-k(Z)”" 32" (11.45)
():L' Zs

A similar expression results for Q,. Youngs applied (11.45) together with the condition
of continuity of flow to establish an approximate method for modeling flow in aquifers
with lower boundaries of any shape.

Of particular interest is that (11.45) is exact: no approximations have been made.
For the case of interface flow, p, may be expressed in terms of Z,, and the right-hand
side of (11.45) may be written as the derivative of a potential. For one-dimensional flow,
Q: is a constant, equal to the difference in values of the potential at the boundaries. If
these boundaries are vertical and the pressures along them are known, then the exact
value of Q can be computed. In this way Youngs demonstrated that (10.61) is exact.

Problem 11.1
Solve the problem of one-dimensional horizontal confined flow in an aquifer system con-
sisting of two layers, each of thickness } H. The boundary conditions are

-iL 9= z=3iL ¢=¢»

The hydraulic conductivity in the upper layer is &, and in the lower layer is k2. The
conditions along any interface between two layers of different hydraulic conductivities are
that there is continuity both of flow and of head across the interface. Solve the problem
in each layer separately and demonstrate that the conditions across the interface are met.
Determine the discharge through each layer and the total discharge through the system.
Compare the latter answer by solving the problem by the use of the potential obtained from
(11.8). Is the answer approximate or exact?

Implementation of Layering in SLW

Making SLW suitable for the simulation of flow in a layered aquifer requires the imple-
mentation of the expressions that convert potentials to heads and vice versa in the module
AQUIFER. It further requires that the common block CBAQ be modified to communicate
the new aquifer parameters between the various functions and subroutines, and that the
input of these parameters be accommodated in SETUP.

The Module Aquifer

The modified module AQUIFER follows exactly the analysis presented in this section;
some of the comment statements in the listing that follows refer to the equations in the
text by number.
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RAQTSM=.0

RFAQPH=.0

Aquifers with Vertically Varying Hydraulic Conductivity

Initialization of common block with aquifer data.
Set aquifer data to default values.

NAQLAY = number of layers in the aquifer.
RAQK(I) = hydraulic conductivity of layer I,
RAQT (1) = transmissivity of layer I.

RAQB(I) = elevation of the base of layer I.

RAQPHI(I) = value of the potential corresponding to a head equal

to the elevation of the base of aquifer I,

RAQTSM = transmissivity of the aquifer if it is entirely
saturated.
NAQLMX = maximum number of layers, given by the dimension

statement in the common block.
BLOCK DATA BDAQ
COMMON /CBAQ/ NAQLAY, RAQK (20),RAQB (21),RAQT (20) , RAQPHI (21),
RAQTSM, NAQLMX
DATA NAQLAY /1/

DATA RAQK{IJ,RAQB{]I,RAQB{ZI,RAQT{I},RAQPHI(1].RAQPHI{2},RﬁQTSM

/1. . .0 s 1. 1. , .0 +e5 . 1.
DATA NAQLMX /20/
END
Computation of RAQTSM, and (for all layers) of RAQT(I) and
of RAQPHI(I).
SUBROUTINE AQINIT
COMMON /CBAQ/ NAQLAY, RAQK(20),RAQB(21),RAQT (20), RAQPHI (21),
RAQTSM, NAQLMX

DO 100 ILAYER=1, NAQLAY
RAQT (ILAYER) =RAQK (ILAYER) * (RAQB (ILAYER+1) -RAQB (ILAYER) )
RAQTSM=RAQTSM+RAQT (ILAYER)
CONTINUE
DO 200 ILAYER=1,NAQLAY+1 -
RAQPHI (ILAYER) =RFAQPH (ILAYER)
CONTINUE
RETURN
END
Function for computing the value of RAQPHI (M) (see [11.21]).
REAL FUNCTION RFAQPH (M)
COMMON /CBAQ/ NAQLAY, RAQK (20),RAQB(21),RAQT (20),RAQPHI (21),
RAQTSM, NAQLMX

IF(M.EQ.1) RETURN
DO 100 J=1,M-1
RFAQPH=RFAQPH+RAQT (J) * (RAQB (M) -RAQB (J) )
=.5*RAQK (J) * (RAQB (J+1) -RAQB (J) ) *#*2
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100 CONTINUE
RETURN
END

c Function to convert head RFI to potential RFPOTH.
REAL FUNCTION RFPOTH(RFI)
COMMON /CBAQ/ NAQLAY, RAQK (20),RAQB(21),RAQT(20),RAQPHI(21),

. RAQTSM, NAQLMX

RFPOTH=.0

c Return 0 if the head is below the base of the aquifer.
IF(RFI.LE.RAQB (1)) RETURN
c Confined flow in all layers, apply (11.24).

IF (RF1.GE.RAQB (NAQLAY+1)) THEN
RFPOTH=RFAQPC (RFI, NAQLAY)
RETURN
ENDIF
Unconfined conditions occur; find the layer that contains the
water table, then compute the potential, using (11.31).
DO 100 ILAYER=1, NAQLAY
IF(RFI.GE.RAQB (ILAYER) .AND.RFI.LT.RAQB (ILAYER+1)) THEN
RFPOTH=.,5*RAQK (ILAYER) * (RFI-RAQB (ILAYER) ) **2
IF(ILAYER.GT.1l) RFPOTH=RFPOTH+RFAQPC (RFI, ILAYER-1)
RETURN
ENDIF
100 CONTINUE
RETURN
END
Function for computing the contributions of all fully saturated
layers to the potential.
REAL FUNCTION RFAQPC(RFI, ILAYER)
COMMON /CBAQ/ NAQLAY,RAQK(20),RAQB(21),RAQT(20),RAQPHI (21),
RAQTSM, NAQLMX
First determine the sum of the transmissivities of all fully
saturated layers.
RTJ=.0
DO 100 J=1, ILAYER
RTJ=RTJ+RAQT (J)
100 CONTINUE
Next compute the contribution of all fully saturated layers
(the first 2 terms in [11.31]).
RFAQPC=RTJ* (RFI-RAQB (ILAYER+1) ) +RAQPHI (ILAYER+1)
RETURN
END
c Function to convert potential RPHI to head RFHEDP.
REAL FUNCTION RFHEDP (RPOT)
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COMMON /CBAQ/ NAQLAY, RAQK(20),RAQB(21),RAQT(20),RAQPHI (21),

. RAQTSM, NAQLMX
RFHEDP=RAQB (1)
c Return elevation of base if the potential is <= 0.
IF (RPOT.LE..0) RETURN
c Confined flow in all layers; use (11.29)

IF (RPOT.GE.RAQFHI (NAQLAY+1)) THEN
RFHEDP=RAQB (NAQLAY+1) + (RPOT-RAQPHI (NAQLAY+1) ) /RAQTSM
RETURN
ENDIF
Unconfined conditions occur; first determine the sum of
the transmissivities of all fully saturated layers.
DO 100 ILAYER=1, NAQLAY
find the layer that contains the water table, then compute the

[s]

c head, using (11.34).
IF (RPOT.GE.RAQPHI (ILAYER) .AND.RPOT.LT.RAQPHI (ILAYER+1)) THEN
RTILM1=.0
DO 50 J=1,ILAYER-1
RTILM1=RTILM1+RAQT (J)
50 CONTINUE
RFHEDP=RAQB (ILAYER) -RTILM1/RAQK (ILAYER)
+SQRT ( (RTILM1/RAQK (ILAYER) ) **2
+2.* (RPOT-RAQPHI (ILAYER) ) /RAQK (ILAYER))
RETURN
ENDIF
100 CONTINUE
RETURN
END

The Routine Setup

The modifications in SETUP are as follows: The command word LAYER is added to
provide for modification of the hydraulic conductivity and thickness of any layer. The
command AQUIFER remains in place; however, as arguments we now require only the
number of layers for which parameters are to be entered and the elevation of the aquifer
base. We then add statements that cause the program to prompt the user to enter the
hydraulic conductivities and thicknesses of the layers in sequence. The user can later
modify the parameters of any of the layers by entering the command LAYER followed
by the layer number and a new hydraulic conductivity and thickness. After any data
regarding the layers have been entered, the routine AQINIT is called to ensure that the
various constants necessary for the computations are set. Both the modified and the new
statements in SETUP follow.

The line containing the dimension statement of AWORD, the list of command words
including the new command LAYER, and the modified computed GOTO statement are
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DIMENSION AWORD (80),AWOGR (10)

DATA AWORD /'A’,'Q','U’,"I’," *,
TLYL, AT, Y, TR, Y,
"RY,CE’,VFY,UEY," 1,
"YUt NPT, TR,
TRYLTAYL IO, ONY, Y 0,
‘P',f0','N", "D, 7,
‘W', TE’, LY, LY, 0,
"S1,00%, LY, v, 0,
"W, TI7,'N','DY, ¢ v,
'G*,'R',"I','D", *,
‘PYLILY,TON, 0T, 0,
PLY IR, TYT 100, v,
‘C','H','E’,'C"," 1,
'P','h’,"U',"S',' i'
'sl,!u:'ola'llr!'t !‘
‘S';‘T'.'O';'P"'!'/

Goro( 100, 160, 200, 300, 320, 340, 400, 500, 600, 700, 800, 900,

1000,11G0,1200,8900) , JUMP

The statements for entering aquifer data become

Aquifer data; First read the number of layers and the elevation
of the base of the aquifer.
NAQLAY=IVAR (2)
IF (NAQLAY.GT.NAQLMX) THEN
WRITE(*,9006) NAQLMX
GOTO 10
ENDIF
RAQB (1) =RVAR (3)
IF (LMISS.OR.LERROR) GOTO 10
Prompt the user to enter the hydraulic conductivity and thickness
of each layer.
ILAYER=1
WRITE(*,9007) ILAYER
READ (5,9000) ALINE
CALL TIDY
RAQK (ILAYER) =RVAR (1)
RAQB (ILAYER+1) =RAQB (ILAYER) +RVAR (2)
IF (LMISS.OR.LERROR) THEN
If an error occurred, prompt the user to enter the data for this
layer again.
WRITE (*,9008) ILAYER
ELSE
Otherwise, add 1 to the number of layers.
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C

160

9005

ILAYER=ILAYER+1
ENDIF
If the data set for the layers is not yet complete, read the
data for the next layer.
IF (ILAYER.LE.NAQLAY) GOTO 110
Initialize the aquifer parameters.
CALL AQINIT
GOTO 10
Overwrite the data of layer nr. ILAYER.
ILAYER=IVAR(2)
RAQK (ILAYER) =RVAR (3)
RAQB (ILAYER+1)=RAQB (ILAYER) +RVAR (4)
Initialize the aquifer parameters.
CALL AQINIT
GOTO 10

The following format statements have either been modified or added:

command line:

FORMAT (

. +<AQUIFER> (NLAYER, BASE) ' /

.’ <LAYER> (NLAYER, PERM, THICKNESS) ' /
.’ <POND> (XCTR, YCTR, RAD, INF.RATE) * /
." <UNIFLOW>(Q,ANGLE) '/

.’ <RAIN>(INF.RATE,XCTR,YCTR,A AXIS,B AXIS,ANGLE)’/
.* <POND> (XCTR, YCTR, RAD, INF.RATE) "’/
.’ <WELL>(X,Y,Q,R)"/

. <REFERENCE>(X,Y,FI)’/

.’ <SOLVE>'/

.' <WINDOW> (X1,Yl X2,Y2)’'/

." <LAYOUT>'"/

." <GRID>(N) [<HEAD>/<POTENTIAL>]"'/
.' <PLOT>"/

." <CHECK>'/

.’ <SWITCH> (FILEIN) [FILEOUT]’/

.* <PRUSE>'/

.' <STOP>'/)

Messages associated with layering.

9006 FORMAT (‘++++MAXIMUM NR. OF LAYERS (= ',I4,') EXCEEDED+++'/)
9007 FORMAT (

9008

."+ENTER HYDRAULIC CONDUCTIVITY AND THICKNESS FOR LAYER'’,I4/)
FORMAT (
."++++ILLEGAL OR MISSING PARAMETERS; RE-ENTER DATA FOR LAYER’,I4/)
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The Routine Check
The modifications in CHECK are limited to WRITE and FORMAT statements:

c Aquifer data.
100 WRITE(7,9010)
DO 190 ILAYER=1, NAQLAY
RTHICK=RAQB (ILAYER+1) -RAQB (ILAYER)
WRITE (7,9011) ILAYER, RAQK (ILAYER) ,RAQB (ILAYER),RTHICK,
. RAQT (ILAYER)
190 CONTINUE
GOTO 10
9010 FORMAT (
.* LAYER HYDR.CONDUCT. BASE THICKNESS
. " TRANSMISSIVITY")
9011 FORMAT (I3, 3X,4E14.6)

Problem 11.2

Save the version of SLW created in Sec. 9, then implement the layering. Check the new

routines for accuracy in steps as follows:

1. Run the former version of the program with k = 1 and H = 1, with a uniform flow of
discharge rate | in the z direction, and with the head set to 0 at (1,0). Create a plot of
piezometric contours for a window defined by the points (—1, —1) and (1, 1). Use CHECK
to compute the head at (-0.5,0), (0,0), and (0.5,0). Repeat this for the new version of
the program, subdividing the aquifer in 10 layers, each of hydraulic conductivity 1 and
thickness .1. Compare your results; they should be the same.

2. Run the program again with 10 layers, each of thickness .1, but now with hydraulic
conductivities equal to 1,2,...,10 (10 corresponds to the uppermost layer). Enter a
uniform flow with a discharge of 1 in the x direction and a well of discharge 2.5 at (0,0).
Produce piezometric contours, and verify that there are no discontinuities. Check, at least
for one layer, that the head is continuous where the phreatic surface intersects the top of
the layer by using the command HEAD.

3. Solve the problem of uniform unconfined flow in the x direction for an aquifer consisting
of a bottom layer of thickness % and hydraulic conductivity 1 and an upper layer of
thickness 3 and hydraulic conductivity 5. Set the heads at the planes = = —10 and
x = 10 equal to | and O, respectively. Determine the head at 19 points distributed
uniformly along the z axis. Run the computer program and compare your results.

12 SHALLOW FLOW IN AQUIFERS WITH CLAY LAMINAE

Aquifers often contain thin clay laminae. These laminae have little effect on the flow
if they are limited in extent and if the flow is predominantly horizontal. However, we
should take the effect of laminae into account if they cover large areas, so that the flow in
the aquifers above and below the laminae may be quite different. We will at first assume
that the laminae have negligible thickness, that they are impermeable, and horizontal. We
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will further assume that the base of the aquifer is horizontal, that hydraulic conductivities
above and below the laminae are both equal to k, and that the laminae do not overlap.
An example of such an aquifer is given in Figure 2.41.

(@)
plan view

—_——

phreatic surface

lamina

lamina

impervious base

section AB (b)

Figure 2.41 An aquifer with clay laminae; (a) is a plan view and (b) is section AB.

The approach presented here is based upon the Dupuit-Forchheimer assumption
that the resistance to flow in the vertical direction can be neglected and follows Strack
[1981(a)]. In this approach, use is made of a formulation whereby the aquifer system is
treated as a single unit, with its own discharge vector and potential.

We will refer to a region of the aquifer where there is no lamina as a single-aquifer
zone, and to a region where a lamina is present as a dual-aquifer zone. All variables
associated with the single-aquifer zone will be denoted by the superscript s, and those
associated with the upper and lower aquifers in a dual-aquifer zone will be denoted by
the superscripts u and [, respectively. The head in any aquifer or layer is measured with
respect to the base of the aquifer system.

Basic Equations and Method of Solution

We will begin by writing the basic equations first for the dual-aquifer zone, considering
the upper and lower aquifers separately, and review the equations for the single-aquifer
zone. These formulations then are combined to cover the flow in the entire aquifer
system.
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The Upper Aquifer
The upper aquifer in the dual-aquifer zone is unconfined, with the lamina serving
as its base. Denoting the elevation of the lamina above the base of the aquifer system
as H (see Figure 2.42), the saturated thickness of the upper aquifer as }; and the head
as ; we may write,

h=¢—-H (12.1)

The potential @ for the upper aquifer is found from (7.8), where we replace ¢ by l‘:,
choose C, as zero, and use (12.1):

&= k¢ - HY (12.2)

H

Figure 242 The upper aquifer.

The discharge vector in the upper layer is represented as (C‘:J,, 5,). and equals minus the
gradient of ®:

u %
Q: ="
. (12.3)
u o
Qy - _E

If there is infiltration of rate N, the differential equation for ® s given by (9.3):
Vé = -N (12.4)

The boundary values to be applied to this differential equation are the heads ;» along the
perimeter of the lamina; at present these heads are unknown, and we will proceed with
describing the flow in the other aquifers of the system before attempting to specify these
boundary values.
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The Lower Aquifer
We denote the head and potential in the lower aquifer in the dual-aquifer zone as

1 1 l
¢ and ®, respectively. Allowing for unconfined conditions to occur (¢ < H), we adopt
the definitions (8.6) and (8.7):

1 1 1
®=kH¢ - }kH* (> H)

(12.5)

] 1 ]
& = Lkg? (¢ < H)

b=

l 1
The components Q. and @Q, of the discharge vector in the lower aquifer are equal to
l
minus the gradient of ¢ (compare [8.8] and [8.9]),

I

! oo
Qx = _'8_';
. (12.6)
! ao
Qy - t)y
and the potential fulfills the differential equation (8.11),
!
V=0 (12.7)

The Single-Aquifer Zone
The flow in the single-aquifer zone is shallow unconfined flow with infiltration;
s
the potential ¢ equals

® = Jkg? - (12.8)

A L)
and the components of the discharge vector (Q., Q,) may be represented as

s 0
Q="
s (12.9)
3 od
Q=-3

Vip=—N (12.10)
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The Comprehensive Discharge Vector and the Comprehensive Potential

d d
We introduce the comprehensive discharge vector (Q., Q) in the dual-aquifer zone
as the vectorial sum of the discharge vectors in the upper and lower aquifers:

d u ]
?‘=Q‘+?‘ (12.11)
Qy = Qy + Q"
It follows from (12.3) and (12.6) that
u 1 o
5 _ 0P+ 9P) _@
u""" ) oj (12.12)
‘Q' _ _U(‘D +®P) _ __'_02
v dy Oy

(I
We refer to ¢ as the comprehensive potential in the dual-aquifer zone. It follows from
(12.2) and (12.5) that

o u t t

®=1k¢p—- H? +kHo— skH* (6> H)
) ’ N . (12.13)
@ = Jk(¢ — HY? + 3k¢? (¢<H)

The Conditions at the Edge of the Lamina

Thus far, we considered the dual-and single-aquifer zones separately. In solving
the problem of combined flow, we must consider the conditions to be applied along the
perimeter of the lamina. In the first place, we observe that there must be continuity of

P d
flow across this perimeter: the components Q,, and @,, normal to the edge of the lamina
must be equal,

b

d .
Qn=0Qn (12.14)

In the second place, we make the assumption that the heads in the upper and lower
aquifers along the lamina edge are equal to that in the single-aquifer zone if the head
¢ is greater than H, as in Figure 2.41. This assumption is in keeping with the Dupuit-
Forchheimer assumption that the resistance to flow in a vertical direction may be ne-
glected. Labeling heads and potentials along the edge of the lamina by the subscript ¢,
the following equation may be written:

u |
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If the conditions along the edge of the lamina are unconfined, the head in the upper
aquifer is set to its lowest possible value (H) and the head in the lower aquifer is set
equal to that in the single aquifer zone:

u ]
¢=H ¢=¢ (¢6<H) (12.16)
This condition is an approximation of the actual situation shown in Figure 2.43(a): water
flowing over the lamina edge percolates down through an unsaturated zone below the
lamina. In writing (12.16), however, we assume that the phreatic surface in the lower
aquifer separates dry soil with atmospheric pressure from saturated soil as illustrated in
Figure 2.43(b). In this assumption we follow investigators analyzing flow in aquifers
with semipermeable clay laminae (Mualem and Bear [1974], Brock [1976)).

(a)

ﬁ—_-_—_m'h-—"‘—'—'—""‘_‘—.-.________

-l u | T
Q = \ Q, added to Q,
; —
Q.l' Q" = Ql' + Qt l#)
(b)

Figure 2.43 Unconfined flow undemeath the lamina. (Source: adap(e:i from Strack [1981(a)).)

Continuity of the Comprehensive Potential

El d
We next investigate the behavior of the potentials & and & in the single- and dual-

d
aquifer zones along the perimeter of the lamina. The potential ® along the edge of the
lamina may be expressed in terms of the head ¢ by the use of (12.13), (12.15), and
(12.16) as follows: '

o
?__.%k((b_ﬂ)z.ykﬂqb-—%kll::%kcﬁz (¢ > H)
‘ e e c e (12.17)
® = Jk(H — HY + }k¢? = Lkg? (¢ < H)
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These expressions are identical to the one for the single-aquifer zone, obtained from
(12.8):

® = Lkg? (12.18)
€ e
s d
Because the potentials ¢ and ? are equal,
s d
?= ? (12.19)

d s

the components of the gradients of ® and ® tangential to the edge are equal to each other.
The normal components of these gradients are equal across the edge as follows from the
continuity constraint (12.14) combined with (12.9) and (12.12). Hence, the gradients of

3 d
@ and ® are equal to each other in terms of both components. We may therefore define

El d
a single comprehensive potential ®, equal to ® in the single-aquifer zone and to @ in
the dual-aquifer zone:

1k¢? (single-aquifer zone)

d=
(12.20)
o=

R D

1
=b+ (dual-aquifer zone)

This potential, along with its partial derivatives, is continuous throughout the aquifer
system. The comprehensive discharge vector is defined accordingly:

Q= é,- (single-aquifer zone)
d u l (12.21)
Qi=Q;=Qi+Q; (dual-aquifer zone)

where i represents either z or y. It follows that the comprehensive discharge vector
equals minus the gradient of the potential:

od

Qx = _’(I);
o® (12.22)

Q=-3

Y oy

It follows from (12.4), (12.7), (12.10), and (12.20) that the comprehensive potential
fulfills the Poisson equation

V¢ =-N (12.23)

throughout the aquifer system.
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Method of Solution

For a general case of unconfined flow with an arbitrary number of nonoverlapping
laminae, the flow domain will consist of a single-aquifer zone interspersed with dual-
aquifer zones. We will assume in this section that the heads in the aquifer(s) are known
along the boundaries, so that the boundary values of the comprehensive potential @
can be computed by means of (12.20) along with (12.2) and (12.5). The comprehensive
potential may be determined as a function of position by the use of the methods discussed
earlier. Once the comprehensive potential is known, the head ¢ along the edge of each

lamina may be computed by the use of (12.17), and the con;:sponding values of the

1
potential in the lower aquifer are obtained from (12.5). The potential ® may then be
determined by applying the boundary values to Laplace’s equation in the area below
the lamina. The potential in the upper aquifer, finally, is determined from the second

!

equation in (12.20), in which both ® and & are known.
l
Determining @ requires solving Laplace’s equation in a closed domain; closed-

form solutions can only rarely be obtained. The tools required to determine <i> for the
general case of a lamina of arbitrary shape are presented in Chapter 5, and a general
approach for solving problems with clay laminae will be presented in Chapter 6. Some
special cases, however, will be discussed in this chapter, where we deal mainly with
one-dimensional flow, and in Chapter 5.

One-Dimensional Shallow Flow in Aquifers with Clay Laminae

We next apply the approach presented above to the case of one-dimensional shallow flow
illustrated in Figure 2.44. The aquifer system is unconfined, and there is infiltration of
rate N. A clay lamina lies at a distance H above the base. The aquifer is bounded
by two long parallel rivers with heads ¢, and ¢,, and the origin of an z, z coordinate
system is chosen at the intersection of the base with the left-hang boundary. The width
of the aquifer is L and the edges of the lamina are at z = x, and = = z,. The heads
at the boundaries are ¢, (at x = 0) and ¢, (at = = L), and the corresponding boundary
values for ¢ are &, and ®,:

= b= =-I—k 2
ren : f(b; (12.24)
=1 &=, =3k¢;

The comprehensive potential is obtained as a function of = by solving the differ-
ential equation

i _

=N (12.25)
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X2

L

Figure 2.44 Shallow one-dimensional flow with a lamina.

with the boundary conditions (12.24). The solution to this equation may be written by
the use of the influence functions F, F3, and F, defined in Sec. 9 (see [9.39] and [9.44]):

¢ =®@)= ¢ F(x)+P2Fx)+ NF,

r—L T
= =@ —— + & - sNr(z - L) (12.26)

The values of © along the edges at x = r; and z = x, are obtained from (12.26) by
substituting x, and x; for x:

®) = ®(z1) P, = 0(x2) (12.27)

with the function ¢(x) defined by (12.26). The heads along the edges, r,b. and rp; are
found by the use of (12.18) as follows:

[2: 242
PV etV (1229

1
The boundary values of ¢ are obtained from (12.5):

!
& =kHey — 3kH?  (¢1 > H)
. ¢ ¢ (12.29)
¢ = 'Mn (01 < H)
and
1
®; =kHo, - 3kH® (42 2 H)
“ ¢ (12.30)

~ e-..
b=

m; (¢2 < H)
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!
The potential ¢ fulfills Laplace’s equation

l
d*®
and the solution may be written by the use of the influence functions F; and F> defined
by (9.39) as follows:

.1 op— ! -
P=0 22 4 g, T (12.32)
€ Iy —I € I3—I

The potential :l':' is found from the second equation in (12.20):

r—L T -1 -1

L L

The heads in the various zones and layers may now be determined. It follows from
(12.20) that in the single-aquifer zone,

! !
Nz -L)- &, -,

¢ I — I ¢ Iy — I)

u 1
P=b-d=-¢,

(12.33)

6= ? O<z<z z<z<lLl) (12.34)

The head ¢ is found from (12.2):

$=H+\/3§ (@ <z < 12) (12.35)

and (12.5) yields the head in the lower aquifer,

]
&4 LkH? !
6= +k}f @ > LkH?)
! (12.36)
I !
¢= % (® < JkHY) ~

where it is noted that é' equals $kH? when r;:n equals H; this value marks the transition
from confined to unconfined flow.

The phreatic surfaces are shown for two cases in Figures 2.45 and 2.46; for both
cases N/k = .01, L/H =10, ,/H =2, r;/H =8, and ¢/H = 0.5. For the case of
Figure 2.45 ¢, /H = 1.5, and for the case of Figure 2.46 ¢,/H = 0.9. It may be noted
that these values for the aquifer parameters are chosen for illustrative purposes only; for
real aquifers L/H is usually much larger and N/k much smaller than the values chosen
here. The plots were generated by the use of an elementary program written in BASIC,
which runs on the IBM PC with a color graphics adapter. The listing is reproduced in the
following text; note that statements that are too long to be displayed on one line have
been broken into two lines. These lines should be joined prior to running the program.
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Figure 2.45 Phreatic surfaces for N/k = 0.01, L/H =10, z,/H =2, z,/H =8, ¢, /H = .5,
and ¢o/H =0.5.

— ——
——
Figure 2.46 Phreatic surfaces for N/k = 0.01, L/H = 10, ) /H=2z:/H =8,¢,/H =09,
and ¢2/H =0.5.
10 KEY OFF
20 cCLs

30 INPUT"L,H,k,N > ",L,H,K,N
: IF L<0 OR H>L OR H<0 OR K<0 OR N<0 THEN GOTO 30
40 INPUT"fil,fi2 > *,FI1,FI2
: IF FI1>2*H OR FI2>2*H OR FI1<0 OR FI2<0 THEN GOTO 40
50 INPUT"x1,x2 > ",X1,X2
: IF X1>L OR X2>L OR X1>X2 OR X1<0 OR X2<0 THEN GOTO 50
60 INPUT"Nr. of Increments for heads > ",NDELX
: IF NDELX<0 THEN GOTO 60
70 INPUT"Output to F(ile or P(rinter (F/P) > ",A$
80 IF ((A$="F") OR (AS="f")) THEN OPEN "SFL.OUT" FOR OUTPUT AS #1
90 KH=K*H
100 HKHS=.5*KH*H
110 ' Potential as a function of head for unconfined flow.
120 DEF FN PHIHU (HEAD)=.5*K*HEAD*HEAD
130 ' Potential as a function of head for confined flow.
140 DEF FN PHIHC (HEAD) =KH*HEAD-HKHS
150 ’ Head as a function of potential for unconfined flow.
160 DEF FN FIPOTU (POT) =SQR (2*POT/K)
170 ’ Head as a function of potential for confined flow.
180 DEF FN FIPOTC (POT)=(POT+HKHS) /KH
190 ' Boundary values of the potential.
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200
210
220
230
240
250
260
270
280
290
300
310
320
330
340
350
360
370
380
390
400
410
420
430
440
450
460
470
480
490
500
510
520

530
540
550
560
570

580

590
600

PHI1=FN PHIHU(FI1) : PHI2=FN PHIHU(FI2)
' Comprehensive potential as a function of position.
DEF FN PHI (X)=-(PHI1*(X-L)/L)+ (PHI2*X/L)-(.5*N*X* (X-L))

' Values of the comprehensive potential at the edges of the lamina.

PHIE1=FN PHI(X1) : PHIE2=FN PHI (X2)

' Heads at the edges of the lamina.

FIE1=FN FIPOTU(PHIEl) : FIE2=FN FIPOTU(PHIE2)

' Values of the potential in the lower aquifer at the edges of the
' lamina.

IF FIEl1<=H THEN PHILEl1=FN PHIHU(FIEl) : ELSE PHILEl=FN PHIHC (FIE1l)
IF FIE2<=H THEN PHILE2=FN PHIHU(FIE2) : ELSE PHILE2=FN PHIHC (FIE2)
' Potential in the lower aquifer as a function of position.

DEF FN PHIL(X)=PHILE1l*(X-X2)/(X1-X2)+PHILE2* (X-X1)/(X2-X1)

' Potential in the upper aquifer as a function of position.

DEF FN PHIU(X)=FN PHI (X)-FN PHIL(X)

’ Initialization of the graphics screen.

GOSUB 1040

' Plotting of the layout.

WINDOW (0,0)-(1.25*L,.78125*L) : LINE (0,0)-(1.25*L,0)

XL=.125*L

LINE (0,0)-(XL,FI1),1,BF : LINE (1.125*L,0)-(1.25*L,FI2),1,BF
LINE (1.125*L,0)-(1.125*L,2*H) : LINE(XL,0)- (XL, 2*H)

LINE (XL-.125*H,2.125*H)- (XL, 2*H),1

LINE -(XL,2.5*H),1

LINE (XL+.125%*H,2.125*H)- (XL, 2*H),1

IF XL<1.125*L THEN LINE - (XL+.125%L, 2*H)

XL=XL+.125*L

IF XL<=1.125*L THEN GOTO 420

LINE (.125*L+X1,H)-(.125*L+X2,H),2

' find heads
DELT=L/NDELX -
fmmmmee Plot heads in the single-aquifer zone (0<=x<=x1)-----------

IF ((A$="F") OR (A$="f")) THEN PRINT #1,"x, fi"
: ELSE LPRINT"x, fi"
X=0
WHILE X<=X1
PHI=FN PHI(X) : IF PHI<0 THEN PHI=0
FI=FN FIPOTU(PHI)
IF ((A$="F") OR (AS="f")) THEN PRINT #1, X,FI
: ELSE LPRINT X,FI
IF X>0 THEN LINE - (X+.125*L,FI),1l
: ELSE LINE (X+.125*L,FI)-(X+.125*L,FI),1
X=X+DELT
WEND

137
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610 ' ------ Plot heads in the upper aquifer------------—-==c-ceeeeeeo—__
620 IF ((A$="F") OR (A$="f")) THEN PRINT #1,"x, fiu"
: ELSE LPRINT"x, fiu"

630 X=X1
640 WHILE X<=X2
650 PHIU=FN PHIU(X) : IF PHIU<0 THEN PHIU=0
660 FIU=H+FN FIPOTU(PHIU)
670 IF (((A$="F") OR (A$="f")) AND (FIU<=2*H)) THEN PRINT #1,X, FIU
680 IF (((A$="F") OR (A$="f")) AND (FIU >2*H)) THEN PRINT #1,X,">2H"
€90 IF (((A$S="P") OR (A$="p")) AND (FIU<=2%H)) THEN LPRINT X,FIU
700 IF (((A$="P") OR (A$="p")) AND (FIU >2*H)) THEN LPRINT X, ">2H"
710 IF ((FIU<=2*H) AND (X>X1)) THEN LINE -(X+.125*L,FIU),1
720 IF ((FIU >2*H) AND (X>X1)) THEN LINE - (X+.125*%L,2%H)
730 IF ((FIU<=2*H) AND (X = X1)) THEN

LINE (X+.125*L,FIU)-(X+.125*L,FIU),1
740 IF ((FIU >2*H) AND (X = X1)) THEN

LINE (X+.125*L,2*H)- (X+.125%L, 2*H)
750 X=X+DELT
760 WEND
770 ' ------ Plot heads in the lower aquifer -------=--==--ccooomm———
780 IF ((AS="F") OR (A$="f")) THEN PRINT #1,"x, fil"

: ELSE LPRINT"x, fil"

790 X=X1-DELT
800 WHILE X<=X2
810 X=X+DELT
820 IF X>X2 THEN GOTO 920
830 PHIL=FN PHIL(X)
840 IF (((A$="F") OR (A$="f")) AND (PHIL>HKHS)) THEN PRINT #1,X, ">H"
850 IF (((A$="P") OR (A$="p")) AND (PHIL>HKHS)) THEN LPRINT X, ">H"
860 IF PHIL>=HKHS THEN LINE (X+.125*L-DELT, H)- (X+.125*%L,H),2
870 1IF PHIL>=HKHS THEN GOTO 810 : ELSE FIL=FN FIPOTU(PHIL)
880 IF ((A$="F") OR (A$="f")) THEN PRINT #1, X,FIL

: ELSE LPRINT X,FIL
890 IF X>X1 THEN LINE - (X+.125*L,FIL),1

: ELSE LINE (X+.125*L,FIL)-(X+.125*L,FIL),1
900 WEND
910 ' -=-===- PLot heads in the single-aquifer zone (x2<=x<=L)------------
920 IF ((A$="F") OR (A$="f")) THEN PRINT #1,"x,fi" : ELSE LPRINT"x, fi"
930 X=X2
940 WHILE X<=L
950 PHI=FN PHI(X) : IF PHI<0 THEN PHI=0
960 FI=FN FIPOTU(PHI)
970 IF ((A$="F") OR (AS$="f")) THEN PRINT #1, X,FI : ELSE LPRINT X, FI
980 IF X>X2 THEN LINE -(X+.125*L,FI),1
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: ELSE LINE (X+.125*L,FI)-(X+.125*L,FI),1
990 X=X+DELT
1000 WEND
1010 ' Leave graphics mode
1020 GOSUB 1100
1030 END
1040 DEF SEG=0 '------ Switch to graphics monitor -------------------=-
1050 POKE &H410, (PEEK(&H410) AND &HCF) OR &H10
1060 SCREEN 1,0,0,0 : SCREEN 0 : WIDTH 40 : LOCATE ,,1,6,7
1070 SCREEN 1,0
1080 KEY OFF
1090 RETURN
1100 DEF SEG=0 '------ Switch to monochrome monitor ----------=--====---
1110 POKE &H410, (PEEK(&H410) OR &H30)
1120 SCREEN 0 : WIDTH 80 : LOCATE ,,1,12,13
1130 CLS
1140 KEY ON
1150 RETURN

Problem 12.1
I. Determine the flow into the lower aquifer at = = x, for the case of Figure 2.45.
2. Compute Q:,Q:, and Q, at x = r; for that same case, and verify that the condition of
continuity of flow is met.

Problem 12.2
Modify the BASIC program given above to include in the upper aquifer a ditch of width b,
centered at x = ry, and with an infiltration rate Nj.

Two-dimensional Shallow Flow in Aquifers with Clay Laminae

As was noted above, most two-dimensional problems in aquifers with clay laminae
require more advanced methods of solution than those presented in this chapter. We
will, therefore, limit ourselves here to a simple problem: uniform flow in a system of
two aquifers separated by a thin impermeable layer of infinite extent. The sole connection
between the aquifers consists of an abandoned well, i.e., a well that is capped off and is
no longer being pumped.

This problem differs from those discussed in the foregoing in that the lamina is
infinite in extent rather than finite. The approach, however, remains applicable, but the
conditions at infinity (the far-field conditions) now must be specified for both the upper
and lower aquifers. We choose the origin of an z, y coordinate system at the center of
the well, and assume that the far-fields in the two aquifers consist of uniform flows of

u 1
discharges Q.o and Q¢ in the z direction (see Figures 2.47[a] and [b]). There are no
other features in the aquifer system, and no water is withdrawn from the well (see Figure
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2.47(c]). The comprehensive potential therefore is the potential for uniform flow with a
discharge Q.o

®=-Qr+C (12.37)

where Qo is the sum of the discharges in the two aquifers:

u ]
Q:0=Qz0 + Qo (12.38)
. y —_ y
— u L— x 1 L"
Q0 ()
- (a) - (b)

(c)
Figure 2.47 An abandoned well.

u ]
If the heads at a point (zo,0) in the two aquifers are ¢ and ¢y,

l.l=!.l u H
LRI e S
o=¢o (o> H)

u ]
then the values of ¢, ¢, and & at (zo,0) are (compare [12.2], [12.5], and [12.20]):
! !
z=z9 y=0 ® =®g=kH¢y— LkH? (12.40)

Using this condition with (12.37) to solve for the constant C, we obtain

® = —Qo(x — To) + o (12.41)
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The head at the well is found as follows. Assuming that the well radius is small, we
neglect variations of the comprehensive potential along the well boundary, and select the
point z = ry, y = 0 to represent the well. This gives the following expression for the
comprehensive potential, ®,,, at the well boundary:

@, = Qro(zo — Tw) + Po (12.42)

Since the heads in the two aquifers along the circumference of the well are equal, the
well boundary acts as a single aquifer zone so that the comprehensive potential may be
represented there by the first equation in (12.20) and we obtain:

29, 2
buw = T = J'k' [Q:o(xo = Tw)+ 4)0] {‘243)

1
We may now solve the flow problem in the lower aquifer. The potential @ is that
for uniform flow with a well at (0,0) and may be written as

]
24+ C (12.44)

1

where Q represents the discharge leaving the lower aquifer through the well. The constant
1

C may be solved for by applying the condition (12.40) to (12.44) which yields

[}

[ | Q 5
C =®g+ Qroz0 — o In(zg) (12.45)
so that (12.44) becomes
!
1 1 2 2 1
4’=*on(r—xo)+glnx +;y + P (12.46)
4 x

0
-~

l
The discharge Q, finally, may be expressed in terms of the parameters of the problem

!
by the use of (12.43). Depending upon the magnitude of ¢,,, the potential ®,, is given
by
b, = 1kg? ($w < H)
o v (12.47)
&, =kH¢, — 3kH* (¢ > H)

1 !
and we obtain, upon substitution of r,, for z, 0 for y, and ®,, for ® in (12.46):

l | é 21
@y = —Qro(rw —To) + —In =5 + Do (12.48)
dr  xz§
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!
Solving this for the unknown discharge Q, we find

! ! [
l — -
Q =47 P9 - P, + Q:-o(rﬂ Tw) (12.49)

In ;’i‘-
An expression for the potential in the upper aquifer is obtained from the relation
u I
¢ = ¢ — ¢: subtraction of (12.46) from (12.41) yields, with (12.38),

1

u u 1 1 2 + 2 !
® = —(Q:0 + Qo) — Z0) + ®0 + Quo(z — z0) - %ln’ ~ Y, (1250)
0
u ]
Simplifying this, and writing ®g as ®¢ + g, we get
!
u u 2, 2 w
‘P=—Q;o(;r—ru)—glnx ty + @ (12.51)
4 F

We observe that the water drawn from the well by the lower aquifer ((i)) is supplied by
the upper aquifer; if the well is a discharge well in the lower aquifer then it is a recharge
well in the upper aquifer.

Abandoned wells may be vehicles for spreading of contaminants in aquifers; if a
contaminant travels with the groundwater in the upper aquifer and reaches the abandoned
well, it will spread into the lower aquifer. An extreme example of such a spreading is

l l
the case that Q. =0, and Q@ < 0. The well then acts as a discharge well in the upper
aquifer and as a recharge well in the lower aquifer, spreading the contaminant radially
away from the well.

Upper and Lower Aquifers with Different Hydraulic
Conductivities

Often the two aquifers are separated by a single impermeable bed with openings. The
technique outlined above may be adapted to account for different hydraulic conductivities

u ]
in the upper and lower layers. If these conductivities are k and k then
H<:z

k
(12.52)
0<z<H k

u 1
The expressions for & and &, given by (12.2) and (12.5), now become

® = 1k(¢ — H)? (12.53)
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and

1 [ | ] ]

®=kH¢ - JkH* (¢ > H)
! 1 [ (12.54)
® = 3k¢’ (¢ < H)

The comprehensive potential in the single aquifer zone may be expressed as the
u ] u I
sum of ® and @, with g =p=¢p > H:

s u ! !
® = 1k(p— H? +kHo — JkH® (¢ > H) (12.55)

If the head is less than H, 61':. becomes

s it
®=1ks*  (p<H) (12.56)

The method of solution remains the same as that outlined in the foregoing; the changes
are limited to the definitions of the potentials in terms of head.

Problem 12.3

u 1
Solve the problem of an abandoned well illustrated in Figure 12.47 with k and k represent-

ing the hydraulic conductivities in the upper and lower aquifers. Determine an expression
] u ] ]
in terms of the aquifer parameters for the ratio of Q for the case that k = k = k to Q for

u ]
the case that k =2k, k=k.

13 SHALLOW INTERFACE FLOW IN AQUIFERS
WITH IMPERMEABLE LAMINAE

We have seen in the preceding two sections how shallow interface flow in coastal
aquifers may be handled by the use of suitable potentials, and how problems in aquifers
with thin impermeable laminae may be described by means of a comprehensive potential.
These two techniques may be combined to cover problems in coastal aquifers with thin
clay laminae. We will adhere to the notation introduced in the previous sections, and
begin our analysis by developing expressions for the potentials in the single and dual
aquifer zones, considering the various types of flow possible in coastal aquifers, with the
restriction that the upper boundary is a phreatic surface. We will present the equations
for the general case of two-dimensional shallow interface flow with laminae, and discuss
an example of one-dimensional flow in a coastal aquifer.
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The Single-Aquifer Zone

The upper boundary in the single-aquifer zone is a phreatic surface. Unconfined interface
flow occurs wherever the lower boundary is an interface, and unconfined flow occurs
where the impervious base forms the lower boundary. The two types of flow are shown in
Figure 2.48, where the abbreviations u and u: stand for unconfined flow and unconfined
interface flow. The expressions for the potential are given by (10.49) for unconfined
interface flow and by (8.2) for unconfined flow:

Ps

ui: o= k (¢ H,)? + C.; (13.1)

u -%k¢’+c.. (13.2)

Figure 2.48 Flow conditions in the single-aquifer zone.

The condition that @ is continuous across the interzonal boundary yields (compare [10.51]
and [10.52]):

Cui - Cy = Lk22 2 (133)

The Upper Aquifer

The flow in the upper aquifer may be either unconfined interface flow or unconfined flow

(see Figure 2.49). The head in the upper aquifer is represented as ¢ and is measured
from the base of the aquifer system. The expressions (13.1) and (13.2) correspond to
the case that the aquifer base is at a distance H, below sea level. We observe from
Figure 2.49 that interface flow occurs in the upper aquifer only if H, > H. The base
of the upper aquifer then is a distance H, — H below sea level and the expressions for
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5 are obtained from (13.1) and (13.2) by replacing ¢ by qﬁ- H and H, by H, — H.
Introducing the constants C,; and C,, the expressions for & become

wi: $=tk—L G HY L C. (H, >H) (13.4)
Ps — pf
u: ®=lkp- HY +C, (13.5)

\ fresh H

Figure 2.49 Flow conditions in the upper aquifer.

The conditions that the constants E‘u.- and (ui'“ must fulfill in order that &" is continuous
throughout the upper aquifer are obtained from (13.3) by replacing C,; by C.,;, C, by
Cy,and H, by H, — H. Selecting C, as zero, the constants become

u _ u 1 p, 2
Cu=0 Cu=ikl2ut, — m) (13.6)
f

The Lower Aquifer

Four different types of flow may occur in the lower aquifer. These are confined interface
flow (ci), unconfined interface flow (ut), confined flow (c), and unconfined flow (u).
These four types of flow are represented in the lower aquifers of Figure 2.50(a) and
Figure 2.50(b). The expressions for the potential in the zones of unconfined interface
flow and unconfined flow of the lower aquifer are the same as the expressions (13.1)
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. ]
and (13.2) for the comprehensive potential. Introducing the constants C\; and (E‘u. the
1

expressions for ¢ become

b= lk—P (G- H 2+ C
ui: =3k - +Cu 13.7
2 Py — ,0! F u ( )
| ' '2 ]
.m___.-—-""'_-—-__—--
z _+
~ / : : Pa
o=H : H H,«:Hc‘;-ﬂ,
Hs |/ sali © fresh
~ :
e . (a)
?"—W - i " IS

Figure 2.50 Flow conditions in the lower aquifer.

l
The expressions for ® in the zones of confined interface flow and confined flow are given

by (10.16) and (8.1) as

[

ca: ®=

c:

1
b=

1 _ 2y
sk 2L [¢ Ly S g "’—-‘f-’iH] +Cu (139)
Ps — Pf ps Py
] ]
kH$ + C. (13.10)
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The head ¢, at the tip of the saltwater tongue equals p,H,/py (see [10.28]). Furthermore,

l
¢ equals H at the boundary between the zones of confined and unconfined flow. The
heads at the interzonal boundaries are listed below (see Figures 2.50(a] and [b)):

. I ) L p,
ct—ui: ¢=H ct—c: ¢=—H, (13.11)
Py
L p, 1
u—ui: =—H, u—-c: ¢=H (13.12)

9

1
For the case of Figure 2.50(a) the phreatic surface intersects the clay lamina (¢ = H )
1

downstream from the location of the tip of the saltwater tongue (¢ = p, H/py) because
H is less than p,H/p;. For the case of Figure 2.50(b) H is greater than psH/py so that
the tip lies downstream from the point where the phreatic surface intersects the lamina.
The values that the head ¢ may assume in each of the four zones are

1l
wi: H,<H< f:iH, H,<¢ < H (13.13)
s
. Ps L ps
ui: —H, <H H, <¢ < —H, (13.14)
Pr Pf
. Pa L P
ci: H < —H, H <¢ < —H, (13.15)
Pf Pf
. Ps Ps !
u: —H, <H —H,<¢p< H (13.16)
Ps ps
c : H<¢ p—H. <¢ (13.17)
!

The above definitions of the four zones are obtained by inspection of Figure 2.50 as
follows. Unconfined interface flow (ui) may occur in the lower aquifer only if H, < H

l
since the head in an interface zone cannot drop below sea level and ¢ is less than H in a
zone of unconfined flow. Moving with increasing head through the zone of unconfined

l
interface flow, the interzonal boundary will be reached when ¢ = H if H < psHy/pg
(see Figure 2.50[a]). If, however, psH/ps < H, the interzonal boundary will be reached

when 4:5 = psH,/ps (see Figure 2.50[b]). These considerations lead to (13.13) and
(13.14). The zone of confined interface flow is defined by (13.15) and it follows that
confined interface flow can exist only if H < psH/py.

The four constants in (13.7) through (13.10) are determined by requiring that the

t
potential ¢ be continuous throughout the lower aquifer for any sequence of zones that is
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physically possible. Using the conditions (13.11) and (13 12) at the mterzonal boundaries
and the four expressions (13.7) through (13.10) for 4) we obtain, choosing Cc‘ =0,

]

Cei=0 (13.18)

! 14.Ps 2

Cui = 3k—(H, - H) (13.19)
Pf

! 1. Ps 52

Cu =3k=(H?-2HH,) (13.20)
Ps

]

C.=kl2"Ply_kHp,P: (13.21)

Pf Pt

The Conditions at the Edge of the Lamina

We will examine the conditions along the edge of the lamina for the three cases labeled
as cases 1, 2, and 3 in Figures 2.51(a) through (c).

H ¢
s e
/ \
case |
<H -
:)H : Hq¢~:£1H PPty
. " e Pr Py
b5 Loy _Pem Pl = L Py P,
$> orHs= S5 o=H =Ly - Iy
e Pr Py
u | / u
P=0=9¢ o=¢ o=0
¢ e ¢ e e e e
Figure 2.51 Conditions at the edge of the lamina.
Case 1

For case 1, fresh groundwater flows above and below the edge of the lamina, and
there is no interface in the upper aquifer. Since the phreatic surface is above the edge,
the head ¢ must be greater than H,

€

H<¢ (13.22)

e

u u
There is no interface in the upper aquifer so that ¢ must be greater than the value of ¢
[ u
that corresponds to the tip of a saltwater tongue in the upper aquifer, i.e., ¢ < ¢. An
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u u
expression for ¢, is gotten by replacing in (10.28) ¢, by ¢, — H, and H, by H, — H,
thus taking into account that the base of the upper aquifer lies a distance H above the
base of the system:

bo=H+P2H, -H)=L2y, - P "Ply (13.23)
Pr Ps Pf

The final condition for case 1 to occur is that the heads in the upper, lower, and single
aquifers along the edge of the lamina are all equal to ¢. The above conditions associated

with case 1 may be summarized as follows:

_ u !
case1: H<¢ 2o -P22"Plycys $=¢=¢ (13.24)
e Pf Pr ¢ e c c
Case 2
Case 2 applies if ¢ is less than H; the conditions at the edge of the lamina are that
] u c
¢o=¢and ¢ = H:
. (5 . !
case2: ¢o< H ¢=H p=¢ (13.25)
Case 3

For case 3, the fresh water flowing from underneath the lamina mixes with the salt
water above. Some simplifying assumptions will be adopted rather than to attempt to
give an exact mathematical description of the complex physical phenomena associated
with the flow for this case. Mualem and Bear [1974] considered a case similar to that of
Figure 2.51(c) but with a leaky layer. These authors performed Hele Shaw experiments
and observed that a mixing zone takes the place of the interface that occurs in other areas
of the flow domain. A clear limit was observed to this mixing zone, which is ignored
in the analysis; the interface is taken to continue through the mixing zone. As was done
by Mualem and Bear, we estimate the shape of the interface, its approximate position,
and the rate of seaward flow by assuming that the fresh water spilling from undemeath
the lamina will join the fresh water flow above the lamina. As-a second assumption,
the pressure p; in the fresh water at the edge of the lamina is taken to be equal to the
pressure p, in the stationary salt water,

1
Pr=pr9(¢ — H)=p, = p,g(H, — H) (13.26)
so0 that

=Ly, PPy (13.27)
i) pg

The heads in the single and upper aquifers are equal at the edge:

oS~
-

=¢ (13.28)

c

na
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An interface exists above the lamina, which implies that ; is greater than H and less
than ¢;. The conditions for case 3 to occur are thus: ‘

— ] — u
case3: H<op< oy, 2" Ply 4-Poy PPy 4-4 (1329
e Py Py e Pf Ps c e

The Comprehensive Potential

The constants in the expressions for the various potentials are given above except
for the constants C; and C, in (13.1) and (13.2), which must fulfill (13.3). These
remaining constants are found by requiring that the potential ¢ is continuous across the
edge of the lamina.

Five different types of flow may occur at the edge of'lhe lamina and are illustrated

in Figures 2.52(a) through (e). The values for ¢, :1‘:. and ¢ are indicated in the figures.

e € c
For the case of Figure 2.52(a) the flows in the single aquifer and in the upper aquifer
above the edge of the lamina are unconfined interface flows. The heads at the edge of

the lamina are given by (13.29). The expressions for the potentials at the edge, ¢, -i‘l;

[
and ? are found by use of (13.29), (13.1), (13.4), and (13.9), which gives

? k P {¢ Hl) +Cm

E:':lk L Hl +Cm -

b= dh "o~ ) (13.30)
] [

b=C,

e

u ]
where C; and C,; are given by (13.6) and (13.18)
u 0 Ps 2 1
Cui= ikp—(H, - H) C.=0 (13.31)
f

The condition that ¢ be continuous across the edge gives, using (13.30) and (13.31) and
u 1
representing @ as ® + ¢ in the dual aquifer zone,

Cui=Cui= (H - H)? (13.32)
The remaining constant, C,,, is found from (13.3) and (13.32) to be

C.= %k?(ﬂz - 2HH,) (13.33)
']
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Figure 2.52  The five possible low types at the edge of the lamina.

(e)

)

It may be verified by the reader that ® is indeed continuous across the edge of the lamina
for the remaining four flow cases of Figure 2.52.

As a summary, the expressions for the potentials and constants are given below.
These are obtained from (13.1), (13.2), (13.4) through (13.10), (13.18) through (13.21),

(13.32), and (13.33):

ui :

ui:

ui :

¢

$
%

o

-

=%k P (¢ - Hsjz + Cm'
Ps = Py

=‘;‘k¢2 + C,

L (- H,) + Cui
Ps — Py

=3k(¢ - HY?

=1k

I
=tk—E" (o - H, ) +C.,
Ps — Py

(13.34)
(13.35)
(13.36)
(13.37)

(13.38)
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2

] ] —
ci: ®=tk—LL_|p- Ly, 4L "Ply (13.39)
ps=pr L Py Py
! l
u: ®=3ké?+C, (13.40)
1 ] l
c: ®=kHo+C. (13.41)
where
Cui =3k 22(H, - H)? (13.42)
Py
C. =ikE2(H? -2HH,) (13.43)
Py
]
C. =C, — 3kH? (13.44)

The method of solution for two-dimensional problems is similar to that described in
Sec. 12. First the boundary conditions are expressed in terms of ®, and this function is
determined. Second, the values of ¢ along the edges of all laminae are computed from

u
the values of ®. Third, the values of either ¢ or &) are established along the boundary
of each lamina, so that this function can be found by solving the differential equation.
The latter aspect of the approach requires methods that we have not discussed as yet; we
will therefore restrict the present analysis to one-dimensional flow.

One-dimensional Flow

We will consider a case of one-dimensional flow in a coastal aquifer, both as an illus-
tration and a validation of the approach. A solution to a special case of this problem is
found in Bear [1979]. The problem is similar to that studied by Mualem and Bear [1974],
who present the results of a series of Hele Shaw experiments which will be used for
a comparison with predictions from the analysis. Although the Hele Shaw experiments
involve a layer that is leaky rather than impermeable, the ratio of the hydraulic conduc-
tivity of the leaky layer to that of the flow domain was small, 3.97 « 1073, Neglecting
the leakage appears not to cause a significant deviation from the test results for most of
the experiments.

The problem of one-dimensional flow is illustrated in Figure 2.53. The origin of
a Cartesian z,y, z coordinate system is taken at the base of the aquifer system directly
below the coastline. The z axis points vertically upward, the y axis is parallel to the
coast, and the = axis points toward the land. The flow is seaward and uniform. The
separating layer extends from z =z, z=H oz =13, 2= H. The head is given 1o be
¢, at z = L in the single aquifer zone. The boundary conditions in terms of heads are

r=0 ¢=H, z=L ¢=¢ (13.45)
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Figure 253 Uniform flow in a coastal aquifer.

For the sake of simplicity, restriction is made to cases where the tip of the saltwater
tongue does not extend beyond the plane z = r,. The boundary conditions in terms of
the comprehensive potential are found from (13.34), (13.35), and (13.45), noticing that
unconfined interface flow occurs at z = 0 and unconfined flow at z = L,

z=0 &= =Cy z=L ®=® =3k¢{+C, (13.46)

with C; and C, given by (13.42) and (13.43). There is no rainfall and the differen-
tial equation for the comprehensive potential reduces to d’®/dz* = 0 with the general
solution

&=-Qur+B (13.47)

where the magnitude of Q.o (Q-0 < 0) represents the total discharge flowing toward the
coast. Application of the boundary conditions (13.46) to (13.47) yields

® = —Q;07 + Cui (13.48)

where

- ¢} — LrH?
I (13.49)

see (13.46), (13.42), and (13.43). It may be noted that the magnitude of Q.o is not
affected by the clay lamina.
The Head in the Single-Aquifer Zone

Interface flow occurs in the single-aquifer zone wherever the head ¢ is less than
¢ = psH,/ps. The value for the comprehensive potential at the tip is found from (13.34)
to be

&, =kl "Plp2y c, (13.50)
pr Py



154 Types of Flow Chap. 2

There is unconfined interface flow if ¢ < ¢, and unconfined flow if ® > ®,. The head
¢ is expressed in the single-aquifer zone in terms of @ by use of (13.34) and (13.35) as
follows (see Figure 2.54),

o=/ 219@ - Cul @ >®,) (13.52)

with ®(z) given by (13.48). Equations (13.51) and (13.52) make it possible to determine
the head as a function of position in the single-aquifer zone. The elevation Z of the
interface above the base is given by (10.50):

¢= J%%l@(l’)“cﬂ]‘i‘”a (¢ <®) (13.51)

z=—"P g, _ P 4 (13.53)
Ps — Pf Ps — Pf

ui:dp<®, uwd>¢

—— e . -

Figure 2.54 The elevation of the interface.

The Conditions at the Edge of the Lamina

The head ¢ in the single-aquifer zone at the edge of the lamina at x = x, is found
from (13.51) .mﬁ (13.52) by substituting x; for z. The head in the lower aquifer at
z =z, is obtained from (13.24), (13.25), or (13.29). If case 3 applies, the value of :i; is
zero (compare [13.39]):

1 —
¢=£‘l a‘_‘_p’ p!H
el Pf Pr

LT

=0 (H<¢<Ph, -2"Plyy (3s4)
el Pf Py

If either case 1 or case 2 applies, the flow type in the lower aquifer at x = x; must be
determined from the value of ¢ and the flow type definitions (13.13) through (13.17).

el
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With the flow type known, lhe proper expression may be selected from the four deﬁnilions
(13.38) through (13.41) for lI> and the value of ‘Ii' determined by substituting ¢ for ¢

We will assume that the flow in the lower aqml'er is confined at the second edge
of the lamina, x = x;. The head ¢ at this edge, then, is found from (13.52) with = = z,,
e2

[
and the corresponding expression for @, '1; is found from (13.41):

] 1
bd=kH¢ + C, (13.55)
e2 e2

!
The Potential ®(x)

1 !
If Qo represents the discharge flowing in the lower aquifer (Q.o < 0) then

] ]
~Qur+D (13.56)

Application of the conditions at the edges of the lamina,

[ [
=1z d>=¢: T =1I d>=¢g (13.57)
to (13.56) yields
1 l |
®=—-Qrlr —x2) + '); (13.58)
where
11
{ [ )
Quo= -2 (13.59)
Iy — I

The Heads in the Lower Aquifer

Prior to converting potentials to heads in the lower aquifer we establish relations
for determining the flow type from the value of the potential. Case 3, illustrated in
Figure 2.51(c) and defined by (13.29), is not included in the flow type definitions (13.13)
through (13.17) and is treated separately. This special case may occur only if H < H,,

!

l I
and if ¢ ranges between ¢ (see [13.54]) and ¢, = p,H,/py in the zone of confined
el

interface flow

]
ci: H<H, P2H -P2"Plycs<Pey, (13.60)
Py Py s
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The flow type definitions (13.13) through (13.17) and (13.60) may be written in terms of
potentials by the use of (13.38) through (13.44). Using the relation (ps/ps)Ps/(Ps—P1) =
Ps/(ps = Py) + ps/ps. We ODLain

ui: H,<H<p—'H,
Pr

1
k2 (H, - HY < ® < k—2 -2, - HY? (13.61)
P Ps — Pf P

ui p—'H. < H
Ps

] —
kP (H, - HY < @ < K2 PLP g2y 4k BeH, - HY
7 P PI Py

(13.62)
ci: Hy<H< b .
Ps
] —
1P Py HY <@ < kEE (13.63)
Ps — Pf Ps Pf
1 —
cit: H<H, 0<@®< %k.""T"!-HZ (13.64)
f
w: 2H, <H
Pi
1
%kﬁﬂi + 1kB2(H? —2HH,) < ® < jkH* + 1kP2(H? - 2HH,)
ot Ps Ps (13.65)
1 —_ ]
¢ WeHE 4+ W —2HH) < HEHa <o (13.66)
Py Py

The above six conditional expressions make it possible to determine the flow type

l

uniquely from the value of ® computed from (13.58) for any value of r. Knowing
the flow type, the proper equation may be selected from (13.38) through (13.41) and the
head determined. The elevation of the interface is found by the use of (13.53).

The Heads in the Upper Aquifer

u u ] 1
The potential ®(z) is found from the relation ® = ® — ¢ with ®(x) and $(z) given
by (13.48) and (13.58):

u ] 1 ]
® = —(Q0 — Qz0)x + Cui — Qo2 — 3 (13.67)

Interface flow occurs in the upper aquifer if H, > H and H < ¢ < ;g (see [13.23]);
el
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the interface extends from the edge at z = z, to the interzonal boundary where :&= :;S,.
The value for @ at the tip, ®,, is found from (13.23) and (13.36) as

<'1'>, = %kp"——p-{&(ff. - H)? 4+ C,; (H, > H) (13.68)
Pr  Pf

There is unconfined interface flow if ® < ®,, and unconfined flow if ® > ®, and the
head ¢ is obtained from & by use of (13.36) and (13.37) as follows:

5=\/%“—;’i[$(z)-cui]+H, (H,>H ®<®) (1369

u 2u u u
o= Etb(z) +H (®> o) (13.70)
The position of the interface is found by the use of (13.53).

Plots of the Phreatic Surfaces and Interfaces

Plots of phreatic surfaces and interfaces are given in Figures 2.55(a) through (e)
and correspond to the flow cases illustrated in Figures 2.52(a) through (e). The plots are
obtained from a simple computer program. All plots were made for p,/p ¢ = 1.053. The
values of the other aquifer parameters are listed in Table 2.1.

Table 2.1 Aquifer Parameters for Figure 2.55
Case| =z,/H T /H L/H H,/H n/H
0.5636 5.0485 5.0545 1.9697 2.0739
b 1.0000 5.0000 7.0000 1.2000 1.2900
1.0000 5.0000 7.0000 1.2000 1.6000
d 0.5000 2.5000 3.5000 0.9000 1.1000
e 0.5000 2.5000 3.5000 0.9250 1.0500

Validation

The technique presented in this section has not been published before and needs to be
validated. We will discuss a comparison with physical experiments as a validation. The
physical experiments are carried out by means of a viscous flow analogue, known as
a Hele Shaw model, consisting of two stiff parallel transparent plates with a viscous
fluid flowing between them. Hele Shaw experiments are discussed in some detail in
Chapter 10; for the present comparison the details of the experimental procedure are not
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(a)

(b)

(d)

Figure 2.55 Five plots of phreatic surfaces and interfaces.
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important. The results of four Hele Shaw experiments done by Mualem and Bear [1974]
are compared with those obtained analytically and presented in Figures 2.56(a) through
(d). The values for k and p, /p; are 39.33 cm/s and 1.053; the values of the other flow
parameters are listed in Table 2.2.

(a) (b)

(c) (d)

Figure 2.56 Comparison of analytical results with Mualem and Bear's experiments.

Table 2.2 Agquifer Parameters (in cm) for Figure 2.56
Case| =z 5 L H H, L)

a 9.3 833 834 16.5 325 34.22

a 9.3 83.3 834 14.5 30.5 32.12

a 9.3 833 834 6.1 22.1 23.27

a 9.3 83.3 834 6.1 22.1 23.27

It may be noted that the values for k and p,/py were inferred from the discharges
and the heights of the phreatic surfaces, measured from the figures presented by Mualem
and Bear, and may be somewhat in error. The dots in the figures represent some of the
points obtained experimentally; the solid curves are obtained analytically. The agreement
appears to be good, except for the mixing zone that occurs just above the edge of the
lamina in Figures 2.56(a) and (b) and except for the interface in the lower aquifer
of Figure 2.56(d) where the omission of the leakage may be the explanation for the
deviation of the analytical solution from the experiment. The lower interface intersects
the semipermeable layer in the experiment of Figure 2.56(d), whereas the layer is taken
to be impervious in the present analysis where the lower interface must reach the edge
of the lamina.

Mualem and Bear analyzed the flow problem, taking the leaky layer into account
and linearizing the governing differential equation. Discharges obtained experimentally
and analytically by Mualem and Bear and from the present analysis are listed in Table 2.3.
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Table 2.3 Comparison of Discharge Rates
Exper- Present
iment M and B Analysis

H, (cm) | H (cm) Q0 (cm?/s)

356 19.67 1591 1591 16.68

325 16.50 13.66 13.33 13.94

30.5 14.50 12.26 11.61 12.24

254 9.40 8.82 8.39 8.49

23.7 7.70 7.85 7.20 7.39

22.1 6.10 720 6.45 6.43

185 2.50 5.16 4.52 4.50

It may be noted that the resistance of the leaky layer used in the experiment is high,
which explains the relatively good agreement between computed and observed interfaces.
The leakage does not, however, affect the total discharge in the aquifer system in analyses
where the Dupuit-Forchheimer approximation is adopted and continuity of total flow is
assumed. The discrepancies between the discharges obtained analytically by Mualem
and Bear and those computed here probably are a result of the linearization of some of
Mualem and Bear’s equations.

14 SHALLOW SEMICONFINED FLOW

The confining beds of a shallow confined aquifer are never truly impermeable; we indicate
by the term “confined” that the leakage through the confining beds is negligibly small.
If the leakage cannot be neglected the aquifer is referred to as a semiconfined aquifer
and the leaking confining bed as a leaky layer or a semipermeable layer. We will use
the term shallow semiconfined flow whenever the aquifer is sufficiently shallow that the
resistance to flow in the vertical direction may be neglected.

The simplest case of shallow semiconfined flow occurs if the head is constant above
the upper semipermeable layer, and the lower boundary of the aquifer is impermeable.
Such a case would apply in reality if there is little or no flow in the aquifer above
the semipermeable layer. We will derive the basic equations for this type of flow and
consider several examples. In the next section, we will discuss methods of modeling
flow in systems of several aquifers separated by several leaky layers.

Basic Equations

A cross section through a semiconfined aquifer is shown in Figure 2.57; the hydraulic
conductivity and thickness of the aquifer are k amd H. We will label all quantities
associated with the semipermeable layer with an asterisk: the hydraulic conductivity and
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thickness of the semipermeable layer are k* and H*. The constant head in the aquifer
above the leaky layer is ¢*. All heads are measured with respect to the impermeable
base of the aquifer.

semipermeable layer

&*

Figure 2.57 A semiconfined aquifer.

We assume that the hydraulic conductivity of the leaky layer is much less (at least
a factor of 10) than the hydraulic conductivity k of the aquifer,

k* <k (14.1)

The pressure, and therefore the head, is continuous across the interface between the
aquifer and the leaky layer; it follows that the horizontal components of the gradient of
¢ (0¢/0x, O¢/dy) are continuous across the interface. This implies, with Darcy’s law,
that the horizontal component of flow in the leaky layer is a factor k*/k less than that
in the aquifer. Conversely, we expect a considerable difference between the heads ¢
and ¢* and therefore a vertical component of flow in the leaky layer that is much larger
than the horizontal one. This is the basis for neglecting in the leaky layer the horizontal
component of flow with respect to the vertical one.

We may view a semiconfined aquifer as a confined one with an infiltration rate
N* through the upper confining bed, as shown in Figure 2.57, and use the potential for
shallow confined flow introduced in Sec. 6,

®=kH¢+ C,. (14.2)

where C,, is a constant. The discharge vector equals minus the gradient of the potential,
as usual,

o o
Q:"_'(T)}' Qy—"._ (]4-3)

The differential equation for this potential will be the same as that for unconfined flow
with infiltration rate N*, cf. (9.3),

Vp=—-N"* (14.9)
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By Darcy’s law, the leakage N* (which is positive downward) is equal to

P
N*=k T (14.5)
Multiplying both the numerator and denominator by kH, we obtain
. kH(p-9")
N =T (14.6)

We introduce the leakage factor A, which has the dimension of length and is defined as
A= /kHH*[k* = VkHe (14.7)

where ¢ is known as the resistance of the leaky layer,
c=H"[k* (14.8)

and has the dimension of time.
If we choose the constant C,. in (14.2) as —kH¢", i.e.,

b=kH(¢p—¢") (14.9)

then (14.6) becomes, using (14.7)

N =- (14.10)

Substitution in the differential equation (14.4) yields

®
Ve =4 (14.11)

General Solution for One-dimensional Flow

For the case of one-dimensional flow the differential equation (14.11) reduces to
e @
P

The general solution to this equation is obtained by trying a function of the form

(14.12)

d=Ce** (14.13)

which yields

Ca’e** = —e** (14.14)
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so that
a=%1/) (14.15)
The general solution to (14.12) therefore is
® = Ae*/* 4 Be~*/ (14.16)

where the two constants A and B are to be determined from the boundary conditions.
Leakage into an Aquifer Bounded by a Long River

As an example, we consider the problem of leakage into a semiconfined aquifer bounded
by a long river, sketched in Figure 2.58. The boundary conditions are that the head
approaches ¢* far away from the river and equals ¢y along the river bank. Choosing the
y axis along the river bank and the z axis as shown in the figure, the boundary conditions
become

r=0 b= T — 00 ¢ — 9° (14.17)

Figure 2.58 Leakage into an aquifer bounded by a long river.
Using the expression (14.9) for the potential, these conditions may be wrilten as
=0 b =P =kH(dp — ¢*) T — 00 ®—-0 (14.18)
The general solution for one-dimensional flow is given by (14.16),
® = Ae*/* + Be~=/* (14.19)
The second condition in (14.18) can be satisfied only if A is zero,
A=0 (14.20)

and application of the first one gives

&, = B (14.21)
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so that the solution becomes

® = ®oe~*/* = kH(gg — ¢*)e~*/* (14.22)

The total amount of leakage out of the aquifer is, by continuity of flow, equal to

the discharge entering the aquifer at the river bank. It follows from Darcy’s law (14.3)
and (14.22) that

. _8_‘:‘ o '1)0 —-z/A
Q:= i (14.23)
which becomes at r = 0;
Q:(O) = % - E_}{_Eﬁ;__m (14.24)

We observe that the leakage is proportional to the difference in head and inversely
proportional to the leakage factor. Thus, the leakage factor appears to be a good measure
of the amount of leakage.

Problem 14.1
A semiconfined aquifer is bounded by two infinite rivers that are a distance L apart. The y
axis is midway between the rivers, and the heads along the river banks at r = —L/2 and
x = L/2 are ¢, and ¢, respectively. The head above the leaky layer is ¢°. Using the
symbols for the aquifer parameters introduced in the text above:
1. Determine the head as a function of position.
2. Determine the toial leakage into the aquifer in terms of the parameters of the problem.

Problem 14.2
A long straight dam separates two lakes as shown in Figure 2.59; the levels in the lakes are
¢i-and ¢;. A leaky layer forms the bottoms of the lakes, which may be approximated as
being semi-infinite, and separates the lakes from an aquifer of thickness H. The hydraulic
conductivity and thickness of the leaky layer are k* and H*. The centerline of the dam
falls along the y axis, and the width of the dam may be neglected.

Questions
() Find the head in the aquifer as a function of position.
(b) Derive an expression for the flow undemeath the dam per unit length of the dam.

Figure 2.59 Leakage undemeath a dam separating two lakes (Problem 14.2).
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Problem 14.3
Determine the flow undemeath the dam of Figure 2.60 if an impervious sheet is placed
over the interval 0 < z < L as shown in the figure.

Figure 2.60 Leakage undemeath a dam with an impervious sheet (Problem 14.3).

Axisymmetric Flow

We will derive the differential equation for axisymmetric semiconfined flow by consid-
ering continuity of flow in the volume between the cylinders of radii r and (r + Ar) (see
Figure 2.61). Defining two functions f(r) and g(r) as

fr)=2nrQ,  g(r)=nr? (14.25)
the condition of continuity may be written as
fr+ Ar) — f(r) = N*[g(r + Ar) — g(1)] (14.26)
where N* is the leakage, expressed earlier by (14.10),

. ¢
N* = -2 (14.27)
Dividing both sides of (14.26) by Ar and passing to the limit for Ar — 0, we
obtain

df  ®dg
o= Ndr (14.28)
or, with (14.25),
d L]
< - 4.
2T dr(rQ,) 32 2nr (14.29)

Using Darcy’s law, Q, = —d®/dr, we obtain the following differential equation:

1d d® L]
——p—] == 14.30
rdr [r dr] A? ( )




166 Types of Flow Chap. 2

o‘

-

Q,(r+Ar)

Figure 2.61 Axisymmetric semiconfined flow.

It is of interest to note that (14.30) is a special case of (14.11): the Laplacian V2® for
radial flow reduces to the following expression:

2914 [,42] 4o 140
v q>-rdr "ar| T e T dr (14.31)
and (14.30) may be written as
e 1dd &
wmrrETn (14.32)
This equation often is transformed by making the substitution
E=1/A (14.33)

so that, with

—-_— == — (14.34)
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the differential equation (14.32) becomes
+-——-0=0 (14.35)
This equation is known as Bessel’s modified differential equation of order zero.
The general solution to this equation is written as
® = Alo(§) + BKo(§) = Alo(r/A) + BKo(r/)) (14.36)

where Ip(€) and Ko(€) are called modified Bessel functions of order zero and of the first
and second kind, respectively. Series expansions for these functions are available, as
well as tables and subroutines for numerical evaluation. These are given in mathematical
handbooks and will not be presented here. The derivatives of the above functions are
modified Bessel functions of order one:

dlo(§) dKo(£) .
=1 —==-K 14.37
dE 16) £ 1(§) ( )

An expression for Q, is obtained upon differentiation of (14.36) with respect to r:

Q= —-:-:-I.{r//\} + ?h'ltrlh) (14.38)

Graphs of the above four Bessel functions are presented in Figure 2.62. The constants
A and B are determined by application of the boundary conditions, as shown for an
example in the following section.

Flow Toward a Well in an Infinite Leaky Aquifer

The case of radial semiconfined flow toward a well in an infinite leaky aquifer is illustrated
in Figure 2.63. The discharge of the well is @, and the origin of the radial coordinate
system r, z is at the center of the well; the symbols for the various aquifer parameters
are as introduced earlier. It is given that the head in the aquifer approaches ¢* at large
distances from the well, i.e.,

r — 00 d -0 (14.39)

Furthermore, the well pumps a discharge Q and the boundary condition at the boundary
of the well, r =r,, is

T=Ty Q = 27rrw[_Qr(rw)] (14.40)

where it is noted that @, is negative for flow toward the well.
It is seen from the graph of I in Figure 2.62 that this function approaches infinity
for r — oo: the condition (14.39) will be met only if the constant A in (14.36) is zero,

A=0 (14.41)
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°.
Lo I
Figure 2.63 Semiconfined flow toward a well.
Application of (14.40) to the expression (14.38) for Q, gives
B
Q= —Zﬂ‘fwxf\;(‘rm/z\) (14.42)
or
B= QA L (14.43)

211y Ky(rw /M)
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The expression for the potential is obtained by using (14.41) and (14.43) in the general
solution (14.36), which yields

_ QX Ko(r/N)
2nry, Ki(ry/A)

(14.44)

A comparison of this solution with the one obtained for confined flow may be
made using the following approximations (Abramowitz and Stegun [1965]):

.
Kor/N==-Inisy A<D (14.45)

Ki(r/) = A/r r/A< 1)

These approximations are sufficiently accurate for practical purposes for r/\ < 0.2. For
many cases, A is larger than 100; for example, if k/k* = 10°, and HH* = 10 m?, then
A = V10* m=100 m so that the approximations (14.45) are accurate for r < 20 m. The
potential (14.44) thus becomes in the neighborhood of the well:

QA M = 9—- Inr — -g- In(1.123X) (14.46)

b~ 21y, A/Tw 27 2w

and we observe that the potential behaves near the well as in a confined aquifer. Ap-
parently, the effect of the leakage through the leaky layer inside a cylinder of radius
r/A = 0.2 is not important, and the effect of leakage outside that cylinder is accounted
for by the constant in (14.46).

It is to be noted that the solution (14.44) is valid only if the head at the well is
larger than H. The potential at the well is obtained from (14.46) by setting r equal to
rﬂ"

Q Tw
d, = w— @)= — .
kH(¢ ?*) o In 11231 (14.47)
and ¢,, must fulfill the condition
- Q ru'
, = > 44
Ou=0"+ Tkl [in 1.123,\] 24 (14.48)

Problem 14.4
Determine, in terms of the aquifer parameters, the leakage Qo through the leaky layer
in a circular semiconfined aquifer of radius R in an island in a lake with head ¢ = ¢. The
head above the leaky layer is ¢°. Define Qo as being positive for leakage into the aquifer.

Problem 14.5
Answer the question stated in problem 14.4 if a well is located at the center of the is-
land and pumps a discharge Q.
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Two-dimensional Flow

The differential equation (14.11) for two-dimensional semiconfined flow

®

2
Vo = bVl (14.49)

is linear so that the superposition principle holds. A number of two-dimensional problems
may be solved by the method of images; as an example, consider the problem of a well in
a leaky aquifer near a river, illustrated in Figure 2.64. The origin of an x, y, z coordinate
system is chosen at a point of the riverbank, with the z axis pointing vertically upward,
the y axis along the riverbank, and the z axis into the aquifer. The well is located at
z = d, y = 0; the discharge and radius of the well are  and r,,. There are three
boundary conditions. The first one is that the head is ¢ along the river bank:

z=0 d=¢o (14.50)
|
I
y I v
- | +
I_. S ° D} : —— ©
|
$=¢% |
d | d
(a) — s e

()

(b)
Figure 2.64 A well in a leaky aquifer near a river.

The corresponding value of the potential is obtained from (14.9):
=0 ®=0y=kH(¢o— ¢") (14.51)

The second boundary condition is that the head approaches ¢* for x — oo:
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T — 00 b —@° -0 (14.52)

The third boundary condition is that the well draws an amount Q from the aquifer. De-
noting the local radial coordinate emanating from the well as ry, this boundary condition
becomes

2x
T =Ty =- Qri(ry, O)ry,do (14.53)
0

where Q,(ry,6) represents the component of the discharge vector in the direction r,.
Note that this condition reduces to (14.40) for the case that Q. is independent of 8.

We solve the problem in two steps: first we solve the problem illustrated in Figure
2.64(c) for flow from an image recharge well at = —d, y = 0 toward the well at
z =d, y =0, and second we determine an additional solution to meet the boundary
condition along the river bank. Denoting the local radial coordinate emanating from
the image recharge well as r,, we obtain the potential for flow with the two wells by
superposition of two solutions of the form (14.44):

QX [Ko(ri/X) = Ko(r2/))
27Ty, K\(ry/X)

This potential vanishes along the river bank, as is seen by noticing that r| equals r, for
z = 0. As opposed to solutions of the Laplace’s equation, a constant potential cannot
be added to (14.54) to satisfy the boundary condition (14.51): a constant does not fulfill
the differential equation (14.49).

We may, however, add a potential for uniform flow chosen such that it equals &,
at z = 0. The boundary conditions (14.51) and (14.52) are identical to those for the
problem of Figure 2.58 with the solution given by (14.22),

d=

(14.54)

& = Pye— /A (14.55)

Addition of the potentials (14.54) and (14.55) yields the complete solution to the
problem:

& = Bye-/* — QX [Ko(ri /X)) = Ko("z/z\)] (14.56)

2mry, Ky(ru/X)

This potential fulfills the boundary conditions (14.51) and (14.52). It satisfies condition
(14.53) in an approximate fashion. The term in (14.56) due to the well at = = d,y=0
contributes an amount Q to the integral in (14.53). The contributions of the other two
terms are small; by continuity of flow each of these terms contributes to the integral an
amount equal to their portion of the leakage term integrated over the area of the well.
For most cases this amount is small with respect to the discharge of the well and may
be neglected.
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15 SHALLOW FLOW IN SYSTEMS OF AQUIFERS SEPARATED
BY LEAKY LAYERS

We will consider problems of flow in systems of aquifers separated by leaky layers in
this section. The aquifers need be considered together in formulating the problem since
they interact through the separating layers. If there is no variation in the thicknesses
and hydraulic conductivities of the aquifers and the leaky layers, then the mathematical
formulation is relatively straightforward.

The first to consider flow in systems of an arbitrary number of aquifers separated by
leaky layers was Mjatiev [1947); Huisman and Kemperman [1951) independently solved
a problem of flow in a system of two aquifers with a well in each layer. These analyses
are applicable to semiconfined systems, i.e., the uppermost boundary is a leaky layer
with a constant head ¢* above it. We will discuss the method of solution for problems
of semiconfined flow with an arbitrary number, n, of aquifers and treat the problem of
two wells in a semiconfined system of two aquifers as an example.

The technique introduced by Mjatiev, and discussed for a system of two aquifers
by Polubarinova-Kochina [1962], may be modified to account for the case that the up-
per boundary is impermeable, i.e., for horizontal confined flow in a system of aquifers
separated by leaky layers. We will outline the approach for solving problems in such
systems with an arbitrary number of aquifers, and treat the problem of flow in a system
with two aquifers as an example.

In practice the uppermost aquifer of the system is often unconfined, leading to
a nonlinearity in the system of differential equations. Following the generally adopted
practice of linearization, the system may be described in an approximate fashion in much
the same way as for the confined case. We will adapt the technique applied to the latter
case to systems with an upper unconfined aquifer, and solve a problem in a system of
two aquifers, as an example.

Semiconfined Systems of Aquifers Separated by Leaky Layers

We will examine the case of a system of n aquifers separated by leaky layers, illustrated

in Figure 2.65 for the case that n=3. The aquifers are labeled as 1,2,... ,n with aquifer

1 being the uppermost one; the separating layers are numbered 1,2, ... ,n, also from

the top down. The hydraulic conductivity and thickness of layer i are k; and H;, the
i

resistance of the j® separating layer is c; and the head in aquifer i is ¢. Expressions

for the specific discharge ¢? through separating layers : = 1,2,... ,n are obtained from
Figure 2.65 as (compare [14.5])

¢—9°

(4]

l’
9. =
i-1 i-1 as.n

6-9 -6 o -¢

¢ Gy ¢

o -

n

(t=2,3...,n)

g =
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U

Figure 2.65 A semiconfined system of three aquifers.

Defining potentials for layers i = 1,2,... ,n as

@ = k,H(p - ¢°) (15.2)
equations (15.1) may be expressed as,
. I
q; = al.t‘l’ihl .- (153)
0:=-ai_1; ® +a;;®
where
aij= (15.4)

- k,-H,'CJi

The leakage N* into aquifer i may be expressed in terms of the potentials by the use of
(15.3) and Figure 2.65 as follows:

1 1 2

N* = -‘}: + é; =—(a11 +a2)P + a,d (15.5)

i ; i i—1 i +

N*=-q; + EI; =01 ® —(@iita i )P+ ai i ® (=23,...,n—-1)
(15.6)

" n n—1 n

N™ = "Q: =an-1n ® —a,,® (15.7)

The differential equation for the potential in layer i is given by (14.4),

V2 = —N* (15.8)
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Using (15.5) through (15.7) we obtain the following system of n coupled differential
equations:

1 1 2
Vo= (a1 +a12)® - az2® (15.9)
1 i—-1 1 i+l
Vi = =01 ® +@iitaiiv)®— i1, ® (@=2,3,...,n-1)
(15.10)
n—| n
V0= —an i ® +aynd (15.11)

We have thus far used several particular solutions, both one-dimensional and axi-symmetric,
to the differential equation

VW (z,y,w) = ' W(z,y,w) (15.12)

It appears that solutions to the above systems of n differential equations may be obtained
by setting

‘i> =}:1W(:r, y,w) (15.13)

Substitution of this expression for &' in (15.9) through (15.11) yields, using (15.12),

Au’-(an+u1 z)A—azzA (15.14)
sz ==ai-1, A +(a;; +at,:+l)A — Qitl,it+1 A @=23,...,n-1)
(15.15)
n—1| n
Aw? = —n-1n A +apnA (15.16)

1]
This system of equations is homogeneous in terms of the constants A and has nontrivial
solutions only if the determinant vanishes. The latter condition yields an equation of
order n in terms of w?, which has n different roots, denoted as w}(G=12,..,n).

For each of these roots there exists a set of constants ;:lj. All equations may be divided
1 i

on bol.h sides by A;, and the ratios A;/A; determined, beginning with (15.14) to find

A il A 7 lhen proceedmg to i = 2 and solving the second equation for A / a;, using the

value for A,/A,. and so on until all constants are found. This yields n — 1 constants a,
(i=2,3,...,n) for each w;:

i 1
Qj =AJ'/Aj (IS]?)
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There are n different functions W = W(z, y, w;), each for one value of w;. The particular
solution of the system of differential equations in terms of the functions W may now be
written as a sum of all solutions that satisfy the system:

¢=3 &mWa,yw) (=12,...,n) (15.18)
j=1
where

1
pj = A; (15.19)

represents n unknown parameters. For the case of one-dimensional flow there are two
particular solutions W and W,, given by (compare [14.13])

Wi(z,y,w;) = e“1* (15.20)

Wa(z, y,wj) = e™5* (15.21)

Writing ;W in (15.18) as a linear combination ji;W; + i, W, we obtain

o= i&, [k + hjem] =120 0m) (15.22)

There are 2n coefficients ;]1,- and f;,-. which may be determined from 2n boundary con-
ditions, two in each layer. A similar approach may be followed for other forms of W,
for example, the Bessel functions K and Iy.

We will apply the technique outlined above to a system with two aquifers and solve
an elementary problem as an example. The interested reader is referred to Heitzman
[1977] for a detailed treatment of systems of two and three layers.

Two Aquifers
For the case of two aquifers (n = 2) the equations (15.14) and (15.16) reduce to
1 1 2
A,-w} = (ﬂ|‘| + ﬂ|‘1)AJ' - ﬂ.zlej (15.23)

2 2 1 2
A_fr.v‘j = —a|‘2Aj -+ az‘zAj (15.24)

1 2 1
Division of each equation by A; = u; gives, writing A;/A; as & o
2
wi= (an) +a12) - 62205 (15.25)

2 2
ajw; = —a12 + 42205 (15.26)




176 Types of Flow Chap. 2

Solving the first equation for czx,- and substituting the result in the second one we obtain
the following equation for w?:

W; —(a)+aj2+ ﬂz.z)w,z- +ay,1a22,=0 (15.27)

with the solutions

Wi =3 a2+ a2t %\/[(ﬂl,a +a22) + a2l - 4a1,02) (15.28)

Working out the expression under the square root sign this becomes

wi=Ha+az+a) %\/(al,l — a2 +2ai,) + a2z +af, (1529)

The expression under the square root sign is always positive since all constants a; ; are
positive for physical reasons. The root obtained by using the + sign is positive and the
product of the roots of (15.27) equals a) ;a3 2; both roots are therefore always positive.

With the roots w? and w? obtained from (15.29), the constant &; may be expressed in
terms of a; ; by the use of (15.25):

2

2 a, ta2 —wj

aj = AL ) (15.30)
a2

The expression for the potential 'i> is obtained from (15.18) in terms of a particular
solution W as follows, using that &; = 1 (see [15.17])

1
¢ = Wi(z,y,w) + p2W(z,y,un) (15.31)

2
¢ = 3:#1W(r,y.w1) + bWz, Y, w2) (15.32)

where p, and p; are two unknown constants, to be determined from the boundary
conditions.

Example 15.1: Flow with a Well in Each Aquifer

As an application, we consider the case that a discharge 612 is pumped from a well in the
upper aquifer. The aquifer system is infinite and we require that the potential vanishes at
infinity, so that only the Bessel function Ko(w;r) need be considered. The expressions
for the potentials (15.31) and (15.32) thus become

]

® = i1y Ko(wir) + fr2 Kolwar) (15.33)
2
[0}

2
¢= ntltlﬁ'o(wnf) + fzrzillzft'o(wzf) (15.34)
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where the superscript 1 is used in ;llj to indicate that the well is located in the upper

2
aquifer. The potential in the lower aquifer, ®, must be finite below the well since the
well extends only into aquifer 1. For small values of w;r, the Bessel function Ko(w;r)

2
approaches — Inr + C;, where Cj is a constant (see [14.45]); in order that & is finite at
r =0, the coefficients of the two Bessel functions in (15.34) must be equal in magnitude
and opposite in sign:

2 1
= -0 (15.35)
a
1
The well pumps a discharge Q, so that (14.40) must be satisfied. It follows upon
1
differentiation of & that

|
! dd -
Qr = —— = i K\@ir) + fizwn K (wor) (15.36)

and application of a condition of the form (14.40) yields

1
Q = =277y [ Ky @iry) + fows Ky (wyry)] (15.37)

Using (15.35) the following expression for ;'x. is obtained:

17
- : —Qa . (15.38)
2nry (0w Kij(wiTy) — ayws K (wary)]

All coefficients are now expressed in terms of known quantities, and the head may be
computed in each of the two aquifers.
A similar approach may be followed for the case that the well is screened only in

1
the lower aquifer. We replace 4; in (15.33) and (15.34) by ;. The potential & now
must be finite at r = 0, and we obtain from (15.33), replacing ;Ix,- by flj,

==t ' (15.39)

2
The discharge component Q, is obtained by differentiating (15.34) and is used in a

2
condition of the form (14.40). This gives, denoting the discharge of the well as Q and
using (15.39):

2
Q = —2ry i [dw1 Ky (@17) — &awn K (wir)] (15.40)
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Solving this for f; we find

2
2 . -Q
K

21rfw(t2nwah' wirw) = 3:2sz 1{worw)]

(15.41)

As a final example, we will discuss the case that a well operates in the upper
aquifer at z = 3d, y =0 and a recharge well in the lower one at z = —3d, y=0. The
discharge and recharge are equal 10 Q, and the local radial coordinates r; and r; emanate
from the well and the recharge well, respectively. The expressions for the potentials for
this case are obtained by superposition of the solutions obtained above:

! 1 1 2 2
o= mKowr)+ mKolwrr)+ mKolwir)+ 2 Ko(wrrs)
(15.42)

2 2 21 22 22
& = &y Ko(wiry) + azpe Ko(war) + aijs Ko(wim2) + azpz Kolwnr2)

(15.43)

where O = Q and O = —Q in (15.38) and (15.41).

Problem 15.1
Determine the head at the well for the case of flow from a recharge well in the upper
aquifer toward a well in the lower one discussed in the foregoing. Express the value of Q
2

in terms of the aquifer parameters for the case that ¢, = H.

Problem 15.2
Solve the problem for flow in a system of two aquifers toward a well that is screened
in both aquifers. The total discharge of the well is Q, and the radius of the well is 7.
Use the symbols introduced in this section to denote the various aquifer parameters. Derive
1 2
expressions for the discharges Q and Q withdrawn through the segments of the well in
layers 1 and2byroquiringumlheheadsa]mglhewellboundaﬁesinlhelwoaqujfmbe
the same.

Confined Systems of Aquifers Separated by Leaky Layers

We will next treat systems of aquifers separated by leaky layers with an impermeable
upper boundary, and refer to these as confined leaky systems. The system of differential
equations for a confined system of n layers (see Figure 2.66) is derived in a similar
fashion as for the above semiconfined system. A difference comes about as a result of
the absence of leakage through the upper boundary,

g =0 (15.44)
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The head ¢* has no meaning for confined leaky systems, and we set ¢* equal to zero

1
in the definition (15.2) of the potential in terms of head. The leakage N* into the upper
aquifer is obtained from (15.5) with (}; =0,

1 1 2
N* = —a;2d + az,® (15.45)
|
y =0
I
2
H, *l po *H;
_..1 =
Hy *2 3
. HY
_t  tF 7
—_—— - =
1
Hy &

Figure 2.66 A confined system of three aquifers.

The leakage into all other layers is given by (15.6) and (15.7), and the differential
1
equation (15.9) for & changes to

. 1 1 2
V2P =a,,0 - a;,® (15.46)
but (15.10) and (15.11) are valid for the present case:
i i—1 i i+
Vo =—a, ;P +(ai; +iis1)P - Givriv1 ® (E=23,...,n-1)
(1547)
n n-—1| n
Vid=—a, 10 ® +an,® (15.48)

There is no net inflow into the system through the upper and lower boundaries and
therefore the comprehensive potential ®, defined as the sum of all potentials ‘i>

t:i&:ik,-ﬂ,-é (15.49)

i=1 i=)

fulfills Laplace’s equation
Ve =0 (15.50)
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This may be verified from (15.46) through (15.48), observing that all terms to the right
of the equal sign cancel upon addition. We separate the potential ‘i' in two functions F
and C'}‘,

®=F+G (15.51)

3 F=0¢ (15.52)
=1

so that, by (15.49),
3 G=0 (15.53)

i=l
Furlhennore: we require that all 1‘7‘ are harmonic

ViF =0 (15.54)

and that these functions fulfill the set of equations (15.46) through (15.48):

1 2
a)2F - a2 F =0 (15.55)
i—1 i i+l
—a;—1; F + (@i + aii4))F — ait1,i1 F =0 i=2,3,...,n=1)
(15.56)
n-—1 n
—ap-1n F +apnF =0 (15.57)

We may solve this system of equations by expressing all functions f’ in terms of 115‘
starting with the equation for i = 1 and proceeding until ¢ = n — 1. It may be noted
that (15.57) is redundant: any equation may be replaced by a linear combination of the
system of equations. Choosing this combination as the sum of all equations we obtain
the identity 0 = 0, which is always fulfilled so that there are only n — 1 independent
equations. The above procedure yields n — 1 expressions of the form

AF (15.58)

[}

F
where
1 (15.59)

n

1
v
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Using (15.52) as the n** equation we obtain

n i n i |
S F=) yF=9 (15.60)
i=1 =1
so that
1
pe_2 : (15.61)
Z:::' 1
and (15.58) yields
F=22 : (15.62)
Z;‘:] ’7 N

Because the functions }"‘ all fulfill the differential equations (15.46) through (15.48), the

t
functions G must be solutions to this system of equations as well:

1 1 2
VG = ;3G — a,G (15.63)
1 i—1 i i+l
V3G =—a;_1,G + (@i +ai41)G —aiy1,1 G (i=23,...,n—1)
(15.64)
n n—1| n
V3G = —apn-1n G + 8nnG (15.65)
Utilizing (15.53), we may express 8‘ as
n n-l
G=-) G (15.66)

n
and substitute this expression for G in (15.64) for i = n — 1, thus reducing the system to

n — 1 equations in terms of the n — 1 unknown functions é. i=1,2,...,n—1.
The comprehensive potential may be determined similarly as was done in Sec. 12

for problems of shallow flow with laminae, and the functions (.}‘ are obtained as sum-
mations of particular solutions to Bessel's equation. Each potential contains a harmonic
part and a part that fulfills Bessel’s equation. By the separation presented above we
have split the problem into two parts: the determination of a harmonic potential and the
selection of appropriate solutions to Bessel’s equation.
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Flow in a Confined System of Two Aquifers

As an example, we will consider the case of two aquifers, n = 2. The equations
(15.55) through (15.57) now reduce to

1 2
a12F —a32F =0 (15.67)
1 2
—a12F +a,F =0 (15.68)
As was noted before, the last equation is redundant, and we obtain

2 1 1
F=%2p_3p (15.69)
az;2
(compare [15.58]), where
A=412 (15.70)
az2
Using (15.52) we obtain
1 1 2 3),
F=—m75¢ F= —® (15.71)
1+ 1+

The differential equations (15.63) through (15.65) for 6‘3 reduce to

1 1 2
VRG = a._zG' - a;,;G' (|5.72)
2 1 2
V2G = —a, 3G + a2,G (15.73)
Using (15.66) these equations become

2
G=-G (15.74)

1 1
V3G = (a2 + a22)G (15.75)

1
The function G may be written as a sum of particular solutions W to the differential
equation

VW = w*W (15.76)
where
w=a;2+ a2 (15.77)

We will consider some elementary cases of flow as applications below.



Sec. 15  Shallow Flow in Systems of Aquifers Separated by Leaky Layers 183

Uniform Flow.  Consider a case of uniform flow with a comprehensive discharge
Qzo in the z direction. The corresponding expression for the comprehensive potential is

=-Quz+C (15.78)

where C' is a constant. It follows from (15.71) that
1

|
F =

5 (—Qx0z + C) (15.79)
1474
and
2 5
F=——=(-Qz0z +C) (15.80)
1+7%

The flow is one-dimensional and the general solution of (15.75) is

| .
G = Ae“" + Be™“* (15.81)

The aquifer system is infinite, and we expect on physical grounds that the leakage will
i
remain finite at infinity. Since the leakage is proportional to G, this means that
A=B=0 (15.82)

and

2 2
¢=F d=F (15.83)

1 2
Thus, V2@ = V2@ = 0 so that there is no leakage anywhere between the layers. It appears
that the uniform flows in the two aquifers of a confined leaky system adjust themselves
under steady-state conditions such that the heads in the two aquifers are equal and there
is no leakage between them: the system behaves as a single aquifer. The heads in the
two aquifers will be different only locally, such as in the case of a well screened in one
of the aquifers.

Flow Toward a Well in the Upper Aquifer.  The case of a well screened in the
upper aquifer will serve as a second example. If the well is located at the origin, if its
discharge is Q, and if r is the local radial coordinate, then the comprehensive potential
becomes

o=2

Inr+C (15.84)
2

1 2
where C is a constant. The functions F and F are obtained from (15.71) and (15.84),
giving

Il?‘ l 5 [9— lnr+C] (15.85)
1+ 2m
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and
2 5 [Q
F= — [-—-—- Inr + C’] (15.86)
1+ 127
1
The function G will be of the form
1
G = AKo(wr) (15.87)

The constant A is determined from the condition that the head is finite in aquifer 2 for
2 2 2 2 1
r=0. With & = F + G = F — G we obtain

2 2

tim | —— 2 lnr - AKywr)| + —2 -C=M (15.88)

014527 1+

where M is some finite number. The function Ko(wr) may be approximated for small
values of r by (14.45)

Kowr)= —Inr + Cy r<l (15.89)

where Cp equals — In(w/1.123). The two singular terms in (15.88) will cancel in the
limit for r — 0 if

2
A=——"—ZQ (15.90)
1+ 12
so that (15.87) becomes
L4 Q
G = —— 2= Kowr) (15.91)
14+4<™

Thepotenuals@and@maynowbedetennmedasafumuonofrbymeuseofme
relations 'P F+G G = —G and (15.85), (15.86), and (15.91):

2

1
o=—1 (s +C] Y2 Ky (15.92)
1+ L2 1+427
and
Q Y Q
[ lnr+C] + — 2= Ko(wr) (15.93)
2w
T+ 1+7
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As a check on the solution, we verify that the discharge of the well in aquifer 1 is indeed
Q. Approximating Ko(wr) for small values of wr by (14.45) we obtain

2

e

1
® —-[glnr+0]+l+%2ﬂ[lnr+lnﬁ] Wr<l) (1594)

Q

144 127

Hence, in the neighborhood of the well, &' approaches the potential for a well, Q/(27)Inr.
It is important to note, however, that the solution is approximate: as the well radius
increases, the approximation (15.94) becomes slightly inaccurate. This inaccuracy is
caused by the leakage through the dividing layer in the area inside the well, which is
incorrectly entered into the solution.

The case of a well in the upper aquifer in a field of uniform flow in the z direction
may be solved by adding the potentials given by (15.83), (15.79), and (15.80) to (15.92)
and (15.93), combining the two constants C into a new one:

2
. .
2=—L [_Q,.,H 221m-+c] -2 Zkwn 1599
1+~ T 14427
and
2 5 Q 7 Q
d= 5 [—Q,o:c+ —lnr+C] + 5 .I—Kn(wf') (15.96)
1+ 2 1+54"

The value of the constant C may be determined by specifying the head at some reference
point in one of the two aquifers. It may be noted that the two aquifers are connected
to the extent that the head at the reference point in the second aquifer cannot be set
independently from that in the first.

Problem 153
Determine the solution for radial flow toward a single well of discharge Q screened only in
the lower aquifer.

Problem 15.4
Determine the solution for radial flow toward a single well of discharge Q screened in
both aquifers.

Unconfined Systems of Aquifers Separated by Leaky Layers

We refer to an unconfined leaky aquifer system if the upper aquifer in a stack of aquifers
separated by leaky layers is unconfined. The approach for solving problems in such
systems is similar to that for the confined systems treated in the foregoing. The two
main differences are:

1. There may be infiltration from rainfall so that the comprehensive potential is not
harmonic but fulfills the Poisson equation.
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|
2. In order to keep the system of differential equations linear, the potential ¢ for the
upper aquifer is linearized in the expression for the leakage 3;;.

The aquifer system is illustrated in Figure 2.67. Denoting the infiltration from rainfall
as N, we obtain for (l;;

g;=-N (15.97)

H,y

N

Figure 2.67 An unconfined system of three aquifers scparated by leaky layers.

We represent by hg the elevation of the base of the uppermost aquifer above the base of
|
the aquifer system. The expression of potential @ for the upper aquifer in terms of the
1
head ¢ then becomes

¢ = %h(& — hoy’ (15.98)

The discharge (z;; is expressed as

1
-¢
€2

Y

(15.99)

2‘
9. =

1 ]
The head ¢ is a function of the square root of ¢, and we avoid the resulting nonlinearity
as follows. Let H, represent the estimated average saturated thickness of the upper
aquifer, so that

1
¢—ho=H +¢ (15.100)
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where ¢ is the deviation from the average, which is assumed to be small. Substitution
|
of Hy + ¢ for ¢ — hg in (15.98) yields

1
® = 3ki(Hi +€)* = }kyH} + kyHye + Sk e? (15.101)

Neglecting the term k2 with respect to the others we obtain

| |
® ~ ki Hi(e + Hy) = 3k H] = ki H\(¢ — ho) — 3k H? (15.102)
and (15.99) is replaced by

1 2
5 _kiHu(@ — ho) — 3k H? 4 kaHad  ho+ 1H,

1= . 15.103)
kHc ke o (
or
2 1 2
q; = —a;2® + a9 - (15.104)
where
1
1H
p=lot (15.105)
)
The infiltration into the upper aquifer is
1 1 2
N*= —('1: +32= —a12® + a2, -B+ N (15.106)

The leakage into the second aquifer is obtained from (15.6) with i = 2 and 5; given by
(15.104),

2 ] 2 3
N* = ~5: + 3; =a12® - (a22 +223)® +a330 + (15.107)

The other values of !if * are idenlical to those given by (15.6) and (15.7). The differential

equation for the potentials &, V2® = — N*, become (compare [15.46] through [15.48]):

1 I 2
V@ =g 20 -a20+5-N (15.108)
2 1 2 3
V2@ = —a) 29 + (a2 + a23)® — 2338 — (15.109)
i i—1 i i+
V2= —a;_1; @ + (@i + aiiy1)® — 0i+|,i+1“1’ (i=3,4,...n-1)
(15.110)

n n-—1 n
V@ =-a, 10 ® +an,® (15.111)
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The infiltration into the system through the upper boundary is N so that the comprehen-
sive potential fulfills the Poisson equation

V¢ =-N (15.112)
where

¢=Z$= %ku&-hm%Zk.-H.:}; (15.113)

=1 i=2

1
It is important to notice that the potential ® is given by the quadratic form (15.98); the
linearization was carried out only for the purpose of expressing the leakage term as a
linear function of the potentials.

i i i
We decompose the potentials ¢ into two functions F' and é as in the case of a
confined system, but add to each potential a constant 6’ and drop the requirements that
i
VZF=0:

¢=F+G+C (15.114)
where
Zf'i‘= @ (15.115)
=l
and
G=0 (15.116)
i=1
and
Yy c=0 (15.117)

We impose the conditions (15.55) through (15.57) to the functions }«‘ which therefore
may be expressed in terms of the comprehensive potential as

F=—2 =10 (15.118)
ijl ‘Y
where the 4 are defined by (15.58), and
= (15.119)
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Substitution of (15.114) for (i> in the system of differential equa_tions (15.108) through

(15.111) yields, combining (15.112) and (15.118) to express V’I‘-" as _‘;. N, and using
(15.55) through (15.57), (15.119), and (15.112),

Ll" al.zfl;‘—02,2(27+a|,2(13—ﬂz,zé’+‘!,r’N+ﬁ— N (15.120)
2& —ay z(l? + (a2,2 + az, 3)(2? ay 3(%:'

—01.20'*‘(&22 +ﬂ23)C—ﬂssC+'r N-3 (15.121)
V2C.‘ =—ai_),; G + (ai; + a; .+|)G — @4 .H'(t;l

=@, |C +(a|a +a.,+|)C—a,+1 g+l C +']" N (1=3,4,... ,n-1)

(15.122)
n n-1 n n-—1 n n
VZG = —Qn-1,n G + an,nG = Qpn—1i,n C + an,nc + 7.N (15123)
We choose the constants ('.? such that
i 2
012C —a32C +4'N+8-N=0 (15.124)
1 2 3
~a12C +(a22 + 023)C = a33C+4*N = f =0 (15.125)
izl i i+
=i-1,; C +(aii +a;i+1)C = @i41 i1 C +9*'N=0 (i=3,4,...,n-1)
(15.126)
n—1 n n
—8p1n C +a,,C+4*"N=0 (15.127)

One of these equations may be replaced by another, obtained by any linear combination
of the equations. Thus, (15.127) may be replaced by the sum of all equations, which

yields the identity 0 = 0, as is seen by noticing that the sum of all constants ‘;' is 1.
We will use (15.117) to replace the equation eliminated above. All of the constants may

1 2 1
then be expressed in terms of C, beginning with (15.124) which yields C in terms of C,

2 3 1
then using this expression for C in (15.125), which yields C in terms of C, and so on.
Continuing this process until i = n — 1 we obtain expression of the form

C=4C+b (i=1,2,...,n) (15.128)

Using (15.117), we obtain

):é(';'+23=0 (15.129)
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so that

é‘ 2"" (15.130)

The differential equations (15.120) through (15.123) for the functions G now may be
simplified, using (15.124) through (15.127),

1 1 2
VG = a12G - a2G (15.131)
i i—-1 i i+l
V2G = —a;—1,; G +(ai; + 6ii+1)G — @i+1,i+1 G (1=23,...,n-1)
(15.132)
n n-1 n
V2G = —an-1n G + @naG (15.133)

These differential equations are identical to those valid for the confined system. The
method of solution differs from that for the confined case only in that rainfall may be

included and that the constants C must be added to each potential.

Flow in an Unconfined System of Two Aquifers
We will consider the case of two aquifers as an example, and fol]ow the sleps

outlined for the case of confined flow. The expressions for the functions F and F are
given by (15.71)

o
g
]

<2n
L=

1
F=

(15.134)

+
2
+
~2

where 3 is given by (15.70)

2
3

(15.135)

o |

az,

1 2
Expressions for the constants C and C are obtained from (15.124) and (15.117), which
yields

2 N(1-4)-8

1
C=-C= (15.136)
aj2+az2

Using (15.59), (15.119), and (15.135) this may be written as

1 2 1 a2
C=-C= [N : -—ﬁ] (15.137)
a2 +az2 a2+ az2
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1 2
and the potentials ® and ® may be expressed by the use of (15.114), (15.116), and
(15.134) as

1 1 ]

¢ = —¢+C+G (15.138)
l+1r

and
2

2 ¥ 1 1

d= 2<I>— cC-G (15.139)
147

1 1
where C is given by (15.137). The functions ® and G are determined similarly as for
the confined system.

Uniform Flow.  The potentials for uniform flow in the z dlrecuon are oblamed

using (15.79) and (15.80) with (15.138) and (15.139), noticing that G must be zero in
order that the leakage at infinity remains finite:

b= ~(- Q,g:r+C)+C (15.140)

l+

2

5 z
b=

(15.141)
1+7

It is important to note that the leakage is zero. This result is inaccurate: the leakage
1
is computed using a linearized expression for the potential . Because the potential

1 1 1 2

® is quadratic in terms of the head ¢, the two heads ¢ and ¢ obtained from (15.140)
and (15.141) are different even though the leakage is predicted to be zero. Keil [1982]
compared the results of the solution for a system of two aquifers with finite boundaries
to observations made on a Hele-Shaw model, and found that the discrepancies were well
within the accuracy of the experiment.

12
Flow Toward a Well Screened in the Upper Aquifer.  The functions F, F, and

]

G derived for the case of flow in a confined system toward a well screened in the upper
aquifer are applicable to the case that the system is unconfined. These functions are
given by (15.85), (15.86), and (15.91) and we obtain

=F+G+C (i=12) (15.142)

where the constants C are given by (15.137).
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Flow in Unconfined Systems of Three Aquifers

For the sake of brevity, we will not discuss cases of more than two aquifers. The
interested reader is referred to Keil [1982] for a detailed treatment of unconfined systems
of three aquifers, including problems with wells screened in any number of aquifers,
rainfall, uniform flow, and advanced functions that make it possible to implement condi-
tions along finite boundaries. Keil presents the listing of a FORTRAN program applicable
to unconfined leaky aquifer systems.

16 TRANSIENT SHALLOW FLOW

As mentioned in the introduction, the emphasis is placed in this text on the application
of analytic techniques to steady-state groundwater flow. For the sake of completeness,
however, the basic equations for shallow transient confined and unconfined flows will
be derived in this section. These equations will be used only in Chapter 4 in connection
with contaminant transport and in Chapter 9 in connection with approximate methods.

Transient Shallow Confined Flow

Transient effects in aquifer systems come about when boundary values or infiltration rates
vary with time. A common example is a well that is switched on; upon starting the pump
the heads and pressures in the aquifer system change gradually until, for all practical
purposes, steady-state conditions are reached. In a confined aquifer, the transient effects
are caused by the compression of the grain skeleton as a result of decreasing pressures;
if both the aquifer material and the fluid were incompressible, steady-state conditions
would be reached instantaneously.

The problem of transient flow in a confined aquifer is a coupled one; the defor-
mation of the grain skeleton is coupled to the groundwater flow. The problem is very
complex, as the constitutive equations for soil are highly nonlinear, even under dry condi-
tions, and the coupling with the groundwater flow increases the complexity further still.
Biot [1941] formulated the coupled problem mathematically, approximating the grain
skeleton as a linear elastic material. Fortunately, the pressure changes due to groundwa-
ter flow are usually small as compared to the overburden stresses in the grain skeleton,
which allows approximations to be made that simplify the problem considerably. We will
formulate the problem in terms of two equations: the equation describing storage, and
a simplified equation for the deformation of the grain skeleton. All strains and stresses
are taken positive for extension and tension, respectively.

The Storage Equation

The storage equation expresses that water may be stored in an elementary volume
V' of porous material due both to an increase of V and a decrease in the volume V,,
of the water. We assume that the aquifer is shallow so that all properties may be taken
constant over the aquifer thickness H. A decrease in storage of an elementary volume
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will force water to flow out of V (see Figure 2.68) and has a similar effect upon the
aquifer as infiltrating water, which also forces water to leave the elementary volume; by
continuity of flow the rate of outflow equals the infiltration rate N*. By this analogy
we make use of the differential equation V2® = —N*, interpreting N* as the rate of
decrease in storage. If eo = AV/V and ne,, = AV,,/V (n is the porosity) are the volume
strains of soil and water, both taken with respect to the same volume and assumed to be
constant over the thickness of the aquifer, then the rate of decrease N* in storage equals
the aquifer thickness H multiplied by the sum of the rate of decrease —deg /0t of the
volume strain and the rate of increase nde,, /3t of the volume strain of the water, so that

aeo 6e..,
vo_g |20 _ % 6.
N H[& nat] (16.1)
- —l
/

Figure 2.68 Decrease in storage of an elementary volume of porous material results in outflow.

With V2® = —N*, where ® = kH ¢, we obtain

29 = | 220 _ p 0w
V'@-H[5 n— (16.2)
Adopting a linear law for the compression of water,
Oey,  0p
- ‘Bat (16.3)
(16.2) becomes
de dp
2 0
- —_— —_— .4
Ve H[ﬁ +nﬁat] (16.4)

This differential equation contains the volume strain ep, which is dependent upon the
effective isotropic stress o, which is generally not a function of the pressure p alone.
We will adopt the approximate approach introduced by Jacob [1940] and Terzaghi [1943]
discussed in the following.

Simplified Stress-Strain Relation

The simplified stress-strain relation is based upon the following three approxima-
tions:
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1. The vertical total stress o,, does not change with time; this approximation is based
on the notion that the effect of pore pressure changes is small with respect to the
overburden, and implies that

8o,
ot

2. The total stress can be written, following Terzaghi, as the difference between an
effective stress o, and the pore pressure p

=0 (16.5)

Oz = a;z -p (16.6)
3. The horizontal deformations in the soil are neglected.

It follows from the third approximation that
Oeg _Oe;; 9o,
o o ot

where m, is, somewhat ambiguously, called the coefficient of volume compressibility.
It follows from (16.5) and (16.6) that

(16.7)

9o, _Op
Bt - Bt (16.8)
so that (16.7) becomes
oo _ . Op
=My (16.9)
Combining (16.4) and (16.9) we may write:
V2@ = H(m, + nﬁ)% (16.10)
Neglecting the variations of k, H, and p with time we obtain
kH— [ —ﬂ@ (16.11)
py pg Ot
so that (16.10) may be written in terms of & as
2 = 5: 00
Vée= t ot (16.12)

where S, [1/m] is the coefficient of specific storage:

= pg(m, + nf) (16.13)
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Table 2.4 Typical Values of m,
m,, (m?/N]
Clay 1076 - 108
Sand 10-7 - 10-°
Gravel 10-8 — 1010
Jointed rock 10-8 — 10-10
Sound rock 1072 — 10~ !
Water (3) 44+10°1°

(Source: R. Allan Freeze/John Cherry, Groundwater, () 1979, p. 55.
Reprinted by permission of Prentice Hall, Englewood Cliffs, New Jersey.)

Some typical values of m, are given in Table 2.4.
Transient Shallow Unconfined Flow

The elastic storage is several orders of magnitude less than the storage due to vertical
movement of a phreatic surface, and therefore the elastic storage is usually neglected
for transient shallow unconfined flow. The rate of decrease in storage, N*, due to a
rate of lowering —8¢/0t of a phreatic surface (see Figure 2.69) is equal to ~S,0¢/0t,
where S, is the coefficient of phreatic storage, representing the fraction of a unit volume
available for storage, i.e.,

N*=- ,,‘;-3 (16.14)

The differential equation for transient flow becomes

Ve = s,gf -N (16.15)
ot
where N represents infiltration from rainfall. This differential equation, known as the
Boussinesq equation, is nonlinear and only a few exact solutions of limited practical
interest exist (see Boussinesq [1904] and Aravin and Numerov [1965]).

Equation (16.15) may be linearized as follows. Writing ¢ as @ + ¢, where o is
some average value, we may approximate the expression for the potential as follows:

®= 1K@+~ Lkg + ke (16.16)

so that

od —0e _,=0¢
ot SheG koG

ot (16.17)
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———-——M——__.m_..—_
' ‘l__ﬁm
AR It

Figure 2.69 Decrease in storage due to lowering of the phreatic surface.

and (16.15) becomes
=50

V=L .
ke ot (16.18)
Defining the coefficient of the specific storage S, as
S
S, == (16.19)
¢
(16.18) becomes
S, o
2 _ o
Vo= N (16.20)

It is of interest to note that, in the absence of rainfall, the linearized form of the differ-
ential equation for transient shallow unconfined flow is the same as the one for transient
shallow confined flow (compare [16.12]). The solution to (16.12) given below therefore
is applicable to both types of flow.

Transient Shallow Flow Toward Wells

The solution for flow toward a well in an aquifer of infinite extent is one of the most
commonly used solutions for transient groundwater flow, and is due to Theis [1935].
The problem is axisymmetric, and we write the Laplacian V?® in (16.12) by the use of
(14.31) in terms of the radial coordinate r:

Po 100 5,00

e ) et
The Theis solution satisfies the following boundary conditions:
r — 00 ¢=do d=9, (16.22)
.09 Q
1 -_—=— t 6.2
lim r o = (t > tp) (16.23)
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where, for simplicity, the radius of the well is taken to be infinitely small. The solution
to the above problem may be determined by the application of Laplace transforms. We
will omit the derivation, present the solution, and demonstrate that it fulfills both the
differential equation and the boundary conditions:

&= —%E;(u} + @ (16.24)

where E,; is the exponential integral and the dimensionless variable u is given by

S,r?
_ i 16.25
U 3kt - to) (162
The exponential integral (see Abramowitz and Stegun [1965)) is defined as
o =€ .
E\(u)= Td& (16.26)

In conjunction with the Theis solution, the exponential integral is often referred to as the
well function W,

W(u) = E(u) (16.27)

To demonstrate that (16.24) is a solution to the differential equation we differentiate
the exponential integral twice with respect to r and once with respect to t. We write
(16.26) as .

Ei(u) = [ J(&)dE = F(oco0) — F(u) (16.28)
where f(£) = e~ /¢ = dF/d¢, and differentiate E,(it) with respect to u
dE\(u) _ —f(u) = et (16.29)
du u

The derivatives with respect to 7 and ¢ are obtained by the use of the chain rule and
(16.25) as

OE, e™ 28,r _ et
or ~ u 4k(t—to) r (16.30)
and
&”E, _e ™ 2S,r e"¥ _ed -
B T -t TR @t D (1630
and
OE, e * S,r? e ¢ PRI,

M u Ak — 1R 1 — ta
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Using (16.30) through (16.32) we substitute the expression (16.24) for the potential in
the differential equation (16.21):

Qe Qe __QS, e
o 7 Gut Do = 4n k (t - to)

(16.33)

Multiplication of both sides by (7/Q)r2e* gives, using (16.25), the identity —u = —u s0

that the differential equation is fulfilled. For r — oo the exponential integral vanishes

so that (16.22) is satisfied. It follows from (16.24) and (16.30) that
0 _Q o

r—-=

- on (16.34)

In the limit for r — 0 and t > o, u equals zero and (16.34) reduces to (16.23) so that
the latter boundary condition is fulfilled as well.

The exponential integral may be conveniently approximated for computational pur-
poses by various formulae listed in Abramowitz and Stegun [1965] as follows. For u in
the range ? < u £ 1 the formula by Allen [1954)] yields results with a maximum error
of 2x107":

E\(u) = —Inu + [{[(asu + as)u + aslu + az}u + a1 |u + a0 (16.35)

where

ag = —.57721566 a = .99999193 a; = —.24991055

16.36
a3 = .05519968 aq = —.00976004 as = .00107857 (16.96)

The second term in (16.35) is written such as to optimize numerical accuracy; this
procedure is called Homer’s rule. For u in the range 1 < u < oo, Hastings [1955]
presents a choice of two approximations, the more accurate one being more complex and
therefore computationally slower. The first approximation is

u (w+b)u+bo _
ueE\(u) = m +e(w)  (Je(w)] < 5%1075) (16.37)

where

by = .250621 co = 1.681534

by = 2.334733 ¢ = 3.330657 (16.38)

The second approximation is very accurate, and is given by

{l(u + by)u + bplu + by Ju + by

uE -
uerFatw) {lut+c)utcJutetutc

+e(m)  (le(uw) <2+107%) (16.39)
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where

b= .2677737343 co = 3.9584969228
b, = 8.6347608925 ¢ = 21.0996530827
b =18.0590169730 ¢, = 25.6329561486
by = 8.5733287401 c3 = 9.5733223454

(16.40)

The above approximations are readily implemented in a computer program as a function
subroutine. The constant ag in (16.35) is the opposite of Euler’s constant, -,

ap = —v = —.57721566 (16.41)
and for small values of u, E(u) may be approximated as
Ei(uw)=—=Inu -7y gl (16.42)

and the potential (16.24) may be approximated as

2 Q[ _Sr QLT
‘D_E ln4k(t—t0}+7 +%-21rlnE+% ukl) (16.43)

where R; is called the radius of influence,

_ [AkGE = to)
R; = __S,e'f (16.44)

The radius of influence is often used as an approximate measure of the distance over
which the well has a noticeable effect: for r = R;, ® equals the initial value ®q. It is
seen from (16.44) that the radius of influence increases with time. Note, however, that
the above approximation is valid only for small values of u.

Cooper and Jacob [1946] suggested a graphical method for determining the trans-
missivity T,

T=kH (16.45)

and the specific storage coefficient S, from a pumping test, using the approximation
(16.43). We consider the case of a confined aquifer and rewrite (16.43) as follows
(compare Lohman [1972]):

to-p=s= maum%] (16.46)

where e~7 & .562, s is the draw-down and S the storativity, defined as

S§S=S,H (16.47)
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We write (16.46) in dimensionless form as follows (compare Verruijt [1982]):

P -9 _

3
& & 21T¢,

Q [ln \/4T1(t-tn)8"'/31 +In SlT] (16.48)
T ST

where ¢,, S}, and T are arbitrary reference quantities. It follows from (16.48) that the di-
mensionless draw-down (¢o — ¢)/¢; when plotted versus In{[4T}(t —to)/(S\eM))"/?/r} =
In 7 gives a straight line as shown in Figure 2.70. By measuring the draw-down at some
fixed observation point at different times and plotting these data versus In 7 a straight line
is obtained. The slope of the line yields T', and the ordinate of the point of intersection
with the draw-down axis gives the quantity S,7/(ST)) so that S may be computed as
well.

L S/ey

1
2. Inr

-

Figure 2.70 Determination of transmissivity and storativity from pumping tests.

Various other graphical methods have been developed for determining S and T,
both for confined and unconfined aquifers, and using the exponential integral E,(u),
rather than its approximation (16.42). These methods for pumping test data analysis are
treated extensively in the literature and the interested reader is referred to texts such
as Freeze and Cherry [1979] and Davis and DeWiest [1966). An alternative way of
determining aquifer parameters from pumping test data is to use a computer program
based on the Theis solution.

The Theis solution is ideally suited for pumping test analysis. It is important in
view of groundwater modeling applications to understand fully the implications of the
boundary condition (16.22). This condition implies that the head at infinity is maintained
at a constant level at all times. The well therefore draws all of its water from removal
from storage, and none from other sources. In the steady-state solution for a single well
in an infinite aquifer these other sources are lumped together at infinity. As a result, the
Theis solution does not converge to the steady-state solution; it will eventually draw
the water levels throughout the aquifer below the aquifer base. Assuming that u < 1,
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the time at which the head at the well screen reaches the aquifer base (®,, = 0) may be
computed by the use of (16.43) as follows

% In 2 = -, (16.49)
or
Ri =1, e¥™/Q (16.50)
or, with (16.44)
2 Y
(t = to)max = %e"“’q (16.51)

The governing differential equation as used here is linear, and therefore solutions
may be superimposed. Since any steady-state solution of V2@ = 0 satisfies (16.12),
steady-state and transient solutions may be combined. As an example, consider the case
of a well, pumping under steady-state a discharge Q. The well is switched off from
t =to until t =¢;. The potential that applies to this case may be written as

¢ = an: + &g + g[E]l[tll.o)— E\(u))] (16.52)
2r R 4
where
S,r? S,r?
WE2kt-tg9 M ake-1t) (16.53)

The first term inside the brackets of (16.52) causes a recharge well to be switched on
at time tp, canceling the discharge of the well. The second term inside the brackets
represents a well switched on at time ¢, from that time onward causing the original
discharge to be restored. For large times, the two exponential integrals cancel. For
sufficiently large times, 1o and u) become small so that the approximation (16.43) applies:

_Q r Q S,r? S,r?
d= > In R + &y — o In A5 — o) n A —1) (16.54)
or
I - B
¢_2NIHR+¢0_G]nt—&) (]6.55)

The second logarithm vanishes for ¢ — oo, so that the solution reduces to the one for
steady-state flow toward a well.

The method of images may be applied to transient solutions. As an example,
consider the problem of flow toward a well near a river with & = &, along the y axis,
shown in Figure 2.71. The well is located at £ = d, y = O and starts pumping a
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discharge Q at time ty. The solution is obtained by placing an image recharge well at
= _d! y= ou

®= "%iEl(ul) — Ey(u2)] + & (16.56)
where
_ S,z —d)* + 37 _ S,z +dy* + 47
ST ak(t - to) 2= Tk - to) (1657)

It is left as an exercise to the reader to determine the steady-state form of (16.56) by
taking the limit for t — oo.

o
I
=
‘© +

-9
B

1
E

Figure 2.71 Transient flow toward a well near a river.

Problem 16.1
Determine the steady-state form of (16.56) by taking the limit for ¢t — oco.

Problem 16.2

Write a function subroutine in FORTRAN for the exponential integral using the approxi-
mations (16.35) and (16.37), and implement this function in SLWL, to be used only for
uniform hydraulic conductivity (i.e., no layering). In order to pass the value of (t — to)
1o the function subroutine, it is suggested that a common block CBTIME be created, and a
command TIME be added to SETUP to set the value of t. The coefficient of specific storage
may be added to the common block CBAQ. A new common block will be necessary to
accommodate the data for the transient wells.

Numerous solutions to transient problems involving wells have been determined
by the application of Laplace transforms (see, for example, Hantush [1964] and Glover
[1974]). The govemning differential equation, known as the diffusion equation, occurs
in various other fields, for example, that of conduction of heat in solids. Many of the
solutions determined in the latter field (see, for example, Carslaw and Jaeger [1959]) are
directly applicable to transient groundwater problems; in fact, the Theis solution is an
example of such an application.
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17 TWO-DIMENSIONAL FLOW IN THE VERTICAL PLANE

Two-dimensional flow in the vertical plane occurs if there exists a horizontal direction in
which there is no flow. As an example, a case of flow undemeath an impermeable dam is
depicted in Figure 2.72. The flow occurs in the aquifer undemeath the dam and is driven
by the difference in head along the bottoms of the two lakes which are separated by the
dam. Few cases of true two-dimensional flow in the vertical plane occur in reality, but a
two-dimensional analysis often gives a good approximation. If the dam in Figure 2.72 is
long with respect to its width, then the results obtained from a two-dimensional analysis
will be accurate near the central portion of the dam and erroneous near the ends.

Figure 2.72 Flow undemeath a dam.

The boundary of the flow domain often consists of several segments such as the
horizontal streamlines and equipotentials in Figure 2.72. The elementary methods of
solution discussed thus far are applicable only to problems with at the most two orthogo-
nal infinite impermeable boundaries or equipotentials as boundaries. More sophisticated
techniques that can be used to determine exact solutions of problems of two-dimensional
flow in the vertical plane are covered in Chapters 5 and 7, numerical methods are treated
in Chapters 8 and 9. We will focus our attention in this section on deriving the basic
equations and give an application of the method of images. We will further discuss a
particular approximate method, known as the graphical method, and apply it to a few
problems involving dams. For all problems of two-dimensional flow in the vertical plane,
we will use z, y, z Cartesian coordinates with the z axis normal to the plane of flow,
the z and y axes in the plane of flow, and the y axis pointing vertically upward (see
Figure 2.72).

Basic Equations

The basic equations are obtained directly from Darcy’s law and the continuity equation
presented in Chapter 1. There is no flow in the z direction, so that

2:=0 (7.1
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All discharges are calculated over a slice of aquifer of width B normal to the plane of
flow. The components Q; and Q,, of the discharge vector are introduced accordingly,

Q. =Bgq.
Q, = By, (17.2)

Darcy's law (5.3) gives with (17.2)
_ _O(kB9¢)
Q:=-—5
_ _OkBg)
! 9
and we define the discharge potential ® for two-dimensional flow in the vertical plane
as .

17.3)

® =kB¢ (17.4)

The components Q. and Q, may be written in terms of ® as

0P
Qz-_b; (17.5)
o® .
Qu = _a

With (17.1) the continuity equation (4.3) becomes

9q; | Ogy
— 4+ —=0 7.6
oz + By (17.6)
or, after multiplication by the constant B,

0Q: , 0Qy _

oz + By =0 (17.7)

Combination of (17.5) and (17.7) yields Laplace’s equation.for the potential ®,

Ve =0 (17.8)

The basic equations (17.5) and (17.8) are formally equal to those for the various types of
shallow flow without leakage and infiltration. The elementary solutions and techniques
discussed earlier in this chapter for the latter types of flow can therefore be applied to
two-dimensional flow in the vertical plane.
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Horizontal Drains

A horizontal drain is a drainpipe with a horizontal axis. If the head inside the drain
is kept at a fixed level by pumping, flow will occur toward the drain. A case of flow
toward a horizontal drain is illustrated in Figure 2.73. The drain lies in a deep aquifer,
which is bounded above by an impermeable layer.

Flow toward a single drain of infinite length in an infinite aquifer is radial, and the
potential that fulfills Laplace’s equation for radial flow is

= —Q—lnr+C (17.9)
2r

where Q is the discharge flowing into the drain per length B. The aquifer in Figure 2.73
is semi-infinite; there is an impermeable boundary along y = 0. If the center of the drain
is on the y axis at a depth d below the origin, then an image drain of discharge Q must
be placed at z = 0, y = d in order to meet the boundary condition that the z axis is
impermeable. The potential is

®= %ﬂnlzz+(y+d)2]+ln[:r2+(y—d)2]} +C (17.10)

where C is a constant. If, in addition, there is a uniform flow of discharge Q.o parallel
to the boundary, then a term —Q oz must be added to (17.10),

®=-Qz + ‘%{In[z2 +@+d 1+ In[z? +(y-d?)} +C (17.11)
y
JL ............. +
d
! -_J.‘
[
d
x P

Figure 2.73 Flow toward a horizontal drain.

The constant C may be evaluated by requiring that the head be equal to some given
value ¢y at a point P with coordinates z = 9, y = yo:

¢= v }

M (17.12)

I=I Y=Y {
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Substitution in (17.11) of the expression obtained for C by applying (17.12) to (17.11)
yields

QW+ +dlle +(y - d)*]
ar - [f + (yo + DIz + (yo — 4P

¢ = -Q(x — xo) + + & (17.13)

An expression for the head in the aquifer is obtained by division of (17.13) by a factor
kB.

The Graphical Method

The graphical method is simple, and requires little time and equipment to obtain a good
approximation for many problems. It is used mostly to determine pressure distributions
in embankments and dams, behind earth retaining structures, or for estimating seepage
through dams and undemeath hydraulic structures. The method is based upon the prop-
erties of equipotentials and streamlines (see Sec. 6). Equipotentials are curves along
which the potential is constant. Streamlines are curves defined by requiring that the
discharge vector is everywhere tangent to the streamline. Since the flow is normal to
the equipotentials, as shown in Sec. 6, the streamlines and equipotentials are mutually
orthogonal.

Flow Nets

A flow net is a graphical representation of equipotentials and streamlines in a
flow region. An example of a flow net is shown in Figure 2.74. The intervals between
consecutive streamlines and equipotentials are arbitrary but should be taken small enough
so that the sides of the rectangles of the net are approximately straight. Consider the
rectangle ABFE with sides As and An in Figure 2.74. The directions s and n are along
the streamlines and equipotentials as shown in the figure. The magnitude of s at an
arbitrary point P of a streamline equals the arc length of the section of that streamline
between P and the equipotential AD. The arc lengths of sections of the equipotentials
are expressed similarly in terms of n. The flow through side AB will be denoted as AQ.
Assuming that Q, varies only slightly along AB, AQ will be equal to the value of Q,
at a point halfway between A and B, multiplied by An, ie.,

AQ = Q,An (17.14)

Furthermore, Q, = —d®/ds by Darcy’s law or, approximately,

AQ = w%&n (17.15)

where A® is the difference in value of © on the equipotentials £F and AB, i.e.,

Ad=bsr — Pag (17.16)
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Figure 2.74 A flow net.

Since ¢ decreases in the direction of flow, ®¢ = is less than & A so that A® is negative
and (17.15) may be written as

a9
AQ = As An

(17.17)
We draw the flow net such that the rectangles are approximately square: As = An, and
(17.17) becomes

AQ ~ |AY| (17.18)

No water can cross the streamlines: AQ is a constant inside the channel between the
streamlines BF and A£ by continuity,

AQ = |A®| = constant (17.19)

Hence, the drop in potential, | A®|, is the same for each pair of consecutive equipotentials:
if the potential is known at the bordering equipotentials of the flow net, |[A®| can be
found. If @ along the equipotentials AD and PQ in Figure 2.74 is known, then

|ag| = 242 = ®ro (17.20)
where m,, the number of drops in potential, is 3 in the case of Figure 2.74. Since
|A®]| is a constant throughout the flow net, AQ is the same for each pair of consecutive
streamlines, by (17.18). The total discharge through the flow net is found by multiplying
AQ by the number of channels between the boundary streamlines, m,. Thus, by (17.18)
and (17.20),

Q=m,AQ ~ m,|Ad| = Eﬁ(om - ¥pg) (17.21)
e

The channels between the streamlines are called flow channels. The channels between
the equipotentials are called equipotential channels.

We now may draw the following conclusion: if a flow net is a mesh of approximate
squares, then the discharge flowing through the net may be approximated by (17.21). The
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numbers m, and m, represent the numbers of flow channels and equipotential channels,
respectively. The value of ® on any equipotential can be determined, and the values
of ¢ at points in between equipotentials may be computed either by interpolation, or
by locally refining the mesh. The pressure is found from the head using the relation
P = pgld — Z) where ¢ = ®/(kB).

A solution obtained by drawing a flow net will become more accurate as the squares
are made smaller. Some applications of the graphical technique follow.

Applications of the Graphical Method
A good flow net fulfills the following conditions:

1. Equipotentials and streamlines are everywhere orthogonal.
2. Equipotentials and streamlines form approximate squares.
3. The flow net satisfies the boundary conditions for the problem.

The flow net for flow undemeath a dam with a cutoff wall is shown in Figure 2.75. The
boundary conditions are that SPT and VW are streamlines and that RS and TU are
equipotentials; the streamlines of the net must intersect the boundaries RS and TU at
right angles and the equipotentials must be perpendicular to VW and SPT. The flow
net is obtained by a trial-and-error procedure. One approach is to draw the streamlines
first, for the case of Figure 2.75 from TU to RS. The equipotentials are drawn next
so as to obtain a pattern of approximate squares. The first estimate of the streamlines
usually appears inaccurate after drawing the equipotentials; redrawing of the streamlines
and equipotentials is necessary until the flow net is good.

The number of flow channels need not be an integer. The lowest curved streamline
in Figure 2.75 was drawn in order to improve the flow net. The width of the channel
enclosed between that streamline and the boundary streamline VW is about one tenth of
the width of a flow channel. The total number of flow channels between RS and VW
is therefore 3.1.

u ~ e

Figure 2.75 Flow undemeath a dam with a cutoff wall. (Source: A. Verruijt, Theory of Ground-
water Flow, © 1970, p. 147. Reprinted by permission of the author.)

The discharge flowing undemeath the dam from 7 to RS is found as follows.
The difference in potential between TU and RS is

@) - O =kB(¢) — ¢2) (17.22)
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There are m, = 10 equipotential channels between T7U and RS, so that
1 =% _ k(é1 —42)B
me 10

Since AQ =~ |A®| and since there are m, = 3.1 flow channels, the total discharge
flowing underneath the dam is approximately given by

lag| =2 (17.23)

Q= m,AQ = m,|Ad| = 3"@11161@ (17.24)
If the difference in the heads between TU and RS is
$1—$=20m (17.25)
and if the hydraulic conductivity is 10~* m/sec,
k =10"* m/s = 8.64 m/day (17.26)

then the seepage undereath the dam per B meters of length is found from (17.24) to be

1074 %2
Q=31 0

It may be noted that the scale of the drawing has no influence on the discharge, which
solely depends upon the geometry of the flow domain and the difference &, — &,. A
lengthening of the sheet piling SP, however, will result in an increase of the number of
equipotential channels; the discharge will decrease accordingly.

B=6.2%10"°+ B m’/sec = 5.4+ B m’ /day (17.27)

Figure 2.76 Flow through a dam. (Source: A. Verruijt, Theory of Groundwater Flow, ©) 1970,
p- 148. Reprinted by permission of the author.)

Another flow net is shown in Figure 2.76. It represents the flow through a dam.
The upper boundary TU of the flow net is a phreatic surface. It is assumed that the pores
of the soil beneath the phreatic surface are completely filled with water whereas the pores
above it are filled with air; the phreatic surface is a streamline. The phreatic surface
represents a special kind of boundary condition: neither its form nor its position is known
beforehand; it is called a free surface or a free boundary. The boundary conditions along
this free surface are that (1) it is a streamline and (2) the pressure along it is equal to the
atmospheric pressure, which usually is taken as zero. As follows from (2.7) the head ¢
along the free surface equals its elevation,

=L yy=vy (17.28)
P9
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where Y is now used to represent the elevation head rather than Z. Since ¢ = kB¢, it
follows that

® =LkBY (17.29)

along the free surface. This implies that the vertical distance, AY', between the points of
intersection of two consecutive equipotentials with the free surface is the same along the
entire free surface, as is indicated in Figure 2.77. The free surface is drawn by trial and
error: lts form and position are estimated, the flow net is drawn with the free surface as
the boundary streamline, and it is determined whether the boundary condition (17.29) is
met. If this condition is not met, the free surface is modified and the flow net redrawn.
This procedure is repeated until the flow net is good.

hﬁ- a
l‘ I‘R"‘h AY=A%/(kB)
/ / T~
{ ;‘
y o+ |0%| §
L)

Figure 2.77 Detail of a phreatic surface.

The boundary segment ST of Figure 2.76 is called a seepage face; the water
there leaves the dam, and the pressure is zero. Hence, the boundary condition along the
seepage face is given by (17.29); the intersection points of consecutive equipotentials
with the seepage face must be the same vertical distance apart along the entire seepage
face.

Point 7 in Figure 2.76 is the intersection point of the free surface with the seepage
face. The free surface is tangent to the seepage face at point 7; the proof of this statement
is given by the use of the hodograph method in Chapter 7. The other boundary conditions
for the case of Figure 2.76 are that UR is an equipotential (P = kB¢, = ®,) and that
RS is a streamline.

It requires several trials to obtain a good flow net involving a free surface such as
the one represented in Figure 2.76. However, when the flow net is drawn carefully, the
result will be quite accurate.

The total discharge flowing per unit width through the dam of Figure 2.76 is found
as follows. The number of equipotential channels is 35. The potential decreases from
kB¢, along RS to 0 at point S, so that

_ kB¢,
jag|= =2 (17.30)
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Since there are four flow channels, the total discharge, Q, per unit length of dam is

Q=m,AQ = 4AQ ~ 4|A®| = 4"3‘;"" (17.31)
If ¢, is 10 meters and k is again 10~* m/sec or 8.64 m/day, and if B=1m,
$1=10m k=10"*m/s=864m/day B=1m (17.32)
then Q becomes:
Q= %10-3 m’/s=1.14x 10~* m*/s ~ 10 m® /day (17.33)
Problem 17.1

A long waterway will be dug into a thick horizontal impervious clay layer resting on a
layer of fine sand of thickness H (see Figure 2.78). The layer of fine sand is bounded
below by coarse sand. The head in the coarse sand is constant and equal to ¢, (¢1 > H).
A long sand drain of width d runs along the center of the waterway and is used for pressure
relief during construction. The head undemeath the trench at the interface between clay and
fine sand must be kept below level Hy. The flow is two-dimensional.

Determine the maximum allowable head that must be maintained at the bottom of the sand
drain. (Note that the resistance to flow in the sand drain can be neglected and that it is
assumed that any head between ¢, and H can be maintained at the bottom of the sand
drain.) Copy the figure and draw your flow net in the figure using the graphical method.

. \—-‘.‘:d J impermeable

”0 fine sand H

coarse sand

R P

Figure 2.78 Flow toward a sand drain (Problem 17.1).

Anisotropy

The graphical method is not directly applicable to problems with anisotropic hydraulic
conductivity, because there does not exist a potential: If z* and y* are Cartesian coordi-
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nates with the z* axis parallel to the major principal direction of hydraulic conductivity
tensor, then Darcy’s law is given by (3.18): ,

be
g:=—ki af_
- 9}2 (17.34)
qy — Zay.

Indeed, we cannot define a single potential ® since the coefficients in the two preceding
equations are different.

It is possible, however, to transform the flow domain to another domain with
coordinates X, Y such that a potential & may be defined in that domain. Let the
transformation be given by

X=z
Y =gy’
We choose the constant 3 such that the head ¢ satisfies Laplace’s equation in the trans-

formed domain. Substitution of (17.34) in the continuity equation (4.3), written in terms
of the z*, y* coordinate system, gives

(17.35)

dq:  9qy i) *o
e + 50 = —k, ) k, ) =0 (17.36)
With (17.35) this becomes
7¢ 79
~kigyE k’ﬁz_ayz =0 (17.37)

In order to obtain Laplace’s equation the constant § must be equal to

L
B= \/; (17.38)

Since the head fulfills Laplace’s equation in terms of X and Y, we can solve the
problem in the transformed domain, for example, by the graphical method. We cannot
compute flow rates from such a solution without first determining the isotropic hydraulic
conductivity k in the transformed domain. This may be done by considering a case of
om-dimensio;lal flow in the z* direction as follows (see Figure 2.79). Darcy’s law in
the transformed domain is

(17.39)
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aQ

. .

Figure 2.79 Transformation of a flow net.

The flow net in the z*, y* plane is such that a mesh of squares is obtained upon trans-
formation to the X, Y plane. Denoting the difference in head between consecutive
potentials in either plane as A¢, the discharge AQ flowing between two streamlines
may be expressed as

. ¢ A¢ AY
AQ =gq; AX 5 (17.40)
where use is made of (17.35). It follows from (17.39) that
Ag
=—k—r01 4
AQ =gxAY kAXAY (17.41)

The above two expressions for AQ must be equal, so that

k= % = Vkiks (17.42)

We may now write Darcy’s law for the discharge vector components Qx and Qy in
terms of a potential ¢ defined in the isotropic domain as follows:

Qx = _k36_¢ __%
ox  oX 17.43)
26 ob ar.
Qv '“Bay Y

where

¢'={¢B¢=B¢\/k|k2 (17.44)
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Flow Through an Anisotropic Aquifer Underneath a Dam
with a Cutoff Wall

As an example, we will reconsider the case of flow undemeath a dam with a cutoff
wall. The thickness of the aquifer and the depth of the cutoff wall are half of what they
are for the case of Figure 2.75. The principal directions of the hydraulic conductivity
are horizontal and vertical; k; = 107* m/s, and k = k, /4:

ky =k /4=0.25+10"* m/s (17.45)
The difference in head across the dam is ¢, — ¢, with
¢r—¢=2m (17.46)
The transformation formulas become, with z* =z and y* = y:

X==zx

k (17.47)
Y:ﬁy: 1’k—;y=2y

Thus, the boundary of the transformed flow domain, shown in Figure 2.80(b), is obtained
from the flow domain in Figure 2.80(a) by multiplying all vertical coordinates by 2. The
flow net may now be drawn in the isotropic domain, is identical to that shown in Figure
2.75, and is reproduced in Figure 2.80(b). This flow net is transformed by the use of
(17.47), which results in the flow net in the anisotropic domain shown in Figure 2.80(a).

The potential & may be expressed in terms of ¢ by the use of (17.44) and (17.45)

®=kBp=B\/3K¢=1Bkip=5+10""Bpm’/s (17.48)

The difference in value of ® across the flow domain is obtained by the use of (17.46)
and (17.48):

& -9 =10"Bm’/s (17.49)
The number of equipotential channels (m.) is 10 so that
¢ -2

(3

|a®| = B=10"Bm’/s (17.50)

There are 3.1 flow channels (compare [17.24]); the total discharge Q underneath the dam
equals
Q=314Q=3.1|A%|=3.1+10"°Bm’/s (17.51)

It is usually difficult to estimate the effect of anisotropy; this effect depends upon
the direction of flow. The value of k, will, for example, have little effect if the flow is
primarily in the z* direction.
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(b)

Figure 2.80 Flow in an anisotropic aquifer underneath a dam.
z

Figure 281 Radial flow toward a point-sink.

18 THREE-DIMENSIONAL FLOW

Only few exact solutions to problems of three-dimensional flow exist. We will derive
the potential for flow in an infinite aquifer toward a point-sink, and apply the method
of images to solve the problem of flow toward a point-sink in a deep aquifer bounded
above by a horizontal impermeable layer.

The Point-Sink

We will derive the potential for flow toward a point-sink in an infinite aquifer by the
use of the continuity equation and Darcy’s law as follows (see Figure 2.81). The flow is
radial, and we denote the component of the discharge vector in the radial (r) direction as
g, where g, is positive in the positive r direction, i.e., if pointing away from the point
sink. By continuity of flow, the discharge flowing through a sphere of radius r and area
4xr? around the sink must be equal to the discharge Q of the point-sink,

Q = —4nrlq, (18.1)
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Defining the potential ® [m?/s] for three-dimensional flow as k¢,

d=ko (18.2)
Darcy's law may be written as
dp  d®

where it is noted that, by symmetry, ® is a function of r alone. Combining (18.1) and
(18.3) we get

d® Q
I = a2 (18.4)
Integration yields
¢ = _e! + @ (18.5)
4 r
where r may be expressed as
r=VE@ -z +@-n)P+E -2y (18.6)

with z,, y1, and z, representing the coordinates of the center of the sink in a Cartesian
x, y, 2z coordinate system. It is of interest to note that, as opposed to the two-dimensional
case of flow toward a well, the potential equals a constant at infinity. It follows from
(18.5) that this constant equals Py,

r—00 ®— P (18.7)

The reason why the potential is unbounded at infinity for two-dimensional flow toward a
well follows. Viewed in infinite space, the two-dimensional solution for a well represents
radial flow toward an infinite line (called a line-sink) along the z axis; for any value
of z the radial component g, is the same and lies in a plane parallel to the z, y plane.
The discharge of this infinite line-sink is infinite, as opposed to the discharge of a point-
sink which is finite. Drawing an infinite discharge appears to require that the potential
increases logarithmically with the distance from the well. We always apply the two-
dimensional solution to horizontal flow in an aquifer of finite thickness (in which the
discharge is indeed finite), not realizing perhaps that viewed in three-dimensional space
this discharge is infinite.

The Method of Images

The method of images can be used to solve a limited number of problems of three-
dimensional flow. Consider the problem of flow toward a point-sink in a semi-infinite
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Figure 282 Flow toward a point-sink below an impermeable layer.

aquifer bounded above by a horizontal impermeable layer. We choose an r, y, z coordi-
nate system such that the plane z = 0 coincides with the upper boundary of the aquifer (see
Figure 2.82). The point-sink has a discharge Q and is located at ), =y, =0, 2 = —d.

In order to meet the boundary condition that the plane z = 0 is impermeable we
place an image sink at 3 = y, =0, 2 =d. The potential thus becomes

oo @ ! . !
A |Vl + i+ (z+dP 2R+ +(z-dP

where ®¢ represents the potential at infinity.

The case that there is a uniform flow of discharge g, in the z direction in addition
to the well may be covered by adding the potential for uniform flow, ® = —goz, to
(18.8),

] + @ (18.8)

Q 1 1
$d=—gor— < + +C (18.9)
O 4 [\/:1:2+g,.r2+(2+d)2 \/x1+y2+(z—d)2]

The constant C may be determined by requiring that the head be ¢ at some reference
pointz=xo, y=2=0:

1

Q
D9 = ko = —¢z0%0 — 5 - —F——
2 2
\/ 5+ &2

Solving this equation for C and substituting the result in (18.9) we obtain

+C (18.10)

et &
g-0(x — To) an \/_—;;2+y1+(2+d)2

1 2
+ —
VE+P+ G- g ae

]+‘l’o

(18.11)

It is possible to solve the problem of flow toward a point-sink in a confined aquifer
by the use of the method of images. In that case, the imaging need be continued
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indefinitely: an infinite number of images is necessary to meet the boundary conditions
along both the upper and lower impermeable boundaries of the aquifer exactly. The
procedure is somewhat involved and will not be discussed here. The reader is referred
to Muskat [1937] and Haitjema [1982, 1985] for three-dimensional modeling in confined
aquifers.

Problem 18.1
Prove that the potential (18.11) meets the boundary condition that g, =0 at 2 = 0.



Chapter 3

Elementary
Harmonic Solutions

Most of the types of flow discussed in Chapter 2 are governed by either the Laplace
equation V2® = 0 or the Poisson equation V2® = —N. Functions that fulfill Laplace’s
equation are called harmonic functions and play an important role in modeling ground-
water flow. These harmonic functions are useful not only in solving Laplace’s equation.
They play, for example, a role in solving the Poisson equation: the solution to V2® = - N
for a given problem may be written as the sum of a harmonic function and a particular
solution of V2¢ = —N.

The present chapter is devoted primarily to harmonic functions. We will first
discuss some of the properties of these functions, then consider elementary harmonic
functions such as the potential for a well, and finally discuss complex variable methods
for solving boundary value problems.

19 SOME PROPERTIES OF HARMONIC FUNCTIONS
Harmonic functions have distinct mathematical properties. We will present some of these
properties here without formal mathematical proof, but try to explain them from the

viewpoint of groundwater mechanics. The interested reader is referred to the handbooks
on potential theory for a more complete treatment of harmonic functions.

The Maximum Modulus Theorem

The maximum modulus theorem states that the values of a harmonic function ¢ inside a
domain D bounded by a boundary B are in between the maximum and minimum values
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of ® on B. We have already applied this theorem when designing dewatering systems
of building pits: It is sufficient to check the values of ® along the boundary of the pit;
if @ is less than the maximum allowable value everywhere on the boundary, then ¢ is
less than this value everywhere inside. We arrived at this property by reasoning that the
potential cannot have a maximum inside a domain if there is no accretion; flow would
occur away from this maximum in all directions, which violates continuity of flow.

We will express this reasoning in mathematical terms as follows. Consider a portion
of a confined aquifer, bounded by two concentric circles C;, and C; of radii R, and R,
centered at the origin of an r, @ polar coordinate system (see Figure 3.1). There are no
sources of water inside the circles, and therefore the net outflow through any circle of
radius r (r < R,) is zero:

2n 2n
Q,rd = / @rdﬁ 0 (r<R) (19.1)
0

Figure 3.1 The mean value theorem.

Division of (19.1) by r and subsequent integration from R, to R; yields
2x 2x  pR: 2x
f a—gdﬂdr = ] ] @drdﬂ [®(R2,0) — &(R),0)]d0=0 (19.2)
0

where the change in the sequence of integration is allowed if ® and its derivatives are
continuous inside C;. It follows from (19.2) that

2n

2
@(Rl, 9)d9 = f @(Rz, G)dﬂ (193)
0 0

Contracting the circle C, to a point, (19.3) becomes, for R; — 0:

l 2w
(R, 0)R,do 19.4
21rR2/n (2, 0)R, (19.4)

where @, is the value of the potential at the center of C;. This result is known as the
mean value theorem, and states that the value of a harmonic function at the center of

®o =
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a circle equals the mean value along that circle. This property might explain the term
“harmonic function.” The maximum modulus theorem can be deduced from the mean
value theorem: ¢ cannot have a maximum at any point P inside a domain, because it is
the average of the values along a small circle of radius € around P: there will always
be both a higher and a lower value of ® on the circle than at its center.

Boundary Value Problems

There exist infinitely many harmonic functions. The function that applies to any given
problem is determined by the boundary conditions. There are various kinds of boundaries:
some boundaries are finite, some contain infinity, and in other cases the boundary consists
of separate closed contours. Domains bounded by the latter types of boundaries are called
multiply connected. If only one boundary exists, the domain is simply connected.

Conditions along the boundaries may be specified in many different ways. The
three most common kinds of boundary value problems will be listed here:

1. The Dirichlet problem: all boundary conditions are given in terms of the potential
¢

2. The Neumann problem: the derivative d®/dn in the direction normal to the bound-
ary is given everywhere along the boundary.

3. The mixed boundary value problem: & is given along certain segments of the
boundary and d®/dn along all the others.

In general, we may state that along each boundary segment one, and only one, condition
must be specified in order to define a harmonic function fully.

We will see in the following chapters that many other types of boundary condi-
tions occur in groundwater flow problems. Closed boundaries are found mainly in two-
dimensional problems in the vertical plane, as discussed in Sec. 16. Regional aquifers
rarely have such boundaries and are often best modeled as infinite domains with internal
boundaries consisting of rivers, creeks, or lake boundaries. If the aquifer is infinite, a
condition must be specified that controls the behavior of the solution near infinity. We
will term such a condition the far-field condition, where far-field refers to the flow pattern
near infinity. Sometimes this far-field condition specifies a uniform far-field; it always
determines whether or not inflow or outflow occurs from or to infinity. We have, in
Chapter 2, specified the latter condition usually by prescribing the head at some fixed
point P, which we called the reference point.

The Stream Function V¥

We defined a discharge streamline in Sec. 6 as a curve that at each point is tangent to the
discharge vector. Expressed in mathematical terms, this definition becomes (see Figure
3.2)

dy/ds _ Qy

dzjds " 0. (19.5)
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where s is the arc length measured along the streamline, which is represented symboli-
cally as

x =x(8) y=y(s) (19.6)
It follows from (19.5) and Darcy’s law that

dy obdr 0%d

dz
Wa %% oy ds T ords " (D

Figure 3.2 A discharge streamline.

We obtained plots of equipotentials in the previous chapter simply by setting @ equal
to a constant in the equation ® = &(z,y). Plots of streamlines may be obtained in the
same fashion, provided that there exists a function that is constant along streamlines. We
will see that such a function, called the stream function and represented as ¥, indeed
exists for problems govemed by Laplace’s equation (V?@ = 0), e.g., for shallow aquifers,
modeled using the Dupuit-Forchheimer assumption, where fluid cannot enter the aquifer
through its upper or lower boundaries. If ¥ is to be constant along sireamlines, then
dbv  9¥dr 0Vdy

% st o0 (19.8)

It follows from (19.7) and (19.8) that this function must fulfill the following condition:

o¥ _ 8d OV _ 09

Bz 'a %=‘§; (19.9)

These equations are known as the Cauchy-Riemann equations. It follows from Darcy’s

law that
o® ov o¢ oV

=S ——— = - =—— = — 10

Q oz By Qy ; (19.10)

The stream function can be used to calculate the discharge AQ flowing in the channel

between the streamlines .AB and D€ in Figure 3.3. This discharge is constant in the

channel since flow can neither enter it through the top or bottom boundaries, nor across

the streamlines. Consider the plane BC, parallel to the y axis, and the plane CD parallel
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to the z axis, where B and D lie on the same equipotential. By continuity of flow, the
discharge AQ must pass through BCD, so that

¢ v v
A =[C d.t+/ .d =f—dz- 2 19.11
Q DQy H‘-’.? ly = A ( )

where use is made of (19.10). The integrations can be performed and

D
AQ=‘I’C—'IJD—‘IJC+'I'5=1P5—'~PD=—/ d¥y (19.12)
B

Figure 3.3 The discharge flowing between two streamlines.

It thus follows that the discharge flowing between two streamlines equals the difference
in value of ¥ on these streamlines. AQ is positive, by definition, so that ¥z > Up: ¥
increases along the equipotential BD as shown in Figure 3.3. ® increases in the direction
against the flow; ® and ¥ form a right-hand coordinate system.

The Cauchy-Riemann equations (19.9) represent two differential equations from
which ¥ can be found if ® is known. These two equations might be in conflict with
each other; we must prove that the function ¥ obtained by integration is single-valued.
We have seen that the difference in values of W at two points equals the flow occurring
between these points; if we consider the closed contour C in Figure 3.4, then the difference
in value of W at two points P+ and P~ located at infinitesimal distances on either side
of a point P on C equals the net flow through C. The stream function will therefore be
single-valued only if this net inflow is zero:

AQ=—fd\P=andr=0 (19.13)
C C
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where @Q,, is the flow normal to the boundary C and 7 is the arc length along C. Condition
(19.13) is met if there is no inflow through the top and bottom boundaries of the aquifer
inside C, i.e., if V2® = 0. The stream function ¥ is therefore single-valued if ¢ is
harmonic. It may be noted that the condition for single-valuedness may be expressed as

bl
drdy ~ Oyodr (19.14)

and we see from (19.9) upon differentiation that this equation is fulfilled only if V2@ = 0.
We know for physical reasons that the potential @ is single-valued so that

P P
La S & (19.15)
drdy Oydr
and application to (19.9) shows that ¥ is harmonic:
V=0 (19.16)

\dr

Figure 3.4  Single-valuedness of W.

The potential and stream functions are called conjugate harmonic functions. The dif-
ferential equation for the stream function is linear, so that stream functions may be
superposed.

We may use (19.12) to express the rate of change of ¢ along a streamline, d®/ds,
in terms of the rate of change of ¥ along an equipotential, d¥/dn. The arc lengths
s and n are measured along a streamline and an equipotential in the directions shown
in Figure 3.3. (The derivatives d®/ds and d¥/dn are directional derivatives of the
functions ® and ¥; they are not partial derivatives because s and n are lengths measured
along curves, rather than coordinates.) The discharge AQ equals the integral along the
equipotential BD of the discharge component Q, = —d®/ds in the direction of flow.
Thus, (19.12) may be written as

D D
AQ =[ Quin = _f 9 =g - p (19.17)
B B d-.‘.i
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Differentiation with respect to n gives, after multiplication by —1,

—_—= (19.18)

The Cauchy-Riemann conditions make it possible to determine the stream functions
for the two elementary harmonic functions treated in Chapter 2: the potentials for uniform
flow and for a well. We will do this in the following sections, and use the stream functions
to determine streamlines for various combinations of wells and uniform flow.

The Stream Function for Uniform Flow

The two components Q. and Qy of the discharge vector are constants for rectilinear flow.
Representing these constants as Q,q and Qy0, the following is obtained from Darcy’s
law:

a% ad
Qr=-5-=Qu Q"__EE_Q”O (19.19)

Integration of (19.19) yields the potential ® as a function of z and y,

$=-Q r — Quoy + 9o (19.20)

where @, is a constant.
Application of (19.19) to the Cauchy-Riemann equations (19.9) gives

oV oV
3y =0 5 =Q (19.21)

Integration gives the following expression for the stream function:

¥ = -Qroy + Qpz (19.22)

where the constant of integration is taken to be zero: ¥ = 0 along the line y = Q0/Q0z.

The Flow Net

The flow net is obtained as follows. Equations for the equipotentials are obtained
from (19.20) by setting ® equal to constant values ®; = O + jAD, where j assumes
negative and positive integer values:

JA® = —Q 0z — Qoy (19.23)

Equations for the streamlines are obtained similarly, by setting ¥ in (19.22) equal to
¥, = jAWY, where AV = Ad,

JAY = Quoz - Qroy (19.24)
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Figure 3.5 Flow net for uniform flow.

The two families of straight lines given by (19.23) and (19.24) are reproduced in Figure
3.5.

The Stream Function for a Well

The potential for a well may be written as follows:

Q. r
d="1In— 19.
27 "R + @ (19.25)
where r is the radial coordinate emanating from the well and &, is the potential at r = R.
We will obtain an expression for ¥ by using radial coordinates r, 6. By symmetry, the
streamlines are straight lines through the well and the equipotentials are circles. Thus
ds = dr and dn = rd@ so that (19.18) becomes

ap av

o 750 (19.26)
and we obtain with (19.25)

o _Q

réd  2nr (19.27)
so that

Q
V=70 (19.28)

It may be noted that we could add an arbitrary function f(r) to (19.28) without violating
(19.27). This function must reduce to a constant, however, in order that d¥/ds =
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0¥ /dr = 0. For convenience, we set this constant to zero. ¥ cannot be single-valued
because the condition (19.13) is not fulfilled for any contour C around the well; this
integral equals —Q. Indeed, the angle @ is discontinuous by an amount 27 along a line
emanating from the well. We may choose this line, called the branch cut, as the negative
x axis (see Figure 3.6). We denote 8 as 8% just above this cut and as 6~ just below the
cut, and

9t -0~ =2n (19.29)

. (x. y)
T
branch cut 0t =x m" x
0 =—x \—/

Figure 3.6 Branch cut for a well.

Introducing ¥* and ¥~ in a similar way, we see from (19.28) and (19.29) that,
vt -9 =Q (19.30)

The jump in the stream function results from the extraction of a discharge Q at the well;
the potential is not harmonic at r = 0. Because the potential is not harmonic only at an
isolated point, known as a singular point, the many-valuedness of ¥ may be restricted
to a single line. The solution is said to have a logarithmic singularity at r = 0. It is
possible to give a physical interpretation of the branch cut, which may help to understand
the principle involved. In this interpretation, the branch cut is viewed as a narrow slot
in which water can flow without resistance and without being governed by the values of
& along the slot. Since ¥ jumps by an amount Q across the cut, the discharge flowing
inside the slot is Q; since ¥+ > W~, the flow is to the left with respect to an arrow
pointing from the — side to the + side of the slot, i.e., in the negative x direction for the
case of Figure 3.6. Thus, the slot carries the water pumped by the well off to infinity,
from where it flows back toward the well via the aquifer. Thus, the branch cut is the
vehicle by which the mathematical model maintains continuity of flow. It is seen from
this interpretation, that the branch cut can be chosen to have any shape, as long as it
connects the well to infinity.

Branch cuts are a central feature in groundwater modeling by analytic functions;
they provide a vehicle for using harmonic functions, in this case 6 = arctan(y/z), to
model aquifer features that are associated with jumps.

Problem 19.1
Derive equation (19.30) by applying (19.13) to the problem of flow toward a well, tak-
ing for C a circle of radius R and centered at the well.
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The Flow Net

The streamlines are straight lines emanating from the well. Setting ¥ equal to the
constant values ¥ ;, the comresponding values for 6; are found from (19.28):

-9,

= zwﬂj (19.31)
Choosing 8 flow channels as shown in Figure 3.7, an amount of AV = Q/8 will flow
through each channel. If we take ¥, = —3Q, then

Q

Ui=¥+0-DA¥=—3Q+( - 1);Q= ﬂo,- G=12,...9  (19.32)

¥;

Figure 3.7 Flow net for a well.

The radii r; of the corresponding circular equipotentials are found from (19.25) with
®; = ®o — jAV (note that & < @ for r < R, and A® = AY):

rj = Re™2™A¥/Q (19.33)

Streamlines for Uniform Flow with a Well

We will next determine streamlines for uniform flow with a well in an infinite aquifer.
The uniform flow is in the z direction and the corresponding potential is obtained from
(19.20) by setting Q0 equal to zero. Superposition of this potential with that for a well
yields

QinT 4o (19.34)

@=_Q:0(-'~"—L)+ﬁ I
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where the origin of the coordinate system is chosen at the well and the constant &, in
(19.34) represents the potential at some reference point with coordinates z = L, y = 0.

The stream function is obtained by superposition of the expressions derived for
uniform flow, (19.22), and for a well, (19.28). This yields, with Q0 =0,

- Q
V= —Quoy + 50 (19.35)

The angle @ is taken to be in the range from —m to m,
—-r<f#<nw (19.36)

and the stream function will be discontinuous along the negative r axis.

Along the positive z axis, # and y are zero so that ¥ is 0 by (19.35): the positive
T axis is a streamline (see Figure 3.8). Along the negative x axis, y is zero and € equals
either m or —m, depending upon whether the z axis is approached from above or below.
It follows from (19.35) that ¥ has the dual values +Q/2 and —Q/2 along the negative
T axis.

Figure 3.8 Streamlines for uniform flow with a well.

Far to the left of the well, for = approaching —oo, the angle 6 approaches either =
or —m, depending upon whether y is positive or negative:

¥ — —Qroy + % y>0 T — —00 (19.37)
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g

U — —Qroy — % y<0 T — —00 (19.38)

The first equation yields values of ¥ < Q/2 and the second one values of ¥ > —Q/2.
For constant ¥, the straight lines

y= “‘:’2—;% (¥< %) (19.39)
and
y= _q(’?;% (q«g_%) (19.40)

are asymptotes of the streamlines for £ — —oo. It may be noted that values of ¥
between +Q/2 and —Q/2 correspond to two different streamlines, as a consequence of
the many-valuedness of .

Far to the right of the well, for z — oo, the angle @ approaches 0 and the equations
for the asymptotes of the streamlines on the downstream side of the well are found from
(19.35) with 6 =0,

_ =¥
Q=0
It is seen from (19.39) through (19.41) that the asymptotes of the streamlines on the
downstream side of the well are a distance Q/(2Q ) closer to the z axis than on the
upstream side. This is the result of the removal of an amount Q by the well, which flows

over a width b= Q/Q o in the far-field on the upstream side (see Figure 3.8).
The equations for the streamlines are obtained by setting ¥ equal to constant values

¥, in (19.35). Solving for 8, we obtain

(19.41)

6= H(‘l’j + Qzoy) =27 [% -+ Q—:oy:I =27 [& + g] (19.42)

Q Q Q b
Values for 6 are obtained for various values of y, and the corresponding values of x are
found from tané = y/z, or

z=ycotd (19.43)

The streamlines reproduced in Figure 3.8 are obtained by setting ¥, equal to +Q/2,
+3Q/8, £Q/4, £Q/8, and zero. The points on the curves are found by substituting in
(19.42) values for y within the asymptotes (19.39) and (19.40). The streamlines ¥ =0
meet at the stagnation point S downstream from the well on the r axis. The location of
point S is found by setting Q. and Q, equal to zero. Expressions for Q. and Q, are
found from (19.34) upon differentiation:

od Q =z

Q:=_._"=on—§m

Oz (19.44)
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0 Q vy
R v

dy 2rzé +y

It follows from (19.45) that Q,, is zero only along the z axis, y =0. The = coordinate
of S thus is found by setting Q. equal to zero with y = 0, which yields:

2= -2
T 2mQr 2n

(19.45)

ys =0 (19.46)

The streamlines may be obtained alternatively by contouring the stream function. A
disadvantage of this approach is, however, that most numerical contouring routines will
cause a black heavy line to be printed along the branch cut, due to the discontinuity in
v,

Problem 19.2

A strip of width B in a horizontal confined aquifer of thickness H and hydraulic con-
ductivity k is contaminated. The flow is uniform of a discharge Qzo in the z direction (see
Figure 3.9). A well that penetrates the entire aquifer (a fully penetrating well) will be placed
a distance d downstream from the front of the plume of contaminated water. Determine the
smallest discharge of the well in terms of B, d, and Qo, such that all contaminated water
will be captured. We assume that the contaminated water has the same physical properties
as the groundwater and that the aquifer is incompressible, so that steady-state conditions are
achieved immediately after the well starts pumping. It is given that the flow in the aquifer
remains confined everywhere.

h i

B -;-—-—*x ]
IE .

Figure 3.9 Capluring contaminated groundwater with a well (Problem 19.2).

Flow Net for Flow From a Recharge Well Toward a Well

Another example of a simple flow net is that for flow from a recharge well toward a
well. The aquifer is infinite and the far-field is a constant potential. If the recharge well
is located at z = d, y = 0, and the well at z = —d, y = 0, and if both recharge and
discharge are Q, the potential becomes:
2
o= 42 @+

- n m + & (19.47)
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where @ is the constant potential at infinity. The equations for the equipotentials are
obtained by setting ¢ equal to ®; = &y + jAP in (19.47):

®; =+ jAd = %m%ﬁ—g—ﬁJr% (19.48)
This yields
2 2
g—fg—z:—;z = ¢ (19.49)
where
a=3"in0 (19.50)

Q

The expression (19.49) for the family of equipotentials may be written in the following
form:

e®+1
e® —1
With (e + 1)/(e® — 1) = coth 4, this may be simplified to

£? - 2dz +y¥¥+d*=0 (19.51)

(z —dcoth $)* + 3 = [sin:(%ir (19.52)
which represents a circle, centered at ., y. with
xc = dcoth(%) ye=0 (19.53)
and of radius R, with
d

R= ——— 19.54

Ismh(g)l ( )

We determine the streamlines by the use of the stream function. This function is
obtained by superposition:

U= g(6. —-6) (19.55)
27

The angles 8, and @, are defined in Figure 3.10(a); W, and W, mark the locations of
the well and the recharge well, respectively. The streamlines are seen from (19.55) 10
correspond to constant values of 6, — 6,. This difference is negative for points z, y with
¥ 2 0, and positive for points x, y where y < 0 (see Figure 3.10[a)), and equals the
upper angle of the triangle W,PW, with W, W, as the fixed base. The loci of points
where 6, — 0 is constant therefore are circles through W, and W, as shown in Figure
3.10(b). The stream function is many-valued: approaching the line W, W, from above,
the angle —(8, — 6;) tends to +, 8, — 6, to —x, and the corresponding value of ¥ to
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(Q/2m)(—m) = —Q/2, see (19.55) and Figure 3.11. Approaching the line W, W, from
below, 0, — 6, tends to m and ¥ approaches Q/2. The angle 6, — 6, vanishes along
the remaining portion of the z axis: ¥ is zero there. The values listed for 6, — 6 in
Table 3.1 correspond to AV = Q/8. The y coordinates, y., of the centers of the circles,
and the radii R listed in the table are obtained from the geometry in Figure 3.10(b) as
follows. Denoting the angle —(8, — ;) as a, the angle 3 enclosed between W, W, and
the line W5C from well W to the center C of the circle is seen to be 7/2 — a (the angle
between W, W, and the tangent to the circle spans the same arc as the angle W,PW}).
The values for y. are found from y. = dtan  and those for R from R? = y? + d*. The
equations for the circular equipotentials shown in Figure 3.11 are obtained by the use of
(19.52) with A® = AV =Q/8.

Pix.y)

Pix.y)
/G

- 6,

—— e e e e e e~

(a) (b)

Figure 3.10 Definition of the angles 6, and &,.

Table 3.1 Values of ¥, 6, — 6>, R, and y.

v -1Q|-3Q|-iQ|-sQ[0|3Q|iQ| Q] 9
60| -7 | =3n | -3n - |0 :-n %w %r T

Ye [o's) —d 0 d oo | —d 0 d —00
R oo |vV2d| d |V2d | o |V2d]| d |V2d]| o

It may be observed from the flow net that the majority of the flow occurs in a
comparatively narrow band; the two circular streamlines of radii d enclose a domain that
carries half of the total discharge. The flow rates appear to decrease rapidly with the
radii of the circular streamlines.

Problem 19.3
Determine [ d¥ along three contours enclosing: (1) both wells, (2) only the discharge
well, and (3) only the recharge well.




Figure 3.11 Streamlines and equipotentials for flow from a recharge well toward a well.

Example 19.1: Cooling Problem

A system of a well and a recharge well, each of strength Q, are used for cooling in an
aquifer with an undisturbed field of uniform flow of discharge Q.o in the = direction
(Qz0 > 0). The purpose of the system is to pump cool water from the aquifer and inject
it after use as hot water back into the aquifer. The wells are located on the x axis (see
Figure 3.12). The problem is to determine the distance 2d between the wells such that
none of the hot water is pumped by the well. We will neglect heat exchange between
the water and the aquifer, as well as the effect of the temperature on the density.

The recharge well must be placed downstream from the well in order that the well
may capture cold water. Choosing the origin of the z, y coordinate system midway
between the wells, the potential becomes:

2 2

At (z - dP + 2
where @ is the potential at the origin. In order that no water flows from the recharge
well to the well, the flow must stagnate somewhere between the wells. The locations of
the stagnation points are found by setting Q. and Q, equal to zero:

0P B 2 T,+d = Ty —d =0
2n @+ P+ @, - AR+

+ & (19.56)

(19.57)
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Figure 3.12 Cooling problem.
and
o Q Ys Y
= == . - - =0 .
Q Ay 2 [(r, +d?+y: (r,—-dP+y? (19.38)

where r, and y, are the coordinates of the stagnation points. It follows from the second
equation that Q, =0 for y, =0, and for x, = 0. In order that Q, =0 for —-d < r, < d,
Yy =0, (19.57) must have a real root for y, = 0:

et __1 ],
@0~ 2m [.r, ¥d I, - d] = (1959
which yields

Tyl . Q

[F} 12 /! Q. 0d (19.60)

A critical situation, whereby exchange of flow between the wells is on the verge of
occurring, applies when there exists a single stagnation point:

Q
ﬁ‘QI{'d

The well will capture injected hot water when Q/(Q.,od) > w: the roots in (19.60)
then are imaginary, the stagnation points lie on the y axis and hot water flows from the
recharge well between these stagnation points toward the well. Streamlines are shown
in Figure 3.13 for three cases: case (a) Q/(Qrod) = 2.5, (b) Q/(Qrod) = m, and (c)
Q/(Qrod) = 4. The figure illustrates how the flows to the well and from the recharge
well are completely separate in case (a), touch in case (b), and have a common domain
in case (c), where the stagnation points lie on the y axis. The streamlines through the
stagnation points for case (c) are not part of the contour plot (the set of values contoured

=1 (19.61)
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do not contain the particular values of ¥ on the stagnation points). These streamlines
are added for the purpose of illustration,

The streamlines were obtained by contouring the stream function using a computer
program. The stream function is found by superposition of (19.22) with Qo = 0, and
(19.28):

W= —Quoy + 2%(0. -6 (19.62)

where 8, and 6, are local coordinates as shown in Figure 3.12,

9|=a1'(:ta.nLd -r<O <mw

"‘_j; (19.63)
6, = arctan —— < <7

r—d

It would be possible to obtain an expression of the form z = z(y) from (19.62), which
could be used to determine points of the streamlines. The procedure for determining
such an expression is limited to a few elementary problems, however; we often resort
to numerical techniques, contouring for example, to obtain plots of streamlines such as
those in Figure 3.13. An alternative method for determining streamline plots consists of
tracing the curves from point to point, and has the advantage over contouring that the
jumps in values of the stream function across the line connecting the wells (the branch
cut) may be taken into account without affecting the plot. We will discuss this method
in Chapter 4. The latter technique is especially preferable when the branch cuts do not
coincide with the streamlines, as will be the case if the uniform flow is inclined to the
line connecting the wells.

Example 19.2: Intercepting Flow Between Wells

We will consider the problem of intercepting flow between two wells of discharge Q as
a second example. The line connecting the two discharge wells is at right angles to a
uniform flow of discharge Q.. The wells are a distance 2d apart as shown in Figure
3.14 and the problem is to determine d such that all flow between the wells is captured.
If the origin is midway between the wells, the potential becomes

® = —Quoz + %m{{z2 +@- NP+ +dN}+C (19.64)

where C is a constant. The water flowing between the wells will eventually enter the
wells if the flow stagnates at least at one point on the x axis. The locations of the
stagnation points are found by setting Q. and Q, equal to zero at (z,, y,):

Q[ T, N z, ]_0
2 [+ —dF T+ + AP

Q:=Qx0 — (19.65)
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Figure 3.13 Streamlines for three cases of flow with a
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e

Figure 3.14 Two wells intercepting flow.

(19.66)

'a"‘d 'a“‘d
Q, - Q[ (y ) (y ) ]=0

T2m |24 @ —dP T 22+ (y, + P

Multiplication of both sides of the second equation by a factor equal to the product of
the denominators of the fractions inside the brackets yields, after some rearrangement:

2y, (zi +y: - dz) =0 (19.67)

This means that the stagnation points either lie on the z axis, or on a circle of radius d
centered at the origin. The stagnation points lie on the r axis if (19.65) has at least one
real root for y, = 0. This root is found from

Q s _
Qo-T7ra " (19.68)
or
=) o2 Q T Ys _
[ d ] 12 21Q.0d + [2,,de] ! d 0 (19.69)
There exists at least one real root if
Q
> .
Qud 22" (19.70)

A single stagnation point exists if the = sign applies; there are two stagnation points
on the z axis if the > sign applies. That indeed all water flowing between the wells is
eventually captured when (19.68) is fulfilled, is apparent from Figure 3.15. The plots
(a), (b), and (c) in this figure correspond to Q/(Q.od) =9, 2w, and 3, respectively. The
figures illustrate how water passes through between the wells if the stagnation points do
not lie on the z axis (plot [c]), and how no water passes through for plots (a) and (b).
Note that case (b) is critical: the flow is on the verge of breaking through.
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Problem 19.4
Determine the coordinates of the stagnation points for the case of Figure 3.15(c).

The expression for the family of streamlines, used to generate the plots in Figure
3.15, are obtained by superposition of the stream functions derived earlier for uniform
flow and for a well:

=-Qroy + 29(91 + 62) (19.71)
™

It may be noted that the existence of jumps in the stream function is particularly disturbing
for this case, since the branch cuts do not coincide with the streamlines. The plots above
were obtained by tracing the streamlines from point to point, thereby eliminating the dark
lines corresponding to the branch cuts. Figure 3.16 illustrates the effect of the jumps on
the contour plots; it was produced by contouring the stream function for the case shown
in Figure 3.15(a).

— O\ —
=), —

Figure 3.16 Contour plot of ¥ showing the branch cuts.

Problem 19.5
A well is used to recover waler injected by a recharge well. Without the system oper-
ating, there is a uniform flow of discharge Qo in the z direction. Design the system such
that all of the injected water is recovered under steady-state conditions.

Problem 19.6
Implement the stream function ¥ for wells and uniform flow in SLWL and reproduce the
streamlines shown in Figures 3.8 and 3.16.



/ Sec. 20  The Method of Images for a Circle 241

20 THE METHOD OF IMAGES FOR A CIRCLE

Certain boundary value problems involve circular boundaries; some of these problems
may be solved by the method of images for a circle. This method is useful for problems
involving islands that may be approximated as circular, and for problems in aquifers
that contain a circular, or nearly circular, lake. We will generalize the method to handle
more general boundaries through the application of conformal mapping techniques in
Chapter 5.

The Location of the Image

Consider the problem of an eccentric well of discharge @ in a circular island, bounded
by the equipotential & = ®,. The radius of the island is R, and the well is a distance p
off-center (see Figure 3.17). The problem is to locate an image recharge well such that
the system produces the desired boundary equipotential. We will solve this problem by
using the flow net for a well and a recharge well shown in Figure 3.11. The well in this
flow net lies eccentrically with respect to all circular equipotentials that surround it. The
problem of an eccentric well inside a circular equipotential may therefore be solved by
placing an image recharge well outside the circular boundary. Similarly, the problem of
flow toward a well from a fully penetrating circular lake may be solved by placing an
image recharge well inside the lake. The positions of the image wells may be determined
from the position of the well with respect to the center of the circular equipotential, and
from the radius R of the circle as follows. It is seen from Figure 3.11 that the well and
the recharge well lie on a straight line through the center of the circle. The distances
from this center to the well and the recharge well, p and p*, are equal to —x. — d and
—z. + d, respectively, where z. and d are defined in Figure 3.17. The product pp* may
be expressed in terms of x. and d as follows:

pp* =2i - d’ (20.1)
Using expression (19.53) for z., we obtain
2 2 & 2
pp* =d” (coth® § — 1) = =R 20.2
( i-1) sinh’ £ 202)

where the radius for the circle, R, is introduced by the use of (19.54). The location of
the image well is found from

p = (20.3)

Example 20.1: An Eccentric Well in a Circular Island

The problem of unconfined flow toward an eccentric well in a circular island will be
solved as an example. A cross-sectional view through the diameter of the circle that
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Y

Figure 3.17 The method of images for a circle.

contains the well is shown in Figure 3.18. The origin of an z, y, z Cartesian coordinate
system is at the center of the island, the well has a discharge Q and is located at
z =p, y=0, and the radius of the island is R. The head along the boundary is ¢y and
the boundary condition is

D+yP=R  ¢=¢0 O=®=}k¢} (20.4)

where ® = Jk¢? for unconfined flow (see Sec. 7).

Figure 3.18 An eccentric well in a circular island.

The boundary condition may be met by placing an image recharge well at z = R?/p,
y =0 and the potential becomes

2.2
Qu E-P+y .o 20.5)

b=—
4m ; 113.2 2
(.::— p) +y
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The constant C is obtained by application of the boundary condition (20.4). With y? =
R? — 22 along the circle, (20.5) becomes

Q, r*-2px+p*+R:-1?
Bo= > In : (20.6)
07 4r 13~2%:+£‘:—+Rz—x2
or
_ 2
o= i 2pI+RR,+C=9-lni2+C (20.7)
4 (pz — 2p: + Rz)? 4r R
Hence, the constant C is given by
_ Q. 7
C =%, - an In R (20.8)
so that (20.5) becomes
R a2 2
o= % In —(L;”)—;':'f-—% + @ (20.9)
R? 2
(:J: - ) +y

It may be noted that the potential for an arbitrary number of eccentric wells inside a
circular equipotential may be obtained by superposition, provided that the corresponding
image wells are included.

Example 20.2: An Eccentric Well in a Circular Island with
Rainfall

The problem of an eccentric well in a circular island with rainfall may be solved by
superposing the solution (9.15) of V2@ = — N for radial flow to the potential (20.9). The
constant is determined such that the boundary condition (20.4) is met, and the result is

N2 .2 P2
¢=—%{:2+y’—R2)+4%ln oty K + & (20.10)

2
(r—'—f) +2 ¥

We will use this solution to determine the maximum discharge of the well such
that no inflow from the boundary occurs (see Figure 3.19). The inflow per unit length
of boundary is equal to the radial component Q, of the discharge vector. We determine
Q. by writing the potential (20.10) in terms of polar coordinates r and 6, with

r=7rcosf y=rsinf (20.11)

followed by differentiation with respect to 7:

R
@ N Q@ r —pcosf r— - cosf
r y _ e — - — — _l
Q.(r,0) - > 3 2 — 2prcos + P2 rz_z%!rc059+ _S (20.12)
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Figure 3.19 An eccentric well in a circular island with rainfall.

The radial component Q.(R,6) along the boundary is obtained by replacing r by
R!

R
N Q R - pcosé R — %-cosd
(R,0)=—R - = = P 20.13
Q 2 2r [R2—2pﬂc059+p2 %(Rl—2pRcosﬂ+p2) ( )
or
R e=Np-Q1 R-y (20.14)
T 2w R R? — 2pRcos 6 + p? '

No inflow from the boundary will occur if Q, is positive for all 8. Since the second term
in (20.14) reaches a maximum for 8 = 0, Q, will be positive for all 8 if Q.(R,0) > 0,
ie., if

N
> X 20.
2 T 27 R*(R - p)? 20.15)
Hence, the maximum value for Q is
—p)? =
Qmax = TN R’ B-p _ Np2=P (20.16)

(R-p(R+p) R+p

It follows that Qmuax = 0 when p = R and Quax = TN R? when p = 0. In the latter case,
the well captures all infiltrated rainwater that falls on the island.

Example 20.3: A Circular Lake

As a third example, we consider the problem of flow to or from a circular lake of radius
R in an infinite aquifer, assuming that the lake penetrates the aquifer sufficiently far that
the boundary of the lake may be approximated as an equipotential. Cartesian and polar
coordinates are chosen with the origin at the center of the lake as shown in Figure 3.20.
We first consider the case of radial flow from infinity toward the lake. The lake acts as
a large well of radius R and discharge Qo:

= Q, T
= o In R + @ (20.17)
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Figure 3.20 A well near a circular lake.

The discharge of the lake may be calculated if it is known that the head at a reference point
remains at some fixed value. If a well of discharge Q is placed at a point r=p, y=0
then an image recharge well must be introduced inside the lake at = = R?/p, y = 0 (note
that R/p < 1). The potential for the system is obtained by superposition:

2,2 p?
$ 2y | Eo Y R? + @ (20.18)
R

P

Qo
d)—ZNI“R

compare (20.10). Note that the discharge Qo is zero if there is no flow from or toward
infinity. The above solution is applicable only to aquifers where the far-field is either
radial or constant. In real aquifers, however, the far-field often may be approximated as
a combination of radial flow and uniform flow. We will generalize the above solution
to such cases by determining the solution for a lake in a field of uniform flow, and then
adding this potential to (20.18).

Problem 20.1
For example 20.3, determine the total amount of flow into the lake if the potential at a
point z =L, y=0(L > R) is kept at ®,.

A Lake in a Uniform Flow

The problem of a lake in a uniform flow is illustrated in Figure 3.21(a), and will be solved
as a limiting case of the flow problem shown in Figure 3.21(b). This is done under the
assumption that the potential for uniform flow may be obtained from the potential for
flow from a recharge well toward a well, for the limiting case that the distance between
the wells as well as the discharge and recharge of the wells approach infinity. Image




246 Elementary Harmonic Solutions ~ Chap. 3

wells are added to satisfy the condition along the lake boundary. Thus, the potential
becomes

22 2,.2 2
@:%m __(x__ﬂ_-k_y__ﬁz_ _an _E’if.)_"'.l‘_p_ +® (20.19)

B I (TR

—_—
—_—
—_—
—_—
—_—
—
E—-
—
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Figure 3.21 A well in a ficld of uniform flow.

We combine the terms due to the wells and those due to the image wells and rewrite the
resulling expression:

o[ ot e
®= :1; ! 1 _R_z R?—2pzx —ln 14 £ -2pc+y?

P o+ »

This may be written as follows, using that In(l +¢€) = € for small ¢,

_Q[R 4 _ﬁ",] -2
'4,[pzzz+yz P + & +0(@™") (20.21)

+ & (20.20)
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where the term O(p~2) represents all remaining terms, which are of order p~2 or less.
If we take the limit for p — oo and Q — oo such that

. Q
lim =~ = 20.22
Q'—'.llo - Qo ( )
p—o0
the potential becomes
zR?
=- -———|+® :
®=-Qx [x :c2+y2] + P (20.23)

Indeed, this potential approaches that for uniform flow near infinity: the second term
in (20.23) vanishes and the first equals that for uniform flow of discharge Q.o in the
direction. Along the circle, z? + y? = R?, the potential becomes

RZ
=-Qz0 [s: - r___Rz + @ = P (20.24)
so that the boundary condition is met.
It may be noted that the term
zR?
&= —_— 20.25
Qﬂ xz + yz ( )

results from the well and recharge well inside the lake. These wells both have ap-
proached the origin: they were located at (R?/p,0) and (—R?/p, 0) originally, and p has
approached infinity. The limiting case of two wells of opposite and infinite charges at a
single point is known as a dipole and (20.25) represents the potential for such a dipole.

The potential (20.23) lacks a radial component in its far-field, so that the net inflow
into the lake is zero. The complete solution for a lake which extracts a net amount Qo
from the aquifer is obtained by adding the potential (20.17) for radial flow toward a lake:

2 2
oh ] Q2+ @ (20.26)

®=-Qu [x_.w:2+y2 4r R?

The unknown quantity Qo is determined by requiring that the potential be @, at some
given point T =1I,, ¥y =y:

&) = —Qq0 [:c. - h] %‘3 In % + (20.27)

q’n—‘l’n-i'an[Il—;?%

r+y?

In 2t

The potential for the general case that the uniform flow is directed at an arbitrary
angle § with the z axis may be obtained from the above result as follows. We modify

Qo = 4 (20.28)
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(20.23) such that the flow is in the y direction rather than in the z direction, by replacing
Q0 by Q0. and z by y:

R
®=-Qu [y = I—-——f f yZ] + @ (20.29)

The uniform flow of discharge Qo in a direction 8 may be decomposed into two com-
ponents:

Qo=Qocosf  Qu=Qosinf (20.30)

The comresponding potential is found by superposition of (20.23) and
(20.29), while modifying the constants to meet the boundary condition at r = R:

R? yR?
2 2+QU°2 2
°t+y =ty

® = -Q.07 — Quoy + Qo + % (20.31)

The complete solution to the problem of flow in an infinite aquifer with a lake
and a well is obtained by adding the potential (20.31) to (20.18) in order to account
for uniform flow. This yields, again modifying the constants to match the boundary
condition:

2442 " 2 p2
= %o,,,_gg_ +%1,, .w_w’;sf_ﬁ
e
zR? R?
-Qr0r — Quoy + Qmm + Qyurzy—_‘_yz + @0 (20.32)

The dipole at the center of the lake may be considered as the image of a uniform
far-field, whereby the strength and orientation of the dipole are determined in such a way
that the condition along the lake boundary is met. The potential for a dipole of arbitrary
orientation will be derived below, along with an expression for the stream function V.

The Potential and the Stream Function for a Dipole
of Arbitrary Orientation

The dipole obtained inside the circle of Figure 3.21 for the limiting case that the well
and the recharge well coincide possesses an orientation. The z axis is a streamline by
symmetry and the flow along this streamline is in the positive z direction because the
recharge well lies on the + side of the origin. We identify the direction of flow along this
axis of symmetry with the orientation of the dipole. The potential for a dipole oriented
at an angle 3 1o the z axis is obtained by superposition of (20.25) and the second term
in (20.29). Introducing the components s; and s, of the strength s of the dipole as
s, = 2mR2Q.0, s, = 2mR*Q0, the potential becomes

1 s;x+ s,y

=Ty g (20.33)
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If the dipole is located at a point (xg, yo), the potential becomes

1 sz(x = z0) + 5 (y — w0)
21 (z — x0)* + (y — w)?

$= (20.34)

This potential may be written in terms of the local polar coordinates r and 6, with

T —x9=rcC0sf y—yo=rsinf (20.35)
as follows:
=._l_.s:,i:0r25£5?+s,,,sinﬂ (20.36)
2T T
Expressing the components of the strength in terms of s and 3 as
sy =8cosf3 sy =ssinf (20.37)
the potential becomes
&= s cosfcos B +sinfsinB s cos(d — )
T2 r il i— (20.38)

We use this equation to determine the stream function. The Cauchy-Riemann conditions
in terms of polar coordinates are (compare [19.26]):

o0_ov o0 __ow

or ~r06 106 or (209
Application of these conditions to (20.38) gives
oV s cos(f—-p) oV s sin(@ - )
90 2n r ar 2m r2 (20.40)
and we obtain by integration of either equation:
_ s sin(@ — 3)
=T r (20.41)

which represents the stream function for the dipole. We may write this stream function
alternatively in terms of Cartesian coordinates:

s rsinfcosff —rcosfsinf _ 1 sa(y — yo) — $,(x — Zo)

_ - 20.42
27 r2 2 (x — z0)? + (¥ — wo)? ( )

¥ =
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Figure 322 Flow net for a dipole.

Expressions for the equipotentials and streamlines are obtained from (20.34) and (20.42).
These curves are families of circles through the dipole, with their centers on mutually
orthogonal lines, as shown in Figure 3.22.

Problem 20.2
Determine the radii and coordinates of the centers of the families of sireamlines and equipo-
tentials for a dipole in terms of zo, o, 8, and s.

Streamlines for a Lake in a Uniform Flow

The potential for a lake in an infinite aquifer with a uniform flow in the z direction is
given by (20.26),

RZ 2 2
= ] Qo T4V Lo, (20.43)

z? + 32 tan R?

where the discharge Qo is the net inflow into the lake. This potential is composed of
three terms: the first represents uniform flow, the second a dipole at the origin with
strength components s and s, with

sz =21Q.0R*  s,=0 (20.44)

and the third term corresponds to a well of discharge Qo at the center of the lake. It may
be noted that the dipole is oriented in the same direction as the uniform flow. The stream
function is obtained by superposition of the three expressions for ¥ that correspond to
the three terms in (20.43):

@:-Qﬂ[x-

- yR 1, Qo an?
¥=-Qz y+r2+y2]+2wmmx (20.45)
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The magnitude of Qy depends upon the fixed value of the potential at some point in the
aquifer, and is given by (20.28).

A special case occurs when Qg = 0 and there is no net inflow into the lake; inflow
occurs along the upstream face of the lake and outflow along the downstream face. The
streamlines for this case are shown in Figure 3.23, and we note that this case applies
only if the potential in the lake is equal to the value ® that would occur along the y
axis if the lake were not present. This is illustrated in Figure 3.24 where the potential
is plotted along the z axis. If the potential along the lake boundary is either higher or
lower than this value, net inflow or outflow will occur.

¥=- SQIHR

—_— Y=ok —

¥=20Q,,R ¥=2QR
*=3Q_“_]R

______—-l—-'-—-—__—_____-———

Figure 3.23 Streamlines for the case that Qo = 0.

Problem 20.3
Determine an expression for Q. along the lake boundary if Qo = 0, and identify the inflow
sections and the outflow sections of the boundary. Find an expression for the streamlines
WU = ¥, in the form r = z(y) and determine the range of values that y may take along any
given streamline outside the lake. Check your expression by calculating the coordinates of
a few points on the streamlines in Figure 3.23.

Three different cases may apply when Q) is not zero:
Case 1: There is inflow into the lake along the entire circumference,

Q. <0 r=R <0< (20.46)

where r and @ are polar coordinates emanating from the center of the lake.



Figure 3.24 The potential along the r axis.

Case 2: There is inflow along part of the lake boundary and outflow along the remaining
part.
Case 3: There is outflow from the lake along the entire circumference,

Q.>0 r=R -r<f<m (20.47)

Case 1 applies when @, is negative along the entire boundary of the lake. In order
to determine Q,, we first write the potential (20.43) in terms of polar coordinates as
follows:

Qo

R
¢=-Q.0 [r——] c059+—lnﬁ+<l>u (20.48)

Partial differentiation with respect to r yields Q,:

2

Qo

R
Q. =Qr0 [l + —,] cosf — — (20.49)
r? 27r
and we obtain for r = R:
_ Qo
Q. (R,0)=2Qpcost — 2R (20.50)
The maximum value occurs when @ = 0, so that (20.46) applies when
case 1: Qg > 4mRQ (20.51)

Case 3 applies when @, is positive along the entire lake boundary. The minimum value
of Q. occurs at @ = £, so that

case 3: Qp < —47RQro (20.52)
Case 2 applies for the remaining values of Qy:

case 2: —47RQ.0 < Qo < 4TRQ 0 (20.53)
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We will next determine the locations of the stagnation points for the various cases,
and tie our findings in with the above observations. We do this by setting the polar
components Q,. and Qg equal to zero; Q, is given by (20.49) and Qp is found from

o0 R
Qo=——5= -Q=o0 [l - r_z] sind (20.54)

The latter expression is zero at @ = 0, at = 7 and at r = R. Substituting first zero
and then 7 for @ in (20.49), and solving for r = r,, the radial distance to the stagnation
point, we obtain

2
[ Q4 [ Qo ]—1 0. = 0)

Rli2~ anQ.0R 4rQ.0R

Rha 4mQ:0 Q0 (20.55)
Ts _ Qﬂ Qﬂ ’ _ -
[R 2- QR T [4:«@,03] b G.=%m

The first equation gives only possible (i.e., positive) values for r, if Qo/Qz0 > 0, and
the second one only if Qo/Qr0 < 0.

When r = R, Qg vanishes and the second set of possible locations of the stagnation
points are found from (20.49) to be

rs=R cosf, = &— (20.56)

We see that the stagnation points lie on the boundary of the lake only when —1 < Qo/
(47Q-oR) < 1 (otherwise 6, does not exist). In this case (20.55) does not yield real
roots, and case 2 applies (compare [20.53]). For the special case that Qo = 0, the
stagnation points lie on r, = R, 0, = £ /2. If either case 1 or case 3 applies, the roots
in (20.55) are real and there exist two values for r,/R. We observe from (20.55) that
the product of these two roots equals 1; one stagnation point lies outside the lake and is
real, the other one lies inside the lake and is discarded. As an illustration of case 1, the
streamlines for the case that Qp/(QzoR) = 14 > 4 are shown in Figure 3.25. Note that
the streamlines for the corresponding problem of case 3 have the same shape; if Q-0 <0
and Qo < 0 the ratio Qo/(Qz0R) does not change sign, but the direction of flow changes
and the lake recharges. The flow pattern for that case is obtained simply by reversing
the directions of the arrows in Figure 3.25 that point in the direction of flow.

Flow Around a Cylindrical Impermeable Object

We obtained the potential for a circular lake in a uniform flow by superposition of the
potential for uniform flow and that for a dipole which is oriented in the direction of
the flow (3 = 0). We obtain the solution for flow around a cylindrical impermeable
object, illustrated in Figure 3.26, if we orient the dipole against the uniform flow. The
corresponding potential and stream functions are obtained from the solution for a lake
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Figure 3.25 Streamlines for the case that Qo/(RQ o) = 14.

in a uniform flow (with Qo = 0) by changing the signs of the second terms, see (20.43)
and (20.45):

rR?
and
_ __yR
U=-Qr [y 27 yll (20.58)

We see that indeed the stream function is constant along the perimeter of the cylinder,
I! + 2 _ R2

y .

The streamlines obtained from (20.58) are shown in Figure 3.26, and have the same
shape as the equipotentials for a lake in a uniform flow with zero net inflow (Qo = 0).

Problem 20.4
Determine the potential and the stream function for the case that a well of discharge Q
is located at T = p, y = 0 downstream from the impermeable object in Figure 3.26. Note
that you will need two image wells, one at the origin and one at x = R?/p, y=0. Explain
why you need two image wells, and prove that your solution meets all boundary conditions.



Sec. 21 The Vortex 255

Figure 3.26 Streamlines for flow around a cylindrical obstacle.
21 THE VORTEX

We will study the potential and the stream function for a vortex as a final example of an
elementary solution to Laplace’s equation. A vortex is a point around which the water
flows; the flow is rotational at the vortex. Vortices cannot occur in the interior of an
aquifer, but exist at points of the boundary where the potential is discontinuous.

The Potential and the Stream Function for a Vortex

We will derive the potential and the stream function for a vortex for the case of unconfined
flow around a lock illustrated in Figure 3.27. An infinitely long river along the x axis
forms the boundary of a large unconfined aquifer. Flow in the aquifer results from a
difference in head in two river sections that are separated by a lock. We neglect the
width of the lock, which is located at £ = 0, y = 0, denote the heads in the two river
sections by ¢, and ¢,, and write the boundary conditions as follows:

£<0 y=0 ¢=¢ =& =3ké] (1.1)
and
>0 y=0 ¢=¢, &=& =}ké} (21.2)

We seek the harmonic function that meets the preceding conditions and exhibits a dis-
continuity at the origin. The stream function for flow toward a well, ¥ = Q0/(2n),
possesses such a jump; we attempt to write the potential as a linear function of the polar
coordinate 0,

A
@:;94-3 (21.3)
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section AB

Figure 3.27 Unconfined flow around a lock.

where 0 is measured from the x axis as shown in Figure 3.27, and where A and B are
constants. Application of the boundary conditions (21.1) and (21.2) yields

>0 y=0 =0 ¢, =B (21.4)
<0 y=0 0= ¢, =A+8B (21.5)
Hence, A = (®, — ;) and B = ®; so that (21.3) becomes

‘b=4>.—‘bz
m

0+ @ 0<e<m (21.6)

It appears that the equipotentials are straight lines 6= constant, which emanate from the
lock. The expression for U is obtained from (21.3) by integration of the Cauchy-Riemann
conditions (20.39), which yields

q’-——l - % ln1

A
\l‘——;lnr+C—— (2|7)

The value of the constant C in (21.7) is immaterial; only the difference in values of ¥
are of interest. The constant is expressed in terms of the arbitrary length R merely in
order to obtain a dimensionless expression as the argument of the natural logarithm. It
follows from (21.7) that the streamlines ¥ =constant are circles around the origin. The
flow net reproduced in Figure 3.27 is obtained from the flow net for a well, Figure 3.7,
simply by interchanging equipotentials and streamlines.

Superposition
Potentials for vortices can be superimposed just as those for wells and dipoles. For

example, the presence of a second lock in the river may be accounted for by adding the
corresponding potential and stream function to (21.6) and (21.7).
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We may model the case that there is a far-field of uniform flow directed toward
the river by adding the appropriate terms to (21.6) and (21.7),

d -
and
‘b[ —‘;’z T
- - In— 21.
Y= Qupz 7 g (21.9)

where Q0 is negative if the flow is toward the river, i.e., in the negative y direction.

Problem 21.1
A building pit is planned to the north of a long, straight river containing a lock (see Figure
3.28). The head in the river to the west of the lock is @1 = 40 m and the head to the east
is ¢2 = 20 m; the far-field does not contain uniform flow. The aquifer to the north of the
river is unconfined. The dimensions of the pit are indicated in Figure 3.28. The bottom of
the pit is 22 m above the base of the aquifer.

3 fon
pit
100 m
4 river ‘F 4
| [
¢|=4‘0m lock ¢2“—"20l11

Figure 3.28 A building pit in an aquifer bounded by a river with a lock (Problem 21.1).

Questions

(a) Determine whether it is necessary to use wells to keep the bottom of the building pit
dry.

(b) If necessary, design a system of no more than two wells that will keep the bottom of
the building pit dry.

The Method of Images for Vortices

Certain boundary value problems involving vortices may be solved by the use of images.
As an example, consider the flow problem illustrated in Figure 3.29 where an aquifer is
bounded by two long straight orthogonal rivers. The origin of an x, y coordinate system
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is at the intersection of the rivers and a lock is located at z = I, y = 0. The boundary
conditions in terms of the potential are as follows:

z=0 y>0 ® =9 (21.10)
0<z<1 y=0 =9, (21.11)
1<z<oo y=0 @&=@ (21.12)

Pix.y)

aquifer

The problem is solved by placing a vortex at z = I, y = 0 and an image vortex at
z=-1,y=0. If r, 6, and 72, 6, are the local polar coordinates centered at the vortex
and the image vortex, respectively, the expression for the potential becomes

=_1r_'8|'+—82+B (21.13)
The constants A,, Az, and B must be determined from the boundary conditions (21.10)
through (21.12). It is seen from Figure 3.29 that 6, = 7 — 8, along the y axis, and
application of the boundary condition (21.10) yields

@|=ﬂ9]+ﬁ(ﬂ'—91)+8 (21.14)
w m

This condition can be met only if the coefficient of the variable angle 8, vanishes, i.e.,
if

A=A4=A (21.15)
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The angle 6, is zero and 6, is 7 along the interval 0 < z < [ of the z axis, and application
of condition (21.11) to (21.13) yields, using (21.15)

&, =A+B (21.16)
Application of the third boundary condition gives, with 6, =6, =0fory =0, < z < o0,
&, =B 21.17)

It follows from (21.16) and (21.17) that A = &, — &; and B = ®,, so that the potential
(21.13) becomes

o= S22 ;d’z(& +6;) + @, (21.18)

It is of interest to note that the rotational flows around the two vortices are oriented in the
same way; the vortices have identical strengths. Image vortices have the same strengths
when the boundary between them is an equipotential.

Problem 21.2
Determine the strength of the image vortex for the flow problem sketched in Figure 3.29, if
the y axis is a streamline, rather than an equipotential.

Problem 21.3
Consider the problem of two-dimensional flow in the vertical plane sketched in Figure
3.30. Two long parallel impervious dams separate three lakes with water levels as indi-
cated in the figure. The widths of the dams may be neglected. The aquifer undemeath the
horizontal lake bottoms is infinite in extent.

i

- —'-:

3
LY.

aquifer
Figure 330 Flow undemeath two dams (Problem 21.3).

Questions

(a) Determine the head in the aquifer as a function of position.

(b) Determine the location of the stagnation poinl.

(c) For the case that ¢, = 3(¢1 + ¢3), determine an expression for the streamline through
the stagnation point. Calculate the coordinates of points on this streamline and sketch
the streamline.
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Example 21.1: Flow near a Circular Lake with a Dam

The case of flow near a circular lake with a dam will be considered as an application
of the method of images for vortices involving a circular boundary equipotential. The
dam W,V in Figure 3.31 divides the lake into two parts with different water levels. The
problem is to determine the flow in the surrounding aquifer. It will be assumed at first
that the far-field is that of a constant potential.

Figure 3.31 Flow near a lake with a dam.

The values of the potential along the two segments of the lake boundary are denoted
as ¢, and ®,. The origin of a Cartesian x, y and of a polar r, 8 coordinate system is at
the center of the lake, which has a radius R. The boundary conditions may be written
as follows, using the angle a defined in Figure 3.31:

—a<8< a r=R P =0, (21.19)
a<f< w r=R o=, (21.20)
—-T<0< - r=R ¢ =9, (21.21)

Jumps in the boundary values of the potential occur at points Vy, § = a, 7 = R and V,
0 = —a, r = R: there are vortices at points V, and V,. It is seen from the boundary
values of the potential @ that the flows around these vortices are in opposite directions.
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The strengths of the vortices therefore are opposite in sign but equal in magnitude, so
that the potential will involve the difference of the angles 8, and 6>, measured at points
V, and V, as shown in Figure 3.31:

®= is-(o, -6)+B (21.22)

where A and B are constants.

Care must be taken in defining the angle 8, — 65; this angle must be chosen such
that no jumps in ® occur inside the aquifer. We choose the branch cuts of 8, and 6,
along the dam in the negative y direction, so that no discontinuity occurs outside the
lake boundary (see Figure 3.31). The two jumps cancel each other along the branch cuts
outside the dam, whereas the jump along the dam is due to vortex V.

It remains to be shown that the constants A and B in (21.22) can be determined
such that the potential meets the boundary conditions. The dam divides the circle into
two arcs, and P, and P, represent arbitrary points on each of these arcs. The angles
V2PV, and V, P, V), are constant when P; and P, trace their respective arcs. The angles
WV,PV) and VPV, span the same arcs as do the center angles of magnitudes 2a and
2(m — a), respectively, so that

—a<fl<a r=R 6—0=7m—a (21.23)
and
a<f<m
} r=R 0 -6=a (21.24)
- <l < -«

Application of the boundary conditions (21.19) through (21.21) to the potential (21.22)
yields, using (21.23) and (21.24),

= §a+3 21.25)
and
A
®, = ;(0 —-m+ B (21.26)
so that
A=®,-®, B=9, -(¢.—¢2)§ (21.27)

The potential thus becomes

d= [(91 —81)—G]+'1’| {2]28)

$) - D,
m™
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The case that the lake withdraws an amount Qo from the aquifer and that the far-
field is one of uniform flow in the z direction is covered by adding the appropriate terms
to (21.28), compare (20.43),

Qo
2r

The unknown constant Qo may be obtained from a given value of the potential at some
point away from the lake. Sometimes, however, the withdrawal Q of the lake is known,
from a water balance for the lake, for example.

The above treatment of a vortex concludes the discussion of elementary harmonic
functions. The solutions for wells, dipoles, and vortices are called singular solutions,
because the potential approaches infinity upon approaching the location of a well, a
dipole, or a vortex. We will see later that continuous distributions of these singularities
render functions that are useful in modeling regional aquifers. The analysis associated
with both the derivation and the use of these functions becomes rather involved when
carried out in terms of real analysis. Because both the analysis and formulae simplify
considerably when carried out in terms of complex variables, we will introduce the use
of complex variable techniques before treating distributed singularities.

Problem 21.4

A circular building pit in a river is to be dewatered by means of four wells, as shown

in Figure 3.32. The building pit is surrounded by an impervious dam. An aquifer of thick-

ness H is located undemeath the river (see Figure 3.32[b]). Two dams, AB and CD, connect
the dam surrounding the pit with the river banks such that the line ABCD passes through
the center of the pit. The following approximations are to be made:

1. The widths of the dams .AB and CD are neglected.

2. The heads in the aquifer along the exterior of the dam surrounding the pit are ¢, along
the upstream arc BC and ¢2 = ¢, — A¢ along the downstream arc BC. The four wells
are spaced uniformly along the inner circumference of the dam. The discharges of the
pairs of upstream and downstream wells are Q and Q;, respectively. The radii of the
wells are r,, and the radius of the circular pit is R. The width of the dam is b.

Question

Determine Q, /k and Q:/k in terms of the other parameters such that dry working conditions
are obtained throughout the pit. It is given that ¢, = 30 m, ¢2 = ¢ — A¢ = 257 m,
H=20m,b=15m, R=50m, and r, =0.25 m.

_ 2
m R 1"2

22 ALGEBRA OF COMPLEX NUMBERS

What follows in this section is a brief overview of the algebra of complex numbers.
Readers familiar with complex analysis may skip Secs. 22 and 23, and continue reading
with Sec. 24, where the elementary solutions determined previously are written in terms
of complex functions. The reader interested in a more thorough treatment of complex
analysis is referred to the handbooks on complex variable techniques (e.g., Churchill
[1960], Von Koppenfels and Stallmann [1959], and Nehari [1952]).
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A river bank

downstream

DAM ¢=¢r=¢,—4¢

(a)

river bank

é ' H =9, —4¢ (b)

Figure 332 Flow in the aquifer below a circular building pit in a river (Problem 21.4).
The Complex Plane

We define a Cartesian x, y coordinate system as shown in Figure 3.33 and associate with
each point (z, y) the complex number

z=x 41y 2.1)

The z, y plane is called the complex z plane, and the  and y axes are known as the
real and the imaginary axis, respectively. We call the x and y coordinates of point z the
real and imaginary parts of z, and write this as follows:

z = R(2) y=3(2) (22.2)

The symbol i in (22.1) separates the imaginary part from the real part.

Elementary Algebral-c Operations

The addition or subtraction of complex numbers is achieved by adding or subtracting the
real and imaginary parts. For example, if 2, and z; are two complex numbers, then their
sum z3 is obtained as



z
y
x X

Figure 3.33 The complex plane.

23=2 +22=(x +x2) + iy + ) (22.3)

Multiplication of complex numbers is defined in such a way that a clockwise rotation of
the £, 7 coordinate system through an angle a into the z, y coordinate system corresponds
to the complex multiplication:

2=z 22.4)
where
z=x+1y (=€+1 29 =cosa +isina (22.5)

This operation is illustrated in Figure 3.34. The complex number ( is defined with
reference to the real axis 7 = 0 and the imaginary axis § = 0; the complex number 2
defines the rotation of the £, 7 coordinate system relative to the z, y coordinate system.
The coordinate transformation is represented by the following set of equations:

z=Ecosa —nsina =E£xy — 1)
6_ ] Exo — NYo 22.6)
y =£sina + ncosa = §yo + 1To

Figure 334 Complex multiplication.
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The multiplication (22.4) may be worked out in terms of real algebra as follows:
z + iy = (€ + in)(zo + iyo) = £20 + i*nyo + i(Eyo + Nzo) (22.7)

We see that (22.6) and (22.7) will correspond to each other, provided that we assign the
value —1 to i

i?= -1 22.8)

We note that the purely imaginary number i serves to separate the real and imaginary
parts, and that multiplication by 4 is equivalent to rotating the coordinate system clockwise
through m/2.

Following the above discussion, we expect that complex division by zp will yield
the inverse of the coordinate transformation (22.6). We obtain from (22.4) that

(= z _ z+iy _ (z+iy)xo — 1y0)
, 20 zo+iyo (xo+ iyo)To — ivo)
— 42 1 _
= Z2o— Tyt + izoy — zy) (22.10)
1'0 + yo
Using (22.5) and (22.8), we simplify this as follows:
(=f+inp=zcosa+ ysina +i(—zsina + ycosa) (22.11)

which indeed corresponds to the inverse of (22.6), as asserted. Separation of the real and
imaginary parts, i.e., isolation of terms containing a factor  from the others, was done
in (22.10) by multiplying the numerator and denominator by (xo — iyo), which produced
a real denominator.

The Complex Conjugate, the Modulus, and the Argument

The complex number

Z=z -1y (22.12)

is called the complex conjugate of z, and is denoted by the superscribed bar. The point
in the z plane that corresponds to Z is the mirror image of the point z (see Figure 3.35).
The expression

lz| = Vzz = /22 + ¢? (22.13)




is the modulus of z and equals the length of the vector pointing from the origin to point
z. The angle 8 enclosed between this vector and the z axis is called the argument of z,

—f= ¥y
arg(z) =0 arclanx (22.19)

The operations carried out in (22.10) may be written somewhat more elegantly by
the use of the complex conjugate:

z 27y (z+iy)zo — i) _ TZo + yyo + i(Toy — YoT)
=—=—= = 22.15
€ ™ 0% 2P A+ 0 e
Polar Coordinates

Complex numbers can be represented in terms of polar coordinates r and @ (see Figure
3.36), as follows:

z=z+1iy=r(cosf +isinf) (22.16)
An interesting result is obtained if we represent both sin 8 and cos 6 by their Taylor series
expansions:

o0

92n ) . 2n+1
z= r"z’; [(—l} an) +i(=1) m] (22.17)
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Writing (—1) as i and combining terms, we obtain the Taylor series of e'®:

_ - (iﬂ)l“ (13)2"+| io" o
> (2n)! (2n+l)'] Z[ ] (22.18)

n=0

The compact equation

z= reil? - Izles’arg(z}

(22.19)

is the representation of a complex number in polar form, which involves both the modulus
and the argument of z. The formula

e =cos@ +isind (22.20)

is known as Euler’s formula. Note that the modulus of €% is 1,
le*®] = V/cos? 0 + sin2 8 = 1 2.21)
If we replace 6 by n@ in (22.20), we obtain de Moivre’s formula:
e = ()" = cos(nf) + isin(nf) (22.22)
If we choose n = —1 in (22.22), we obtain
e =cosf —isinf (22.23)

and addition and subtraction of (22.20) and (22.23) yields the representations of cos @
and sin @ in terms of exponential functions:

cosf = %(e" +e %  sinf= -;—i(e*" —-e %) (22.24)

Of special interest are the complex numbers with modulus 1 and arguments 0,
+x/2, +x, and 2m:

0

e =1 i

8!=e

eil’f‘l =i e—il’fz _— e

=-1 €"=1 (2225
which are all obtained from Euler’s formula (22.20). It further follows from (22.20) that
e 0F2mki = o6 (k=0 +1,42,...) (22.26)

Thus, addition of 27k to the argument of a complex number does not change its value. A
unique definition for 8 = arg(z) may be obtained, for example, by assigning to # positive
values between 0 and 7 for y > 0, and negative values between 0 and —7 for y < 0,

0<@=arg(z)<m y=9z20

22.27
—-r <@=arg(z) <0 y=8z<0 ( )
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Note that this definition, or any other that might be chosen, must be taken into account
when 6 is computed by the use of (22.14).
The complex conjugate Z may be written in polar form as

Z=z—iy=r(cosd —isinfd) =re " (22.28)

2Zz=relre ¥ =12 = |z|2 (22.29)

which corresponds to (22.13).

The polar form is particularly useful for the operations of multiplication and divi-
sion. If z; and 2; are two complex numbers with moduli ; and r; and arguments 6,
and 6, then we obtain the following expressions for z,2; and z)/z;:

2122 = 126" @9 = £ polcos(8, + 62) + isin(6, + 62)] (22.30)
and
2 Thgi0-0 = Ticog@, — 6y) + isin(d) — 6)) (22.31)
22 ™ ™

Thus, multiplication and division of two complex numbers results in addition and sub-
traction of their arguments, respectively.

We now return to the coordinate transformation (22.4) which consists of a rotation
of axes through an angle a. It follows from (22.5) that

zp=cosa +isina = e (22.32)
so that (22.4) may be written as
. z=(e' (22.33)
It follows that the arguments of z and ( are related as follows:
arg(z) = arg(() + a (22.34)

an identity that is observed from the geometry in Figure 3.34. Since the = axis is
obtained from the £ axis by a clockwise rotation through a, we conclude from (22.33)
that multiplication of a complex variable ¢ by a factor e'® corresponds to a clockwise
rotation through a of the coordinate system.

Problem 22.1
Determine the real and imaginary parts of:
G+4)+(1-6) (12+44)—(3+0.5)
QR+4)3+1) 1/Q+8) (Q+)/(1-19)

Determine the moduli and arguments of:
1+ -1+ =1 =1 -1 (1401 —-14)
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23 COMPLEX FUNCTIONS

Complex functions are functional relationships between two complex variables. In this
section, we will introduce complex functions, determine conditions for their continuity
and differentiability, and give some examples. Our main objective is the application of
complex functions to groundwater flow problems, and therefore we restrict our discus-
sions of the mathematical foundations to a minimum. The interested reader is referred to
the handbooks on complex analysis for a more rigorous discussion of complex functions.

A Complex Function

A complex function is a relationship between two complex variables, for example,
Q=90Q(z2) (23.1)
where
N=® +1¥ z=zx+1y (23.2)
We may write (23.1) in terms of a pair of real functions,
Q=Uz)=d(z,y) + iV(z,y) (23.3)

Although (23.1) has the appearance of a functional relationship between two variables,
Jjust as the real function f = f(z), it really involves a total of four variables: the two
independent variables = and y and the two dependent variables & and W. A graphical
representation of a complex function would require four-dimensional space, and we resort
to a representation by the use of maps, as explained below. Consider the real function
f = 2% in the interval AB: 0 < z < 2. We can illustrate this relationship by the use
of two one-dimensional axes, the x axis and the f axis, by marking the interval AB on
each axis (see Figure 3.37). This graphical representation does not give the complete
information of the functional relationship; it only illustrates where the interval is mapped
on the f-line, and not how points inside this interval are mapped. Applying this same
graphical representation to complex functions, we draw two planes, the (2 plane and the
z plane (see Figure 3.38), and label corresponding points in these planes. If each point in
a domain D; in the z plane corresponds to one single point in the corresponding domain
Dg in the §2 plane, then the function © = (2) is called single-valued.

A B

A B

Figure 337 The map of a real function.
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Figure 3.38 The complex {2 and z planes.

Continuity

The function € = §2(z) is continuous at a point 2o if Q approaches the same value
o = (20) for any path along which z tends to zo. Hence, §(z) is continuous if
lim (z) = Az0) (23.4)

T—2p

Differentiability; the Analytic Function

The derivative d2/dz = '(z) of the complex function Q = (z) at a point 2o is
defined as
[@] - () = lim X2 =) (23.5)
dz | ,_.. 1—z 2= 2
A complex function is differentiable at zo only if the limit in (23.5) is independent of
the path along which 2 approaches zo. A complex function is analytic at 2o if it is
differentiable throughout a neighborhood of zo.

The definition (23.5) is rather restrictive, and we will see that @ and ¥ must
fulfill special conditions for 2 to be differentiable. We will establish these conditions
by choosing two different directions of differentiation, and require that the expressions
obtained for dS2/dz be the same. First, we let z approach zq in a direction parallel to
the z axis (see Figure 3.39): z=1 +iyg, and z — 20 = £ + Yo — Lo — Yo = T — Lo, 5O
that (23.5) becomes

Q'(29) = lim [
I—Ig
_o® 0¥
=5z oz
where use is made of the definition of the partial derivative. Second, we let z approach

zp in a direction parallel to the y axis: z = xo + iy, and z — 2o = i(y — Yo), so that we
obtain

¢(I, 1»'0) — ¢(I0} yﬁ) + lq"{-rs yﬂ) - \p(IU) yﬂ}
T — X I — Iy

(23.6)

0'(20) = lim [
V"

_ov_ 00

oy Oy

CD(IUI y) - ¢(J':i:h 90) + i‘p(-rlh .U) - "l'{'-cﬂy yﬂ)]
(y — o) iy — o)
(23.7)
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Figure 3.39 Complex differentiation.

We observe that (23.6) and (23.7) will be equal only if

9 v 96 _ oV
azx - ay '5;-_:9-1__ (238)

which are the Cauchy-Riemann equations. Since we will obtain the same result for
any orientation of the coordinate system, d{1/dz in (23.5) will be single-valued for any
direction (z — zp), provided that ¢ and ¥ fulfill the Cauchy-Riemann conditions.

The potential and the stream function introduced earlier in this chapter must fulfill
the Cauchy-Riemann conditions in order to be conjugate harmonic functions. We there-
fore conclude that the potential and stream function for any groundwater flow problem
governed by Laplace’s equation can be represented as the real and imaginary parts of a
complex potential.

Examples of Analytic Functions

If a complex function is analytic at all points of a domain D, then this function is said to
be analytic in D. It appears that most functions of interest in groundwater mechanics are
analytic in the entire plane with the exception of isolated points, called singular points.
If we deal with a complex function of which we know only that it is analytic in a domain
D, then we will state this explicitly. Otherwise, we will use the term “analytic function”
somewhat loosely: we will call a function analytic if it is analytic in the entire plane with
the possible exception of isolated singular points. Almost all differentiable real functions
are analytic when written as complex functions of a complex variable z. Whether a
complex function is analytic can be determined by verifying that the Cauchy-Riemann
equations are satisfied. We will do this as an illustration only for the first example,
and restrict our discussion of the other functions to determining their real and imaginary

parts.

The Function Q = 22

The real and imaginary parts of 2 = 22 are obtained as follows:

D=0 +i¥ = (z +iy)’ =2° — y* + 2izy (23.9)



Hence,
ad ov o ov
e = — = — = 23.10
e =22 7 2z oy y W (23.10)
so that the Cauchy-Riemann conditions are fulfilled, and the derivative df2/dz becomes
Q) o8¢ IV )
-J;-—a+:a—2x+21y-22 (23.11)

We see that the same result for (2’ is obtained by applying the rule for real differentiation
to the complex function z2. We state here without proof that this holds true for all
analytic functions: the rules for real differentiation are directly transferable to complex
functions.

The Taylor Series

It may be verified by the use of the Cauchy-Riemann conditions that sums and
products of analytic functions are analytic. Thus, the series

A2 = anlz - 20)" 23.12)

n=0

where z; is a constant, is analytic for all values of z for which it converges. We may
obtain expressions for the coefficients a,, as follows. It appears from (23.12) that

Qz0) = ap (23.13)
The m*? derivative of (23.12) is obtained by repeated differentiation as

Q™(z)= Y anln—(m - Dlin - (m-2))...[n - lln(z = )" ™™  (23.14)

n=m

so that
Q™(29) = ap[1-2-3...(m — 1) - m] (23.15)
which yields the following expression for a,,:
Q™)(2)
Gm == (23.16)

The series (23.12) thus may be written as

n!

%0 y(n)
Q) = Z & (7’“}(: — zo)" (23.17)
n=0
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This series is known as the Taylor expansion of the analytic function {2(z). We state
here, without proof, that any function that is analytic within a circle of radius R may be
represented by a Taylor series. Conversely, any function that may be represented in the
form (23.17) in a domain D is analytic there. We see from (23.17) that all derivatives of
an analytic function exist. Furthermore, the derivative of an analytic function is, itself,
an analytic function.

With the aid of the Taylor series we introduce the concept analytic at infinity. A
function §2(2) is said to be analytic at infinity if it can be expanded in a Taylor series in
terms of the variable z* = 1/z about z* = 0. Thus, 2 = {2(2) is analytic at infinity if it
can be represented by a series of the form:

0= \;b,,z-" (z — 0) (23.18)

n=0

near 1/z = 0. We see, for example, that the function §2 = 22 is analytic in the entire 2
plane except infinity: z = oo is a singular point of this function.

It may be of interest to note that there exists only one function that is analytic
throughout the z plane, i.e., including infinity. This function is the constant (Liouville's
theorem).

The Function e*

The real and imaginary parts of e* are obtained from

z

e’ =e 'V = eTe'V = e"(cosy + isiny) (23.19)

and the derivative of e* is e*:
dQ de*

= = e? 23.20
dz dz ¢ ( )

The Function In z

The real and imaginary parts of In z are obtained by writing z in polar form:
Inz=In[|z]e"®**™] =In|z| +i6 + i2kr  (k=0,%1,%2,...) (23.21)

Note that this function is many-valued, as a consequence of the indeterminacy of arg(z).
The principal values of In z are usually associated with arguments of z within the range
- < arg(z) < m.

The Function sin z
The real and imaginary parts of sin z may be obtained by the use of the exponential
represemalion (22.24):

=sinz = i(r+iy) _ —e'{.r.+iy)]

% e

2i

iL [ “Y(coszx + isinz) — e¥(cosx — isin :c)]

3 [—(e¥ — e ¥)cosz + i(e¥ + e~ V)sinz] (23.22)
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which gives, using the definitions of the hyperbolic functions,
sinz =sinzcoshy + icoszsinhy (23.23)
Note that the modulus of the sine of a complex variable is not necessarily less than 1.
The Function cos z
The real and imaginary parts of cos z may be determined similarly as for the sine:

cosz = [es'tr+iy] + e—i(:+iy)]

1
= ; [e_"'(cosz + isinz) + e¥(cosz — isin ::)] (23.24)
or
cosz =coszcoshy — isinzsinhy (23.25)
The modulus of cos z is not necessarily less than 1.
The Functions sinh z and cosh z

The functions sinhz and coshz may be expressed in terms of the sine and the
cosine as follows. By definition, we have

sinhz = (e —e™%) = £ [€"7**) — 779 = —isin(iz) (23.26)
and
coshz=1(e* +e7 %) =4 [T + eI = cos(iz) (23.27)

The real and imaginary parts may be obtained by the use of (23.23) and (23.25):
sinh z = —isin(—y + iz) = sinhz cosy + icoshzsiny (23.28)
and

cosh z = cos(—y + iz) = coshzcosy + isinhzsiny (23.29)

The Function \/z

The real and imaginary parts of Q = /Z are readily obtained by writing 2 in polar
form:

Q = /2 = Vreif+2k7i = \frei?/2ek™ = ek \/r(cos § +isin §) (23.30)
We observe that two different roots are obtained, one for k = 0, and one for k = I:

Vz = £ \/re'?/? (23.31)
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For any other choice of k, one of the two roots in (23.31) is obtained. In order to decide
which root applies in any given problem, the range of values of arg(z) must be known,
i.e., the branch cut must be chosen. Note that the function 2 = \/Z is not analytic at
z =0, because the derivatives of \/z do not exist at z = 0.

The Function z®

Another many-valued function is the power 2, where |a| < 1. This function may
be written as

Q = zct - raeiuseitleR (23.32)
The number of different roots depends upon the value of a. If a may be written as

a=>  p=12.. n=12.. (23.33)

then there exist n different values for k that yield different roots. If a cannot be written
in the form (23.33), then there exists an infinite number of different roots.
Examples of Functions That Are Not Analytic

The function 2 = Z is not an analytic function of 2. This follows by application
of the Cauchy-Riemann conditions:

N=0+iV=2=xr—-1iy (23.34)
so that
o ov o ov
v a_-—l a_o i (23.35)

and the Cauchy-Riemann equations are not fulfilled, as asserted. Any complex function
of Z is not an analytic function of z.

Another example of a function that is not analytic is |z|. Since ¥ is constant and
® is not, the Cauchy-Riemann conditions are not be satisfied.

Some General Properties of Analytic Functions

We will briefly discuss some properties of analytic functions, without proof, that are used
in what follows.
Inversion of Analytic Functions

The inverse z = z(f2), of the analytic function Q2 = €)(z), is an analytic function
with the exception of points where d2/dz = 0.
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Analytic Functions of Analytic Functions

If both 2 = N(¢) and z = 2(¢) are analytic functions of the complex variable ¢,
then the function Q = Q(((z)) = 2°(2) is an analytic function of z. This important
property makes it possible to use a parametric representation of an analytic function:
the intermediate complex variable ¢ in the above example acts as a complex reference
parameter. For example, the function defined by the following pair of expressions

Q=a( +bIn( (23.36)
2= c( +dian( (23.37)

where a, b, ¢, and d are constants, cannot be written without using the reference parameter
¢; ¢ cannot be eliminated.

Functions Involving Complex Conjugates

If the complex function
Q=90z) (23.38)
is an analytic function of z, then the function
Q°(2) = Q@) (23.39)
is also an analytic function of z.

Complex Differentiation

Even though complex differentiation involves four variables, it obeys the same
rules as differentiation of a real function of a single real variable. The derivative of
any of the analytic functions listed above is obtained in the same fashion as the real
derivative of its real counterpart. For example: d(cos z)/dz = — sin z. Furthermore, the
chain-rule applies just as for real functions:

dQ _ dQ d¢

dz  d( dz (23.40)
where Q = 2(() and z = z((). In addition, the property
1
E - (23.41)

ac

holds for analytic functions, so that (23.40) may be written as



Sec. 23  Complex Functions ) 277

[Li1]

a _ ac (23.42)
dz ::—‘
4

This expression is particularly useful for differentiation of functions of the form (23.36)
and (23.37), where the reference parameter cannot be eliminated. We obtain, for that
case,
a+?
LY (23.43)
dz c+ preerd
Complex Integration

Just like complex differentiation, complex integration is carried out formally in the
same fashion as integration of a function of a single real variable. For example, the

integral
2
0= / d (23.44)
y 0—2
becomes
Q=m2_2% (23.45)
) — 2

It may be apparent from the above brief summary of complex analysis, that the
use of complex variables greatly simplifies analytic work involved in deriving solutions
for groundwater flow problems. We will demonstrate this in the next sections, where the
solutions obtained thus far are written in terms of complex variables, and where we will
discuss techniques for solving boundary-value problems.

Problem 23.1
Determine the real and imaginary parts of the following functions:

tan z coth z etin 2P
Defermine the moduli and arguments of
sinh z COs z

Integrate the following:

1 . 1 1
f‘(zz+ n ""2"/ [(z = (z+i)]dz
Differentiate

Inftanz]  exp(v/z)



278 Elementary Harmonic Solutions  Chap. 3
24 COMPLEX FUNCTIONS IN GROUNDWATER FLOW

In this section we introduce the complex potential and the complex discharge function for
groundwater flow problems. As an example, we write the basic solutions discussed earlier
in terms of the complex potential: the well, the vortex, and the dipole. An additional
example shows a solution that was originally obtained in terms of complex variables:
the complex potential for flow in the vertical plane over a horizontal impervious base
toward a horizontal drain.

The Complex Potential and the Discharge Function

The potential ® and the stream function ¥ fulfill the Cauchy-Riemann conditions (23.8).
Therefore, ® and ¥ may be represented as the real and imaginary parts of an analytic
function Q = Q(z) of the complex variable z = = + iy, defined in the flow domain. This
function is known as the complex potential 2, with

N=0+1¥ (24.1)

The components Q. and Q, of the discharge vector may be obtained by complex
differentiation as follows. The discharge function W is defined as minus the derivative
of the complex potential with respect to z,

dQ o® oV

=—-J; =—a _‘E (24.2)
Using the Cauchy-Riemann equations (23.8) and Darcy’s law, this becomes
oe 0P .
W= +ig =Q: =i (24.3)
Hence, the components Q. and Q, are obtained directly from W =U +iV,
W=U+iV U=Q: V=-Q (24.4)

The Uniform Flow

The complex potential for uniform flow with components Q0 and Qo is obtained by
combining the expressions (19.20) and (19.22) for ® and . This gives, discarding the
constant ®o,

Q= —(Qx0 — Q)2 24.5)

If the direction of the uniform flow is a, and if the discharge is Qo, the complex number
Qz0 — iQ 0 may be written as

Q20 — 1Qy0 = Qo(cos a — isina) = Qoe™** (24.6)
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so that (24.5) becomes

= —Qoze™™ 4.7)

The Well

As an example of the application of complex variables, consider the complex potential

Q
= > In(z - 2,)+C (24.8)

where 2, = r,, + iy, and C is a real constant. It follows from (24.8) that
p=n0=2 Injz -z, +C= Q In[(z — z.,)* + (y — yu)’1 + C (24.9)
4 4r
and

¥=30=2 arctan L=¥ - 9 (24.10)
2r r—z, 2

It appears that (24.8) represents the complex potential for a well with discharge Q at
2= 2y =Ty + 1Yy

The Dipole

The complex potential for a dipole at z = 2y = ¢ + iyp is the complex function with
(20.38) as its real and (20.41) as its imaginary part:

—_ — el _ ig
Q=dtiv= 200 —P-isin@-p) s e (24.11)
2T r 27 rei?

The complex number re*® represents the vector pointing from zo to z, so that re®® = z— z,
and (24.11) becomes

(24.12)

The Vortex '

The complex potential for a vortex at z = z,, finally, is given by

A
Q= i In(z - 2,)+C (24.13)

e
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where A and C are a real and a complex constant, respectively. The reader may verify
that the real and imaginary parts of (24.13) indeed represent the potential and stream
functions for a vortex at z = z,, cf. (21.3) and (21.7).

A Lake in a Uniform Flow

An example of the use of the discharge function will be given by determining the stag-
nation points for the flow problem of a lake in a uniform flow, discussed in Sec. 20,
Figure 3.25. Combining (20.43) and (20.45) in a complex potential, we obtain

Q=-Qxo [z—-—] +@lnR+% (24.14)
The expression for the discharge function W is obtained upon differentiation,
dQ R? Qo1
-—'d—-Q;n [l+ 3 (24.15)

The stagnation point occurs at a point z,, where both components Q. and Q, vanish,
i.e., where W = 0. Hence,

2
[-l—] [—@z, + Q022 + Q,ORZ] =0 (24.16)
Z4 2T

The stagnation point cannot be at z = 0, so that (24.16) may be multiplied by z; 2. The
roots of the remaining equation are

2Zs Qo Qo 2_
[R 12 41rQ¢gRi [41rQ,oR] : @24.17)

This equation is identical in form to that obtained earlier, see (20.55), but provides more
information. Whereas (20.55) is valid only for 6, = 0, and thereby applies only to cases
where the stagnation points lie on the z axis, (24.17) also holds for the case that there
are two stagnation points on the lake boundary. The latter case was referred to as case
2 in Sec. 20 and applies when the roots (2,); 2 are complex, i.e., when

% 1< (24.18)
41[RQ10
see (20.53). In that case the square root in (24.17) is purely imaginary so that
Z ) i1 - [0 !
(2], - i1~ [ 2419

The moduli of (z,); and (z,), are R, as follows from (24.19), so that the stagnation
points lie indeed on the lake boundary. The stagnation points are at (2,),2 = £ Ri for
the special case that Qo = 0.
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Unconfined Flow Toward a Drain

As a final example, we will discuss the solution for a problem of unconfined flow over
an impermeable base toward a horizontal drain, illustrated in Figure 3.40. The boundary
conditions are that 1.4-2 is an impermeable base, 2-3 is an equipotential with & =0, and
3-1B is a phreatic surface. Point (1.4,1B) is at infinity and point 2 is at the origin. If we
set ¥ = 0 along the impermeable base,

—o0<z<0 y=0 v=0 (24.20)

and if the discharge per width B measured normal to the plane of flow is @, then ¥ = —Q
along the phreatic surface. The potential for two-dimensional flow in the vertical plane
is kB¢ (see Sec. 17), ¢ = y along the phreatic surface (see Sec. 17), and the boundary
condition along 3-18 becomes:

¥=-Q ®=kBy (24.21)

1A ¥=0 2. 3

Figure 3.40 The Vreedenburgh parabola.

The condition along the equipotential 2-3, finally, is
0<zr<L y=0 ®=0 (24.22)
where L represents the z coordinate of point 3. The solution to this problem was obtained

by Vreedenburgh (see Vreedenburgh [1929], De Vos [1929] and Kozeny [1931]) and has
the following form:

O =—-i\/2kQBz (24.23)

Inversion of (24.23) yields

Q
= —— = 24.24
2 a a=kQB ( )
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Separation of the real and imaginary parts yields
=L@ -  y=-lov (24.25)
2a a

We observe from the second equation that y = 0 both for ® =0 and ¥ = 0, and from
the first that z < 0 fory =0, ¥ =0 and z > 0 for y = 0, & = 0 so that (24.20) and
(24.22) are met. We see, in addition, that ¢ = k By along the streamline ¥ = —Q), so that
(24.21) is also satisfied. Since the complex potential is analytic for all finite z except
z =0, and fulfills the boundary conditions, (24.23) is indeed the solution to the problem
of Figure 3.40. It may be noted that point 2 is a singular point; the components of the
discharge vector become infinite there, as a result of the boundary conditions. Indeed,
the boundaries enforce at point 2 an unnatural condition: the streamline 1.A-2 and the
equipotential 2-3 are not mutually perpendicular as everywhere else, but collinear.

Elimination of ® from the two equations in (24.25) yields the following expression
for the streamlines:

1 ZEN
V= —T’z + -;5’- (24.26)

where ¥; represents a chosen constant value. The expressions for the equipotentials are
obtained in a similar fashion by eliminating ¥ from (24.25) and setting @ equal 10 the
constant values ®;:

2 297 ¥
y = TI + ? (24.2?}

It is seen from (24.26) and (24.27) that the streamlines and equipotentials are a set of
confocal parabolas.

We obtained the above solutions simply by combining real solutions determined
earlier, except for the latter one, which we simply presented. Although the analytic
function may, in principle, be considered as the general solution to groundwater flow
problems governed by Laplace’s equation, we have not yet addressed the problem of
selecting the particular solution that meets any given set of boundary conditions. One of
the tools available for solving such a problem is that of conformal mapping, introduced
in Chapter 5.

Problem 24.1
Determine expressions for Q; and Q, for the problem illustrated in Figure 3.40, and deter-
mine the distance between points 2 and 3. Sketch a flow net for AW = A® = Q/3, using
(24.26) and (24.27).

Problem 24.2
Answer question (b) in problem 21.3 by making use of the complex functions 2 and W.
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25 COMPLEX LINE INTEGRALS

Complex integrals play an important role both in formulating exact solutions to ground-
water flow problems and in approximate modeling by means of analytic functions. We
will briefly discuss the most important integrals in this section, but defer their applications
and generalization to later sections.

The Line-Sink

One of the most commonly used complex line integrals is the line-sink. Probably the first
to apply the line-sink to a groundwater flow problem was Irmay [1960]. Applications
of line-sinks to boundary value problems were given by Van der Veer [1976] in terms
of a complex integral and by Ligget [1977] in terms of a real one. Strack and Haitjema
[1981(a)] used line-sinks for modeling creeks and rivers in a regional flow model.

The line-sink is a distribution of wells along a line; as opposed to a well, the
inflow takes place uniformly along a line and is not concentrated at a point. As for
wells, the sign of the discharge governs whether inflow or outflow occurs. Thus, the
line-source is a line-sink with negative discharge; it is not necessary to derive a separate
complex potential for a line-source. A line-source may be used, for example, to model
the infiltration through the bottom of a creek, as shown in Figure 3.41. The bottom
of the creek lies above the groundwater table of a shallow unconfined aquifer, and the
infiltration rate o [m?/s] per unit length of the creek is a function of the water level in
the creek and the resistance of the creek bottom. We will neglect the width of the creek
with respect to its length, and imagine the infiltration to be concentrated along the line.

]
0/2 w—3— 0/2 l o
_——______'.-—-.‘______-_-—_
—
plan view section

Figure 3.41 Infiltration through the bottom of a creek.

The Complex Potential

Consider a uniformly spaced row of n wells along a straight line of length L and
inclination o« to the z axis, as shown in Figure 3.42(b). The complex coordinates of the
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end points are + and 3. The wells all have a discharge A€, where A is the distance
between the wells (see Figure 3.42[a]), and the m™ well is located at z = §,,. The
corresponding complex potential is
n 0
Q=) 5 Gz = 6.,)A¢ (25.1)

m=l

E

g

.Y
X

'_ L, 1 ,2

(b) (c)
Figure 3.42 The line-sink.
In the limit, for A — 0 and n — oo, the sum becomes the following integral:
iL 4
= /_.iL E In(z — 8)dE (25.2)

where £ is taken to be —%L at z and %L at 2. The complex number 4 denotes a point
of the line and may be written in terms of £ as follows:

s=ge +4(2+3) (25.3)
We introduce the following dimensionless variables:
z— %(5 + %)

¢

Z=X+iY = A=A +id = (25.4)

e —

where
2 ! i
z—z=1Le (25.5)

The complex variables Z and A are real along the element and vary between —1 at L
+1 and z (see Figure 3.42[c]). Note that the complex number %(2 + .23) corresponds to
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the center of the element, and that 7 — » represents a vector pointing from 2 to %, which
has length L and inclination a. Introduction of these variables in (25.2) yields, writing
d¢ as e~'*dé = 3 LdA,

g 21
- —Inli(z - - 1
Q= /_l > In[2 (z z)(z A)] ;LdA (25.6)
The infiltration rate ¢ is constant, and (25.6) may be written as

ol + 1(2 1 Z-1
- [/—' In[i(z—z)]dA—LH ln{Z—A)d(Z—A)] @5.7)

where dA is replaced by —d(Z — A) in the second integral, using that Z is constant
during integration. Integration of (25.7) yields

2=22{z+ iz +)-@Z- iz -v+2m3(3-1)] -2} | s

which represents the complex potential for a line-sink of infiltration rate o and length L,
written in terms of the local complex variable Z. We refer to the infiltration rate o as
the strength of the line-sink.

The Far-Field.  The behavior of (25.8) for large values of Z is obtained by first
writing the complex potential as

Q= ::{Zl :t:§§+ln[zz(l Zz)]+2ln[ ((-2)] - 2} (259)

and then expanding the function about 1/Z = 0. This yields

Q= 4L{2InZ+ZIn[ (2—2)]+Z[ +o( )]—2+0(%)}

(Z — o0) (25.10)

where O(1/Z3) means “order of 1/Z3 or less.” Disregarding all terms of order less than

1/Z%, we obtain
sz m[3(G-2)]}+o(z)

oo wem

where use is made of (25.4). We see that the complex potential approaches that of a
well of discharge @ = oL, located at the center of the line-sink. This is to be expected,
since oL represents the total discharge of the line-sink.
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The Discharge Function
We introduce the local coordinates £ and n and determine the discharge vector
components Q¢ and Q,, which are parallel and normal to the line-sink as shown in
Figure 3.43. The complex variable { = {+ in) may be expressed in terms of z as follows:
(=g+in=[z-§(2+3)]e™ (25.12)
so that 7) = 0 along the element, and the discharge function W* is defined as

. dQ ‘
w =—Ec* =Q£—-IQ“ (25|3)

(a) ©

Figure 3.43 The normal and tangential discharge components along the element.

It follows from (25.12) and (25.4) that

(= %(% — é)Ze"""‘ = %LZ (25.14)
so that (25.13) becomes
. dQ dZ 2 dQ
Q‘_'Q""E'&E'_IE (25.15)
Using (25.8), we obtain
) o Z-1 o Z -1 )
QE—ZQ,T--E;II'IH{—E []nl-z———;—l +19] (25‘6)
We choose the branch cut for the angle 6 as shown in Figure 3.43(b), so that
Y >0t 0<o<m
(25.17)

Y<0- -w<6<0
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where the superscripts + and — denote the side from which the point Z approaches the
element. Denoting @, along the + and — sides of the element as Q,';‘ and Q (see
Figure 3.43[c]), we obtain from (25.16) and (25.17):

+_ O o

Q; = -3 Q=3 Qt-Q,=-0 (25.18)

We observe that Q,, is discontinuous across the element; there is an inflow —(Q} - Q;’)
equal to o. We further see that the component Q; is continuous,

Z -1
Z+1

a

Qf = E In (25.19)

but singular at the end points of the element: these end points are singular points. The
tangential component Q)¢ is zero at the center of the element, and increases toward the
tips, as illustrated in Figure 3.43(c).

The Stream Function

The stream function ¥ is obtained as the imaginary part of (25.8). We will examine
the behavior of this function along the X axis, and obtain, for Y =0,

v =%[(X + 1)8; — (X - 1)6; + 2a]
=%[—X(92 —-01)+ 6, + 6, + 2a) Y=0 (25.20)

where 6, and 6, are the arguments of (Z + 1) and (Z — 1), respectively. With 8, —8, = 6,
see Figure 3.43(b), we may write ¥ as

U= %—::—'(—X9+9| + 6, + 2a) (Y=0) (25.21)
We choose the branch cuts for 8, and 8, such that
+ OSG]S‘H _ —11'56150
Y >0 Y <0 (25.22)
0<0, < -7<6,<0

Denoting ¥ as ¥* and ¥~ along Y =0* and Y =0, we obtain with 8 = 0 for | X| > 1,
Y=0

-0 < X < -1 Y =0% Ut = %uzn + 2a) (25.23)
—0< X < —1 Y=0" U = %(—2:” 2a) (25.24)
-1<X<1 Y =0* ot = %(—-Xﬂ+ﬁ'+2a) (25.25)

-1£X<1 Y=0" 'P'=%-$(+X1r—1r+2a) (25.26)
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Y =0* vt oL
1<X<oo {Y=0_} {w_}--é;a @25.27)

It appears that the stream function jumps both across the negative X axis and across the
element:

—00<X < -1 Y=0 V' -¥ " =0gL (25.28)
-1<X<1 Y=0 VY-V =1loL(-X+1) (25.29)

The jump oL along the negative X axis outside the element occurs because the element
extracts an amount Q = oL. The jump %aL(l — X) along the element varies linearly
with X and corresponds to the constant rate of extraction. Indeed, this jump corresponds
to the inflow:

+_o- =92 gyt 29 g+ e
Q; —Qy B{W -¥7)= L X (lll -¥7)=-0 (25.30)
where use is made of the Cauchy-Riemann relation ¥ /9§ = —9®/0n = Q.

It may be noted that the stream function is finite and double-valued at the tips of
the element. For example, at X = —1, Y =0, (25.20) becomes:

¥= -~(232 +2a) = ——-92 + Eu X=-1,Y=0) (25.31)

The angle 6, is 7 if Y =0%, and -7 if Y =0~.

The stream function jumps along the semi-infinite segment —co < X < 1, Y =0«
the line-sink has a branch cut extending from the end point at % via the end point at z10
infinity. The branch cut extends to infinity because the line-sink extracts a net amount
of water from the aquifer.

The Potential

The potential is single-valued throughout the domain. This may be seen by first
rearranging (25.8) as follows:

oL
Q= 4”{ zmz +ln[(Z-I)(Z+I)]+2]n[ ((-2)] - 2} (25.32)
and then taking the real part:
oL z ) L
tp-“[ Xl"lz+ ‘+Y0+ln|Z ~1|+2In 2] (25.33)

Indeed, the only function that is discontinuous is 6; this function jumps only when Y
passes through zero, and the factor Y in (25.33) ensures that this jump does not cause
the potential to jump.

It may be noted that the complex potential is finite at the tips of the element; the
terms (Z — 1)In(Z — 1) and (Z + 1)In(Z + 1) in (25.8) vanish at Z =1 and Z = -1,
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respectively. The potential therefore is finite at the tips. The complex potential is not
analytic at the end points, where none of the derivatives of {2 exist.

A plot of equipotentials and streamlines is reproduced in Figure 3.44, as an illus-
tration.

Figure 3.44 Equipotentials and streamlines for a line-sink.

Some Applications of Line-Sinks

Line-sinks may be used to model the infiltration through the bottoms of creeks that
are not in direct contact with the groundwater, as is shown in Figure 3.41. In such cases
the strengths of the line-sinks are known. For example, if there are n line-sinks between
points z; and ; (j = 1,2,...n) of length L;, and with strength o, and if there is a
uniform flow of discharge Q) in a direction a, then the complex potential becomes

o;L;
il

: {(Z,-+1)|n(z,-+1)—(zj-1)1n(z,—1)

= —Qoze ' + Z

51

+am[i(3-5)] -2} +c (25.34)

where C is a real constant and Z; is defined by (25.4), with Z; and Z; replacing  and
- %(51 + 3:,-)

(2 )
2\%i — %

Z; = (25.35)
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Often a creek or river is in direct contact with the groundwater, and may be taken
to penetrate the aquifer fully. In such cases, line-sinks may be used to model the creek
or river in an approximate fashion. We will briefly discuss how such an approximate
model may be constructed; a more comprehensive treatment of such models will be
given in Chapter 6. For reasons of brevity in writing, we introduce the real function

1 2
A;,(z, Zj, Zj) as:

A (z,fzj,i,-) = %n{(z,- +D)InZ; + 1) - (Z; — DIZ; — 1)
+2m[4(3-5)] -2} (25.36)

where Z; is given by (25.35). The potential for a uniform far-field and n line-sinks then
may be written as

0= 00 (2,25,2;) + C + By(2) (25.37)
5

where ®,4(2) is defined as
®,(2) = R(—Qoze™**) (25.38)

The strengths o are unknown, as opposed to the strengths in (25.34), and are determined
by requiring that the potential ¢ be equal to the values ®,,, m=1,2,...,n at the centers
%m Of the n line-sinks. Note that the values ®,, are obtained from the given values of
the head along the creeks; the result is n conditions:

P = iaﬂ\u (Bms23:25) +C + 24 (3n) m=12,...,m) (25.39)
j=1

An additional constraint may be that the potential is equal to a fixed value @ at a
reference point 2,

®0=Y o;A (zo, t, 5,-) +C + ®,(20) (25.40)
=1

The equations (25.39) and (25.40) together constitute n + 1 equations for the n + 1
unknown parameters o; (j = 1,2,...,n) and C. These equations are usually solved
numerically, for example, by Gaussian elimination. It may be noted that the function
®, is given; it does not contain any unknown parameters. In the present example, this
function contains only a term due to uniform flow, but other given functions, such as
wells or line-sinks with given discharges, could be added, if necessary. In some cases
the equation (25.40) is replaced by a continuity equation. For example, if there is no
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net inflow from infinity, the sum of the strengths of the line-sinks is zero, and (25.40)
would be replaced by

Y o;L;=0 (25.41)
J=1 .

Although (25.40) and (25.41) are different in form, they both represent a far-field con-
dition, and regulate the amount of flow from infinity.

At the end of this section, we will adapt the computer program SLW to a complex
variable formulation, and include line-sinks in the program.

Problem 25.1
A well of given discharge Q is located at a point z,, = d + id (3d = 0), and draws
all of its water from a finite canal that extends from z, = —2d to z. = 2d. There is no flow
from infinity. The potential along the canal is ®o. Model the canal by two line-sinks of
equal length and determine their strengths in terms of the aquifer parameters such that the
potential at the center of each line-sink is ®o.

The Line-Dipole

The line-dipole is a continuous distribution of dipoles along a line. Accordingly, the
complex potential for a line-dipole is obtained by integrating a dipole along a line, with
the dipole oriented in the direction of the line as shown in Figure 3.45. The starting
and end points of the line are denoted as z and % and the length and orientation of the
element are given by L and a,

I _i-Lee (25.42)

The integral is obtained using the complex potential (24.12) for a dipole, with a replacing
B, é replacing zg, and —pu representing the strength rather than s,

1 )
ﬂ=_l_ EL ,ue“"
2m _%szé

d¢ (25.43)

where £ is defined in the same way as for the line-sink. It follows from (25.3) that
e'*df = db, so that (25.43) may be written as:

Q=-——

2r JL z—6

(25.44)
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Figure 3.45 A line-dipole.

We use the dimensionless variables Z and A defined in (25.4), and obtain

1w
Q__E; , Z——EdA (25.45)

We introduce the function
pu= ) (25.46)

which is analytic for all finite Z, with the possible exception of singular points outside
the element, and is real along the element,

Su=0 -1<X<l1 Y=0 (25.47)

We restrict our analysis to density distributions y that are equal to the above analytic
function along the element, and write (25.45) in the following form:

=—— | BZda+—
Q=-7- +

1 M w2 L[ w2 - wa)
[, 7oaists [, Sma e (2348)

Using that Z is constant during the integration, the first integration may be carried out,
writing —dA as d(Z — A),

A _ +1 _
o-#2,z2-1, 1 [ HZ) = WA )\ (25.49)

2 "Z+12r)., zZ-a
The integrand in the remaining integral is analytic at Z = A. This may be seen by
expanding p(Z) in a Taylor series about Z = A:

1 p2) - A _ A+ HANZ — 8) + 5REZ — A =D)L
% Z-A 2(Z - B) (220
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or
12 -pa) _ 1, "( )
2 z-a 2 |H

1 (m)
= [ (m(z A)y™" '] (25.51)
2

m=l
which is a Taylor series, so that the integrand is indeed analytic at Z = A, as asserted.
Since the integral of an analytic function is analytic, the second term in (25.49) is analytic
for all Z for which p(Z) is analytic, and we represent this function symbolically as ¢(Z)
so that (25.49) becomes

_ ﬂ(Z} Z -1

A= Z+1+"(Z) . (25.52)

We choose to represent the function u(Z) as a polynomial of order n,

m2)=Y a;Z  Sa;=0 (G=0,1,...,n) (25.53)
j=0

where the coefficients a; must be real in view of (25.47). An expression for ¢(Z), then,
may be obtained by substituting (25.51) for the integrand in (25.49) and integrating term
by term. It is somewhat more convenient, however, to determine g(Z) by an alternative
approach as follows. It is seen from (25.45) that the line-dipole behaves as 1/Z near
infinity: for large values of Z the integrand approaches —u(A) /(27 Z) so that the function
approaches

+1

O~ —L wA)A  (Z — ) (25.54)
ZTTZ -1

The first term in (25.52), however, behaves as a polynomial of order n — 1 near infinity;
the logarithm behaves as 1/Z for large values of Z and is multiplied by a polynomial of
order n. In order that the complex potential behaves as 1/Z for large Z, the expansion
of g(Z) about infinity must contain a polynomial of order n — 1. The coefficients in this
polynomial are determined such that they cancel with the singular terms in the expansion
about infinity of the first term in (25.52). The function ¢(Z) is analytic along the element,
and must be analytic for all other finite points Z since 2 is analytic for all finite Z except
on the element, and the first term in (25.52) is analytic for all finite Z not on the element.
A function that is analytic for all finite Z is a polynomial and therefore ¢(Z) must be
equal to:

n—1
A2 =) bmZ™ (25.55)

m=0
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The expansion of the logarithm in (25.52) about infinity may be written as follows:

Z -1 1-1/Z -~ IF
lZ+I l"l+l/Z" 2 7 (25.56)

where

1
2r-1
Using (25.53), (25.56) and (25.52) we qbtain the following expansion about infinity:

Prp—1 = Bhr=0 (r=12,...) (25.57)

=13 02y B v b2

=0 r=1 m=0
n—1
- _Z Z a3, 27"+ Y bu 2" (25.58)
3=0 r=1 m=0

In order that all terms of order higher than Z~' cancel, the following condition must be
satisfied:

n—1

Z b 2™ _-—Z Z a;3,2'°" (25.59)

m=0 J=l r=l

which may be solved for the coefficients b,,. It is noted that these coefficients are real,
since both a; and [, are real:

3b,, =0 m=0,1,2,...,n =1 (25.60)

We will defer the further details of determining the coefficients b,,, for some special
values of n to Chapter 6, and focus our attention presently on examining the behavior
of (Z) along the element. The strength 4, often referred to as the density distribution,
is real along the element. Introducing the angle § as (compare [25.17])

Z -1
= —— <P < .
0 argz 1 n<fd<m (25.61)

with a branch cut along the element as shown in Figure 3.43(b), we may represent {2 as
follows along the + and — sides of the element:

“1<X<1 Y=0t Qt= ‘“(x)[l |+ur]+q(X) (25.62)

1<X<1 Y=0" n-_‘-‘-(-i"—][\ |—i1r]+q(X) (25.63)
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The potential @ is continuous across the element, but the stream function jumps:

¢t -~ =0

-1<X<1 Y=0 { } (25.64)
Ut — W = (X)

The angle 6 is zero along the X axis outside the element, and therefore the stream

function does not jump there:

-0 <X < —1 ot -0 =0
- Y=0 25.65
(sl tor v o) @

The behavior of the stream function along the element is illustrated in Figure 3.46, where
the jump ¥* — W~ is plotted along the z axis. There is no net inflow or outflow associated
with a dipole, and the same is true for a line-dipole. This is the reason why the branch
cut does not extend to infinity; the stream function only jumps along the element. The
difference, therefore, between a line-dipole and a line-sink is that the line-dipole does
not extract a net amount of fluid, whereas the line-sink does. It appears from (25.52)
that the complex potential for a line-dipole has logarithmic singularities at the tips of
the element. These singularities correspond to a well at Z = | of discharge j(1) and a
recharge well at Z = —1 of discharge p(—1). If line-dipoles are strung together, and the
density distribution x is continuous at the nodal points where the elements meet, then the
singularities cancel; the recharge well at the end point of the one line-dipole will cancel
with the well at the adjoining starting point of the next one, as illustrated in Figure 3.47,
where the jump ¥* — ¥~ is plotted along two adjoining elements.

AR =

S

r(X)

v

T
e

Figure 3.46 The jump in the stream function along the X axis.
We will next examine the relationship between the line-dipole and the line-sink.

For reasons of convenience, we will use (25.44), rather than the dimensionless form
(25.45). Integrating (25.44) by parts, we obtain

2

2
=t [t L[ -
= 21r_[; z—6d6_21r/; pdIn(z — 6)
1

= 5= - u()m(z- -5 [ Lince - 1o

(25.66)




296 Elementary Harmonic Solutions ~ Chap. 3

vr-v"

element | element 2

Figure 3.47 Two adjoining line-dipoles.
Using (25.3) we may write

dp dp _; o

=@ =¢e'° 25.67
TR e db = e'*d§ ( )
so that (25.66) becomes

0w L) n(e-2) - n() (e )] - [ Yoo s

Noticing that y = ¥+ — ¥~ along the element, and that Ut — U™)/0E = —o (see
[25.30]), we obtain

Q= % [m ln(z - %) - ln(z N i)] + zlw [ oln(z — 8)dé (25.69)
where
o= —% m = p(fz) w2 = #(g) (25.70)

The integral in this expression is the complex potential for a line-sink, (25.2). The first
two terms represent a well of discharge p2 and a recharge well of discharge p,. Thus,
the complex potential for a line-sink may be obtained from that for a line-dipole simply
by adding the appropriate terms for wells at the end points:

El;j;aln(z - 6)dg = _;_ﬂ f; z i 6d6 - Ziﬂ' [}‘2 ln(z - %) - m ln(z - ;)] (25.71)

For example, the complex potential for a line-sink of constant strength may be obtained
from (25.71) by letting p be a linear function along the element; p = —o€ + po, where
Mo is a constant.

The main difference between line-dipoles and line-sinks lies in the way the branch
cut is handled. Consider, for example, a river that is to be approximated by a string of
five straight elements with nodal points zy,22,... ,2s as shown in Figure 3.48(a). The
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river may be modeled by using a line-sink for each element. The branch cut of each
line-sink falls along the element and extends to infinity, as shown in Figure 3.48(b).
Alternatively, the string may be modeled by a series of line-dipoles of linearly varying
strength with pus = 0 plus a well at point 1 of discharge y,, where y, equals the total
amount of inflow into the river. In this case, however, the branch cut follows the river,
and there exists only one branch cut in the field extending to infinity, namely the branch
cut emanating from the well at point 1, as shown in Figure 3.48(c).

(a) (b) (<)
Figure 3.48 Modeling a river by a string of elements.

Some features in aquifers can only be modeled with line-dipoles. Thin zones of
very high hydraulic conductivity, such as cracks, are examples of this. Along a crack,
both inflow and outflow occur so that the stream-function jumps across the crack, but
there is no net inflow or outflow.

Problem 25.2
Repeat problem 25.1, but now using line-dipoles of linearly varying strength and one well
to model the canal.

The Line-Doublet

Like the line-dipole, the line-doublet is a continuous distribution of dipoles along a line,
but now with the dipoles oriented normal to the line, as shown in Figure 3.49. It may
be noted that the terms “line-dipole” and “line-doublet” are somewhat arbitrary. Both
terms, dipole and doublet, are used in the literature for the isolated singularity. Since
the behavior of the line-integral is quite different when the orientation of the dipoles is
rotated over 90°, different names are appropriate, and we will use the above convention
throughout this text.

We use the same notation as before, and imegrzile the dipole (24.12) along the line,
taking 3 as a + /2, replacing s by A, and z9 by 6, which yields

1

i 7 Aei® 1 [% A
0= : z—adg'_i}?f; oy L (25.72)
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Figure 3.49 A line-doublet.

This equation is formally equal to the complex potential (25.43), except for a factor 1/i.
We may therefore use the results obtained for the line-dipole, and write (2 as follows
(see [25.52)),

N2, Z-1 .
=om "zv1 VPO @573)

Because of the factor 1/i, the potential ® for a line-doublet will behave exactly as
the stream function for a line-dipole; ® jumps across the element and is continuous
elsewhere, i.e., (25.65) applies and (25.64) becomes

(25.74)

+_d =
-1<X<1 Y=0 {Q N A(X)}

vt -9~ =0

Line-doublets are used to model features in aquifers where the potential is discon-
tinuous, but the stream function is continuous. Examples are thin impermeable walls,
such as slurry walls, and thin leaky walls such as sheet pilings. Another important
application, discussed in Chapter 6, is the modeling of inhomogeneities. The hydraulic
conductivity jumps across the boundary of an inhomogeneity, but the head is continuous;
the potential jumps, whereas the stream function is continuous, by continuity of flow.

Singular Cauchy Integrals

The three line-integrals discussed above are known as singular Cauchy integrals. Such
integrals are discussed in detail by Muskhelishvili [1958], and are often referred to as
integrals for single layers (line-sinks) and double layers (line-dipoles and line-doublets).
We have already seen that these integrals are useful in modeling linear features in infinite
aquifers; we will see below that they can also be used in solving boundary-value problems
in domains with closed contours.

We begin by stating, without proof, that a definite complex integral of an analytic
function is path-independent. Consider a finite domain D* bounded by a closed contour
C (see Figure 3.50). We integrate a function §2(z), analytic in D™, along C in such a way
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that D% is to the left with respect to the direction of integration. The Cauchy-Goursat
integral theorem states that the contour integral of a function 2(2) that is analytic in D*
vanishes:

f Qb)dé=0 (25.75)
c

Figure 3.50 The domain D*.

This result may be understood from the path-independence of the complex integral. We
next consider the integral

R a0
F(Z) _m CZ-&

dé (25.76)

where z denotes a point in DY, and write it as follows:

F(z)= ——Q(z)f —d + L M (25.77)
2wt Jo  z—b

The integrand in the second term is analytic in D*; the integral vanishes by the Cauchy-
Goursat theorem. The first integration may be carried out, and we obtain

F(z)= L_Q (2)In(z = 8)|, (25.78)
2mi
The real part of In(z — §) has the same value at the beginning and end points of the
contour, but the imaginary part, equal to arg(z — ), increases by 2 if C is traced by
a complete revolution with D+ to the left, i.e., in counterclockwise direction. Hence,
(25.78) becomes

F(2)=(z2) (25.79)

The function F'(z) in (25.76) thus may be replaced by ()(z) and we obtain, using a + to
refer to DY,

+ __L Q(é)
Q7 (2) 5

i Jo 2—6

(zin DY) (25.80)
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This equation is known as Cauchy’s integral theorem and expresses the values of a
function Q*(z) in a domain D in terms of its boundary values. Separating the real and
imaginary parts, we obtain

(25.81)

B +
]fq)(&)dé 1 'll(b)
c

tz)= ——
@) 2mi Jo 2 -6 2 cz-—ﬁ

Comparison with (25.44) and (25.72) shows that the integrals represent continuous dis-
tributions of doublets and dipoles along C.

The formulation (25.81) may be used to solve boundary value problems, and bears a
close resemblance to the so-called direct method in boundary integral equation techniques.
Suppose, for example, that ®(&) is given along C. Then we may write

[ 1 4’+(6)d.s 1 x1:+(6)]

ot(6*) =R lim

z—6"

(25.82)

2mi Jo z—6 2t Jo 2z -6

where 6* represents a point on the contour C, and z approaches 6* from the interior
of D*. This represents an integral equation for the unknown function ¥*(8). The
integral equation is often solved in an approximate fashion by dividing the boundary C
in a series of straight line segments, and imposing the condition (25.82) at a number of
discrete points. The unknown values ¥+ (6) then are obtained by solving a system of
linear equations. A similar procedure may be followed if ®*($) is known along parts of
the boundary and W (&) along others. Along each segment, then, either ¥ or ¥* is
known, and the unknowns are found in an approximate fashion as explained above.

Cauchy’s integral theorem is not restricted to finite domains, but is also applicable
to infinite domains, provided that the function is analytic at infinity; a function is deﬁned
as analytic at z = oo, if it can be expanded in a Taylor series about z* = 1/z =
(compare [23.18]). We label the domain outside C as D~ (see Figure 3.51), choose lhe
point z in D™, and consider the function 27 (z). This function is analytic at 1 Jz =
i.e., its expansion about infinity has the form

0 ()= Z —; (25.83)
3=l

We assume for the sake of simplicity that 27 (2) is zero at infinity; the constant term
is omitted from (25.83). Application of Cauchy’s integral theorem to 27 (z) yields (see

Muskhelishvili [1958])
Q) =+ f = (25.84)

Note the difference in sign between (25.84) and (25.80), which results from the difference
in orientation between C and D~; D~ is to the right with respect to the orientation of
C, whereas D7 is to the left.

The Cauchy integral (25.80) represents a function that jumps by an amount Q*(6)
across the contour C. Thus, if Q%(8) represents the boundary values of Qt on the +
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c
= D-
Figure 3.51 The domains D+ and D~.

side of C, then the contour integral must vanish in D~. In fact, there exists a theorem,
discussed in detail by Muskhelishvili [1958], that states that the Cauchy integral of the
form (25.80) vanishes for z in D~ if S¥*(6) represents the boundary values of a function
Q*(z) that is analytic in D* and continuous on C from the inside. Similarly, the integral in
(25.84) vanishes for z in D*; the Cauchy integral in (25.84) vanishes if Q~(8) represents
the boundary values of a function that is analytic in D™, zero and analytic at infinity, and
continuous along C from the outside. It follows that

2*(:2)=0 (zinD")

25.85
N (z)=0 (z in DY) ( )

We may now define a function €2(z) in the entire plane as
Qz) =%+ 2 (2) (25.86)

which equals Q*(z) in Dt and Q7(z) in D~. This function may be expressed as the
sum of the two Cauchy integrals (25.80) and (25.84), which may be combined to a single
integral as follows:

+ —0O-
() = (2 + 0 () = — 5 fwdﬁ

i p- (25.87)

The function Q7 (2) is zero in D, regardless of the boundary values Q7 (6), and
therefore of the form of 27 (z) in D~: there exist many different integrals (25.87), all
being equal in D* and differing only in D~. The density distribution Q2*(6) — Q27 () in
the singular Cauchy integral that gives 2 = Q*(z) in D* is not unique; the component
2~ () in this distribution may be changed without affecting the values of the integral in
D*. For example, the Dirichlet problem in D*, where ®*(4) is given everywhere along
C, may be solved as follows. Choosing ®~(§) = ®*(§), which is always possible, (the
boundary values ®~(§) simply correspond to a Dirichlet problem in D~) we obtain for

(25.87):
+ -
n(z)-——— f v (6) ‘I' @ 45 f O 4 (25.88)
2N c & - 6

Hence, a Dirichlet problem can be solved by a continuous distribution of dipoles. A
formulation such as the one discussed above, where the density distribution does not
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equal the boundary values of Q%(z2), is called an indirect formulation. Other indirect
formulations may be obtained by choosing various admissible boundary values for 27 (z).
It may be noted that the direct formulation (25.80) is a special case of (25.87), obtained
when Q~(8) =0, so that 27(2) vanishes for all z.

The applications of line-dipoles and line-doublets discussed earlier may be con-
sidered as special cases of the boundary element formulation, where the boundary C
of the domain is the canal, river, or impermeable boundary. For such cases, however,
either @+ — &~ is known to be zero (for rivers or creeks), or ¥+ — ¥~ is zero (for
impermeable boundaries); in the former case line-dipoles must be used and in the latter
case line-doublets must be used.

A special type of boundary-value problem exists when 2(z) has a physical meaning
in both D* and D~. Examples are cases where a semi-permeable wall encloses part
of the aquifer and cases where the hydraulic conductivities in D* and D~ are different
from each other. In such problems, the conditions along C are specified in terms of the
jump Q+(8) — Q(9).

We will apply the Cauchy integrals discussed here to regional aquifers in Chapter
6, which we will treat as infinite domains, and in Chapter 8 to problems of flow domains
with closed boundaries.

Problem 25.3
Use Cauchy’s integral theorem to determine a function in the entire plane, with bound-
ary values 2¥(8) = 6 and 27(5) = 1/6, where C is the unit circle.

The Computer Program SLWL

We will convert the computer program SLW, developed in Chapter 2, to complex variables,
and implement line-sinks with given strength and line-sinks with given head. We call the
new program SLWL (Single Layer with Wells and Line-sinks). Adaptation of the program
to complex variables affects all routines but is straightforward. We will discuss a few of
these changes here; a complete listing of the program is given in Appendix C. FORTRAN
supports complex variables. Throughout the program, we adopt the convention that all
complex variables start with the letter C, and we use the declaration IMPLICIT COMPLEX
() in each routine where complex variables are used. The operations for addition,
subtraction, multiplication, and division of complex numbers are performed in the same
way as for real variables. The real and imaginary parts of a complex variable z = CZ
can be obtained by the use of the built-in functions REAL(CZ) and AIMAG(CZ). Complex
constants are entered by statements such as CZ = (1.,1.), which is equivalent to z =1 + <.
Two real variables can be combined into a complex one; CZ = CMPLX(RX RY) is equivalent
to z = z + iy. The complex conjugate of a complex variable is returned by the function
CONJG(CZ). Most functions available for real variables also exist for complex variables.
For example, the function CABS(CZ) returns the modulus of CZ, and the complex function
CLOG(CZ) returns the complex logarithm of CZ.
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The complex potential 2, the potential ®, the stream function ¥, the discharge
function W, and the piezometric head ¢ all are functions of the complex variable z =
z + ty. The listings of the corresponding function subprograms follow:

c Complex potential.

COMPLEX FUNCTION COMEGA (CZ)

IMPLICIT COMPLEX (C)

COMEGA=COMGVN (CZ) +RFRFC (CZ) +CFLSU (CZ)

RETURN

END
[ Complex discharge function.

COMPLEX FUNCTION CW(CZ)

IMPLICIT COMPLEX (C)

CW=CWGVG (CZ) +CWWLSM (CZ) +CWLSSM (CZ)

RETURN

END
c Potential function.

REAL FUNCTION RFPOT(CZ)

IMPLICIT COMPLEX (C)

RFPOT=REAL (COMEGA (CZ) )

RETURN

END
c Stream function.

REAL FUNCTION RFPSI(CZ)

IMPLICIT COMPLEX (C)

RFPSI=AIMAG (COMEGA (CZ))

RETURN

END
c Piezometric head.

REAL FUNCTION RFHEAD (CZ)

IMPLICIT COMPLEX (C)

RPOT=RFPOT (CZ)

RFHEAD=RFHEDP (RPOT)

RETURN

END

Contributions to the complex potential of all functions with
c given coefficients. )
COMPLEX FUNCTION COMGVN (CZ)
IMPLICIT COMPLEX (C)
COMGVN=CFGVG (CZ) +CFWLG (CZ) +CFLSG (CZ)
RETURN
END

We will focus our attention on the programming of the line-sink function, and on
the implementation in the program of (25.39) and (25.40) for the determination of the
strengths of the head-specified line-sinks.
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The Module Line-Sink

The line-sink module contains a BLOCK DATA SUBPROGRAM, a function that returns
the contribution of all line-sinks with given strengths to the complex potential (CFLSG),
a function that returns the contribution of all line-sinks with given head (CFLSU), the
contribution of a single line-sink of unit strength to the complex potential (COMLS),
a function that retums the contribution of all line-sinks to the discharge function W
(CWLSSM), the contribution of a single line-sink of unit strength to the discharge function,
and a routine that produces the layout for all line-sinks. Also included is a logical function
that may be used to determine whether a point is within a specified neighborhood of any
of the line-sinks (LFATLS). The listings of these routines follow:

c Variables contained in the common block BDLS.
c NLS = total number of line-sinks.
c NLSS = total number of line-sinks with given strength.
c NLSF = total number of line-sinks with given head.
c CLSZS(I) = complex coordinate of the starting point of
c line-sink I.
c CLSZC(I) = complex coordinate of the center of line-sink I.
c CLSZE(I) = complex coordinate of the end point of line-sink I.
c RLSDIS(I) = strength of line-sink I (discharge per unit length).
c RLSFI(I) = head at the center of line-sink I.
c ILSPTS(J) = pointer to the position of the discharge-specified
c line-sink number J in the arrays.
c ILSPTF (J) = pointer to the position of the head-specified
c line-sink number J in the arrays.
c Initialization of the common block with line-sink data:
[ Set the number of line-sinks equal to zero.
BLOCK DATA BDLS
IMPLICIT COMPLEX (C),LOGICAL (L)
COMMON /CBLS/ NLS,NLSS,NLSF,
. CLSZS(200),CLSZE (200) ,CLS2ZC (200) ,RLSDIS (200),
. RLSFI (200),ILSPTS(200),ILSPTF (200)
DATA NLS,NLSS,NLSF /3*0/
END
c Contribution of all strength-specified line-sinks to the
c complex potential.

COMPLEX FUNCTION CFLSG(CZ)
IMPLICIT COMPLEX (C), LOGICAL (L)
COMMON /CBLS/ NLS,NLSS,NLSF,

CFLSG=(.0,.0)

CLSZS(200) ,CLSZE (200) ,CLSZC(200) , RLSDIS (200),
RLSFI (200),ILSPTS (200), ILSPTF (200)

DO 100 ILSS=1,NLSS
IAD=ILSPTS (ILSS)
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100

100

100

CFLSU=(.0,.0)

CWLSSM=(.0, .0)

CFLSG=CFLSG+RLSDIS (IAD) *COMLS (CZ, CLSZS (IAD) ,CLSZE (IAD) )
CONTINUE
RETURN
END
Contribution of all head-specified line-sinks to the complex
potential.
COMPLEX FUNCTION CFLSU(CZ)
IMPLICIT COMPLEX (C), LOGICAL (L)
COMMON /CBLS/ NLS,NLSS, NLSF,
CLSZs(200) ,CLSZE (200) ,CLSZC(200) ,RLSDIS (200),
RLSFI (200), ILSPTS(200), ILSPTF (200)

DO 100 ILSF=1,NLSF
IAD=ILSPTF (ILSF)
CFLSU=CFLSU+RLSDIS (IAD) *COMLS (CZ,CLSZS (IAD) ,CLSZE (IAD))
CONTINUE '
RETURN
END
Contribution of a single line-sink of unit strength to the
complex potential (see [25.8]).
COMPLEX FUNCTION COMLS (CZ,CZS,CZE)
IMPLICIT COMPLEX (C), LOGICAL (L)
DATA RPI /3.1415926/
CBZ=(2.0*CZ- (CZ5+CZE)) / (CZE-CZS)
COM1=(.0,.0)
CoM2=(.0,.0)
IF (CABS (CBZ+1.) .GT..0001) COM1=(CBZ+1.)*CLOG(CBZ+1.)
IF (CABS (CBZ-1.) .GT..0001) COM2=(CBZ-1.)*CLOG(CB2-1.)
COMLS=COM1-COM2+2.*CLOG(.5* (CZE-CZ5))-2.
COMLS=.25/RPI*CABS (CZE-CZS) *COMLS
RETURN
END
Contribution of all line-sinks to the complex discharge (=Qx-iQy).
COMPLEX FUNCTION CWLSSM(CZ)
IMPLICIT COMPLEX (C), LOGICAL (L)
COMMON /CBLS/ NLS, NLSS, NLSF,
CLSZS(200),CLSZE (200) ,CLSZC(200) ,RLSDIS (200),
RLSFI (200), ILSPTS(200), ILSPTF (200)

DO 100 ILS=1,NLS
CWLSSM=CWLSSM+RLSDIS (ILS) *CWLS (C2Z, ILS)

CONTINUE

RETURN

END
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c Complex discharge function due to a single line-sink of unit
c strength (compare [25.16]).

COMPLEX FUNCTION CWLS (CZ, ILS)

IMPLICIT COMPLEX (C)

COMMON /CBLS/ NLS,NLSS,NLSF,

. CLSZS(ZOOJ,CLSZE{ZOO},CLSZC(ZDO),RLSDIS(2OD),

. RLSFI(ZUOI,ILSPTSI200},ILSPTF(200)

DATA RPI /3.1415926/

C2S=CLSZS (ILS)

CZE=CLSZE (ILS)

CBZD=1./ (CZE-CZS)

CBZ=(2.*CZ- (CZS+CZE) ) *CBZD
c Avoid the end points of the line-sink because the discharge

function is singular there.

IF(CABS(CBZ+1.].LT..DOOl) CBZ=-.9999

IF(CABS(CBZ-l.l.LT.-OUOI) CBZ=.9999

CHLS*.SIRPI‘CABS(CZS—CZE)'CLOG((CBZ-I.)!(CBZ+1.})‘CBZD

RETURN

END
c Layout of all line-sinks.

SUBROUTINE LSLAY

IMPLICIT LOGICAL(L),COMPLEX(C)

COMMON /CBLS/ NLS,NLSS,NLSF,
CLSZS(ZOOI,CLSZE(ZOO),CLSZC{ZOU),RLSDIS(ZOO),
. RLSFI{200},ILSPTS{ZOOI,ILSPTEIZOO)

DO 10 I=1,NLS
CALL DRAW (CLSZS(I),0)

CALL DRAW(CLSZE(I),1)

10 CONTINUE
RETURN
END

Chap. 3

c Logical function which is set true if CZ is less than RTOL away

c from a line-sink of positive strength.
LOGICAL FUNCTION LFATLS (CZ, RTOL)
IMPLICIT COMPLEX (C), LOGICAL (L)
COMMON /CBLS/ NLS,NLSS, NLSF,
. CLSZS(2DO),CLSZE(200),CLSZC(ZOO),RLSDIS(ZOO),
. RLSFI (200), ILSPTS (200) , ILSPTF (200)
LFATLS=.FALSE.
po 100 ILS=1,NLS
IF (RLSDIS (ILS) .LE.0) GOTO 100
IF(CABS(CLSZS(ILS}—CZ].LT.RTOL
. .OR.CABS(CLSZE(ILS)-CZ).LT.RTOL} THEN
LFATLS=.TRUE.
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ELSE
CDZLS=CLSZE (ILS) -CLSZS (ILS)
CC2=(CZ+C2-CLSZE (ILS) -CLSZS (ILS) ) /CDZLS
IF (ABS (REAL(CCZ)) .LT.1.
.AND.ABS (AIMAG(CCZ) ) *CABS (CDZLS) *.5.LT.RTOL) LFATLS=.TRUE.
ENDIF

100 CONTINUE

RETURN
END

The Routine Solve

The strengths of the line-sinks with given head are determined from equations

(25.39) and (25.40) in the subroutine SOLVE:

o 0 o0 0

Solving.
RMAT = coefficient matrix.
RKNVEC = vector with known coefficients.
RSOLUT = vector with computed coefficients, returned by SOLVE.
SUBROUTINE SOLVE (IMXSZE, RMAT, RKNVEC, RSOLUT)
IMPLICIT COMPLEX (C), LOGICAL (L)
DIMENSION RMAT (IMXSZE, *),RKNVEC (*),RSOLUT (*)
COMMON /CBRF/ CRFZ,RRFFI, RRFCON
COMMON /CBLS/ NLS,NLSS,NLSF,
CLSZS(200),CLSZE (200) ,CLSZC(200) ,RLSDIS (200),
RLSFI (200),ILSPTS (200), ILSPTF (200)
Set number of equations to 1 + number of line-sinks (n in
[25.39]).
NEQ=NLSF+1
Print error message if maximum number of equations is exceeded.
IF (NEQ.GT.IMXSZE) THEN
WRITE(*,9003) IMXSZE
RETURN
ENDIF
For columns 1 to NLSF = number of head specified line-sinks:
IF (NLSF.GE.1) THEN
DO 200 JCOL=1,NLSF
Make temporary storage for starting and end points.
These points are
CZSLS=CLSZS(ILSPTF (JCOL))
CZELS=CLSZE (ILSPTF (JCOL) )
Refer to (25.39):
For each column, compute the coefficient of the strength of
the line-sink number JCOL (=j). The coefficient is computed
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200

300

n 0o 0o o0

1000

2000

9003 FORMAT (’ +MAXIMUM NUMBER OF EQUATIONS , ‘,14,‘ EXCEEDED;'/
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at the center (:,) of line-sink number IROW (=m).

This coefficient is equal to the function

Mto(5m.25,2;) and is stored as RMAT (IROW,JCOL).

DO 100 IROW=1,NLSF
RMAT (IROW, JCOL) =

REAL (COMLS (CLSZC (ILSPTF (IROW) ) ,CZSLS, CZELS))

CONTINUE

Chap. 3

Compute the coefficient of the strength of line-sink number

JCOL at the reference point (see (25.40)).
RHAT(NEQ,JCOL]-REAL(COHLS{CRFZ,CZSLS,CZELS))

CONTINUE
ENDIF

Store the coefficients of the constants in equations (25.39)

and (25.40). These coefficients all are 1.
DO 300 IROW=1,NEQ

RMAT (IROW, NEQ) =1.
CONTINUE

Store the known vector in RKNVEC. This known vector is equal to

®m—#,(im) in (25.39) and to @o—®g(z)

in (25.40). Note that ¢, contains rainfall, uniform flow,

ponds, and line-sinks with given strengths.
IF (NLSF.GE.1) THEN
DO 1000 IROW=1,NLSF
RKNVEC (IROW) =RFPOTH (RLSFI (ILSPTF (IROW))) -
REAL (COMGVN (CLSZC (ILSPTF (IROW) ) ) )
CONTINUE
ENDIF
RKNVEC (NEQ) =RFPOTH (RRFFI) -REAL (COMGVN (CRFZ2) )
Solve the system of equations.
CALL SSOLVE (IMXSZE, RMAT, RKNVEC, RSOLUT, NEQ)
Store all computed strengths in the array.
IF (NLSF.GE.1) THEN
DO 2000 IROW=1,NLSF
RLSDIS (ILSPTF (IROW) ) =RSOLUT (IROW)
CONTINUE
ENDIF
Retrieve and store the constant.
RRFCON=RSOLUT (NEQ)
RETURN

* SOLVING ABORTED'/)
END
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The command CONTROL in the routine CHECK now includes the control points at
the centers of the line-sinks, and causes both the specified and computed values of the
heads to be displayed.

Problem 25.4
Modify SLWL so that the condition at the reference point is replaced by the condition
that there is no flow from or toward infinity for cases without rainfall. Use this modified
version of the program to test your answer to Problem 25.1.






Chapter 4

'l

Fluid Particle

Paths and
Solute Transport

The subject matter covered in this chapter consists of (1) the average paths that fluid
particles follow on their way through the soil and (2) the transport of solutes. The paths
are average; deviations due to the discrete nature of the porous material are ignored. We
will refer to these average particle paths as path lines.

For steady flow the path lines coincide with the streamlines. For transient flow the
pattern of streamlines changes with time; the path lines are different from the stream-
lines. Closed form expressions for streamlines and path lines can be obtained only for
a few cases; we will resort to numerical methods. We will first discuss the computation
of points on streamlines and path lines, then cover an approximate technique for de-
termining streamlines and path lines in three dimensions using the Dupuit-Forchheimer
approximation. This chapter ends with a brief discussion of solute transport.

26 NUMERICAL DETERMINATION OF FLUID PARTICLE PATHS

The equations for the streamlines often are implicit in terms of the coordinates z and
y which then must be obtained numerically. Streamlines may be determined by the
use of the stream function if the potential is harmonic. The application of a contouring
procedure to a set of values of ¥ computed at the mesh points of a grid is one way
of computing points of a set of streamlines. A disadvantage of this approach is that
jumps of the stream function along branch cuts appear in the plot as heavy black lines
(see, for example, Sec. 19, Figure 3.16). This problem can be avoided only by using
a special contouring routine that processes the jumps across the branch rwte ~nerecels
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An alternative approach is to determine points of a given streamline in such a way that
jumps in the stream function can be handled easily; we will discuss such a procedure in
this section.

If the potential is not harmonic, as in shallow flow with infiltration and in shallow
transient flow, then the stream function cannot be used. Procedures for computing points
on streamlines and path lines applicable to such cases are covered separately.

A Procedure for Tracing Streamlines Using
the Stream Function

We will determine points on a streamline by a process that we refer to as tracing stream-
lines: we start at any given point of a streamline ¥ = ¥, and proceed by calculating
complex coordinates z of points on the streamline one by one. Let z = 2 be a point of

the streamline ¥ = W (see Figure 4.1). We obtain a first estimate of the next point on

the streamline, :.;' as follows:
.;z=?+ei“As (26.1)
where As is some fixed quantity, equal to the distance between z and ;z and €' is

tangent to the streamline at z. The angle & is equal to the argument of W = Q, +iQ,,

by definition, and e** may be represented as follows, provided that W (.;:) #0,

o

Figure 4.1 Tracing a streamline.
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We obtain the second approximation % of z by application of a Newton-Raphson proce-

dure along the equipotential through %, With A® = 0 along the equipotential, we may
write the following approximation for W:

1
- 'I’Ji—'l’ Z
w(;) o0 [@ N _A0tiAV () (26.3)
il ) I B 1
2 2 2 2 2

Solving for % we obtain

1
+1 E,w(j—l_—% (26.4)

()

. . . I T . .
This relation may be used recursively until |.§ - ‘;.' is less than a certain quantity €.

(ST
by =

Tracing streamlines is done often in connection with graphical display; in such cases &
may be taken as the resolution of the graphics device.

Handling the Jumps in ¥

Whenever the streamlines traced by the above procedure intersect a branch cut,
the value of the stream function will jump. If such a jump occurs, the magnitude of

'1!(;:) — ¥; in (26.4) will be much larger than the magnitude due to the deviation

from the streamline. This magnitude therefore should be checked in the program, and
whenever it is larger than some preset value, a procedure may be called that determines
which branch cut has been crossed. Assume, for example, that the branch cut is crossed
of a well of discharge Q. The constant value ¥; then may be updated by subtracting or
adding the amount Q. Whether to subtract or add may be decided on the basis of the

sign of 'D(é) i 71

A Procedure for Tracing Streamlines and Path Lines Using
the Velocity Vector

The stream function does not exist for flow problems where the potential is not harmonic,
e.g., problems of shallow flow involving infiltration or leakage and problems of shallow
transient flow. The procedure outlined above is not applicable to such problems, and
points on the streamlines or path lines, then, may be determined as explained below. For
transient flow the streamlines at any time give a graphical representation of the velocity
field, whereas the path lines graphically represent the paths followed by the particles. The
pattern of streamlines always occupies the entire flow domain and changes with time. A
pattern of path lines may be generated by drawing the paths of individual particles that
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are at given positions at the same time, for example, particles injected through a well.
We will discuss some simple procedures for determining streamlines and path lines in
the following.

Steady Flow

Points on streamlines that correspond to the discharge vector (Qz,Q,) can be
determined by a standard numerical technique as follows. The complex discharge Q; +
iQ, is given by

Q: +iQy, =W(2) (26.5)
The streamline is tangent to the discharge vector so that

dr  .dy _dz_ W()
ds " 'ds ds W)

(26.6)

where s represents the arc length measured along the streamline. This equation can be
integrated numerically. We will discuss two elementary techniques: Euler’s method is
very simple but the exrrors associated with this technique are usually large and increase
with the length of the streamline. If z represents a point on the streamline then the next

point % is computed by Euler’s method as follows:

w(z)

= f + mbs (26.7)

y—-

This approximation amounts to the assumption that the fluid particle moves in the direc-
tion of the discharge vector at 2. An improved technique, known as the modified Euler’s
method, is a second order Runge-Kutta scheme (e.g., Camahan et al. [1969]). In this
method, the fluid particle is assumed to move in the direction of the average discharge
over the interval. This yields the approximation:

[S1 L
[}

-
+

) As (26.8)
) |

Further improvement is possible by applying (26.8) again, replacing % by % and % by z.

This procedure may be repeated until the changes in subsequent approximations of 2 are
less than some specified amount.

L]
(=]
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The complex variable formulation (26.7) and (26.8) is not restricted to problems
where the potential is harmonic, even though the complex potential for such cases does
not exist. In the computer program SLWL, for example, the contributions of most ele-
ments to W are programmed as minus the derivative with respect to z of their complex
potentials. The contributions to W of the rainfall function and the ponds (only for points
undemeath the pond) are obtained by the application of Darcy’s law to the potential and
included in the real and imaginary parts of W = Q. —iQ,. Note that the stream function
is not single-valued for such cases so that (26.4) cannot be used.

The procedure for tracing streamlines according to (26.7) and (26.8) may be for-
mulated in terms of real variables and generalized to three-dimensional flow as follows.
We use a three-dimensional Cartesian coordinate system z,, 2, 3 and represent the
velocity vector as v; (i = 1,2,3). It follows from the definition of a streamline that

dz; _ v . _
==, =123 (26.9)
where
v=y/ol+vi+02 (26.10)

adapting (26.7) to three dimensions we obtain:

u()
o(#)

where v; (:::j) represents the velocity vector computed at :;: i (4 = 1,2,3). Equation (26.8)
is modified as follows:

fi=git e (fj)t: Gl oz 26.12)

1 .
Ti=zi+ As  (1=1,2,3) (26.11)

where

o = %J é[u,-(.?,) + v,-(:i:_,-)]z (26.13)

The time increment At corresponding to the time in which the fluid moves from i to

9}1‘ may be estimated from

(26.14)
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Because only the ratio of the velocities occurs in (26.9), formulations in terms
of velocities and in terms of specific discharges are equivalent: we may use either g;
or v; = ¢;/n. The computation of travel times, see (26.14), must be done in terms of
the velocity. It is important to remember that this velocity is an average (the seepage
velocity).

Transient Flow

In the preceding formulation W and the velocity vector are considered to be inde-
pendent of time. The equations can be applied to transient flow, but will yield a pattern
of streamlines valid for a particular time if W or the velocity vector are kept constant
with time. The same equations can be used to generate path lines, provided that the time
dependency of W or v; is taken into account. We will illustrate this for three-dimensional
flow and write (26.11) as

1 % (f" ’ f)

Ti=r;+ ———As (i=1,2,3) 26.15
S () -

where )l: corresponds to the time at which the fluid particle is at Zi. We estimate the time

H . - 1
5 at which the particle is at Zj as

1
t=t+ As (26.16)
o(314)
and use this estimate to compute v; at % 5 so that (26.12) becomes
o (5. (L.}
, ) el
Ii=1; + o As (i=12,3) (26.17)

where

3
. 1 W2
V= %\lZ[”i (fﬁf) +ui (-‘gj.g)] (26.18)
i=l
The next estimate of 5 is obtained from (compare [26.14]):

2
£= E +— (26.19)
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An altemnative procedure for determining path lines is to write the components of
the velocity vector as
dr;
= —2 i=1,2,3 26.20
Ui dt (1 ) ( )
where z; represents the position of the fluid particle at time ¢. Numerical integration of
(26.20) by Euler’s method yields:

1 .
%‘e=’fi+vi(-’fj.f)ﬂf t=123) (26.21)

A second estimate of :_E,- is obtained as follows:

=g+ Hui(est) +ui(25, é)] At (26.22)

i.e., it is assumed that the particle moves from i to Zi with the estimated average

1
velocity. The value of % is obtained from

-

= f + At (26.23)

Equation (26.21) would yield the same answer as (26.15) if At in (26.21) were
taken as

At= B8 (26.24)

o(251)
Similarly, (26.22) would yield the same answer as (26.17) if At in (26.22) were updated
as

At=— (26.25)
v

with v* given by (26.18). The two approaches differ in the step sizes taken along the
path line: if a constant step in space is required then the former approach should be
used, and if a constant step in time is desired the latter one should be applied.

It is important to note that path lines can be obtained by analytic integration of
(26.9) only if the function t = t(s) is known beforehand, i.e., if the time associated with
each position of the particle on the path line is known, which is true only for trivial cases.
In numerical integration, this function can be determined as the computation proceeds.

We deal in this text primarily with steady flow and will use the terms streamlines
and path lines interchangeably for such flow. When dealing with transient flow, it will
be stated explicitly whether streamlines or path lines are meant.
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Problem 26.1 . .
Consider the (purely imaginary) two-dimensional flow field v; = vze™®, v, = ve
where a and J are real constants with the dimension of [1/s].

Questions

(a) Integrate (26.20) to determine the equation for the path line with the initial condition
that the panicle isatz=y=0at t=0.

(b) Determine t both as a function of x and as a function of y, and use these functions to
generate the equation for the path line meant under (a) by integration of dy/dx = v, /v..
(The latter equation is obtained by dividing [26.9] for i = 1 into [26.9] for i = 2.)

(c) Determine the equation for the streamline through z = y = 0, valid for ¢t = 0. Draw both
the path line for 0 < ¢t < oo and the streamline and compare them.

Determination of Streamlines in SLWL

We will implement the procedure for tracing streamlines represented by (26.7) and (26.8)
in SLWL. We add a command TRACE in SETUP, which will cause the layout to appear,
and add the possibility to create a contour plot. We then activate the graphics cursor.
Upon entering a “t” from the keyboard, the coordinates of the cursor are passed on to
a routine TRACE, which computes points of the streamline and displays it. The user can
terminate the entry of coordinates of starting points of streamlines by entering an “r”
from the keyboard. The statements added to SETUP are elementary, and are contained in
the listing in Appendix C.

The routine TRACE is an implementation of (26.7) and (26.8). For the sake of
simplicity, we will refrain from the computation of travel times. The listing of TRACE is
as follows:

Subroutine for plotting a streamline.
RSTEP = step along the streamline (As).
c cz = starting point of the streamline.
SUBROUTINE TRACE (RSTEP,CZ)
IMPLICIT COMPLEX(C),LOGICAL (L)
Tolerance used to determine whether a well or line-sink has

c been reached.
RTOL=1.1*RSTEP
CZN=CZ
CQN=CONJG (CW (CZN) )
c Move the pen to the first point of the streamline.

CALL DRAW(CZN,0)
100 CZO=CZIN
CQO=CQN
Pfoceed only if the point is not at a well, not at a line-sink,
c and inside the window.
IF (.NOT.LFATWL(CZ0, RTOL) .AND. .NOT.LFATLS (CZ0,RTOL)
. .AND.LFINWN (CZ0)) THEN
c Abort if a stagnation point is encountered.
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IF (CQO.EQ. (0.,0.)) THEN
WRITE(*,*) 'DISCHARGE ZERO: STREAMLINE TERMINATED'’

ELSE
Determine the complex coordinate of the next point on the
discharge streamline, using (26.7).
CZN=CZO+RSTEP*CQO/CABS (CQO)

c Compute the complex discharge Qx+iQy at this point.
CON=CONJG (CW (CZN) )

c Estimate the average value of the complex discharge on the

c interval.

CQ=.5* (CQO+CQN)
Obtain the second approximation of the point on the
c streamline using (26.8)
CZN=CZO+RSTEP*CQ/CABS (CQ)
c Plot the point.
CALL DRAW(CZN,1)
c Repeat the procedure for the next point.
GOTO 100
ENDIF
ENDIF
RETURN
END

Problem 26.2
Use SLWL to determine streamlines for the case shown in Figure 3.8. First fill a grid
with values of the stream function, then enter the command TRACE and obtain a contour
plot. Second, start streamlines at points to the extreme left of each streamline produced by
contouring. Determine the step size (as a fraction of the width of your window) for which
you judge that the errors become unacceptable. '

Problem 26.3
Modify the routine TRACE such that iterations are continued until either the error is within
a predefined range, or a specified maximum number of iterations is surpassed. Repeat the
numerical experiment of Problem 26.2.

27 THREE-DIMENSIONAL STREAMLINES AND PATH LINES
IN DUPUIT-FORCHHEIMER MODELS

As stated in Sec. 7, the Dupuit-Forchheimer assumption consists of neglecting the resis-
tance to flow in the vertical direction. We noted that the vertical component of flow is not
neglected but rather that it is not associated with any head loss in the vertical direction.
A similar observation was made by Kirkham [1967]." In this section, we will apply an

! Also, see note at the end of this chapter.
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analysis, which is a generalization of Strack [1984], to determine streamlines and path
lines in three-dimensional space using Dupuit-Forchheimer models. This section con-
sists of three parts. The first part is concerned with steady shallow flow in homogeneous
aquifers, the second part with layered aquifers, and the third part with transient flow.

Steady Shallow Flow

Consider a case of shallow one-dimensional flow in a semi-infinite aquifer of constant
thickness H, where infiltration occurs at a constant rate N along the horizontal upper
boundary of the aquifer (see Figure 4.2). We employ a Cartesian z, z3 coordinate system
as shown; we use z3 to denote the vertical coordinate rather than z, in order to avoid
confusion with the complex variable z = z + iy. The potential ® = kH¢ fulfills the
difterential equation (compare [9.4])

d’®
—d'; =—-N (27.1)
with the solution
®=-iNz’+Az+B (1.2)
The discharge vector component Q. equals
ad
Q:=Hg:=-5-=Nz-4 (27.3)

The boundary z = 0 is impermeable, so that Q, = 0 at = = 0; A must be zero. If the
potential at z = 0 is denoted as Py, then (27.2) becomes

®=-INz*+ & (27.4)

Figure 42 Shallow flow with constant infiltration.
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Figure 4.3 The path of a fluid particle.

The head ¢ is constant over the height of the aquifer because the resistance to
flow in the vertical direction is neglected. Therefore g, is constant over the height of
the aquifer, an observation which makes it possible to determine the elevation of a fluid
particle that entered the aquifer at a point P (o, H), see Figure 4.3.

t

We define the discharge Q. at any point z as the amount of water flowing between
the streamline and the upper boundary. This amount equals the infiltration over the
distance T — xo,

éx = N(z — x0) (27.5)

b

The total discharge Q. at x equals Nz and the discharge Q. flowing between the base
t

and the streamline equals Q, — Q,

@.=Nz  Q.=Nz (27.6)

Because ¢, is constant over the height of the aquifer at z, the elevation X3 of the
streamline above the base is found from

b
X5 ¢.X5 Q, x
—_= = i =T )
H oH Q z @7n

This solution corresponds to the exact solution of the problem sketched in Figure 4.2, as
will be shown below. We define the complex variable z as

2=z 4113 (27.8)

and examine the following complex potential,

NB
0= —ﬁz’ + @ 27.9)
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where ® = RQ is the potential for two-dimensional flow in the vertical plane,

& =kB¢ (27.10)
and B is the width normal to the plane of flow. It follows from (27.9) that
d) NB
=Q, —iQ;=Bg, —iBgy = —— = —— 27.11

W =Q; —iQ; = Bg. — iBq; - HZ ( )

where the index 3 refers to the vertical coordinate. It follows that
N N
q: = }}-I = “'ﬁzl (27.12)

and ¢; =0 along z =0, ¢ = 0 along z3 =0, and g3 = —N along z3 = H, so that the
boundary conditions are met. The stream function ¥ equals

¥= —N—Ifz:c; (27.13)
and the value of W along the streamline through z = zo, z3 = H equals ¥o with
Uy =—-NBz (27.14)

We obtain the equation for the streamline ¥ = ¥o from (27.13) and (27.14) as follows,
replacing z3 by X3 to indicate that we consider a particular streamline:

—NBzg = —Ex& (27.15)
H
or
X5 _%o
H- =2 (27.16)

which corresponds exactly to (27.7). It is important to note that the Dupuit-Forchheimer
model gives the exact equation for the streamline only if both N and H are constants.
The interested reader is referred to Strack [1984)] for validations in cases where N varies
with position.

The derivation given above for confined flow may be applied equally well if the
thickness of the aquifer equals h(z), and varies with position such as is the case for
shallow unconfined flow. For such cases the thickness H in (27.7) must be replaced
by h,

— === (27.17)

The Equation for a Streamline

The above analysis is valid only for the case that the potential for shallow flow is
a function of z alone; we will next generalize the approach to cases where this potential
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is a function of the two coordinates z and y defined in the horizontal plane. We do this
for the general case that the aquifer thickness h is a function of position, and that there

t b
are infiltration rates N and N along the top and bottom boundaries (see Figure 4.4). We
define the total infiltration rate N as

b
N=N+N (27.18)

and assume that the solution to the flow problem is known so that the components Q:
and Q, of the discharge vector are given in terms of z and y. The discharge vector
fulfills the equation of continuity,

aaQ; +§%=N=ﬁ,+;{, (27.19)
IR
aquifer {"3 h

I T T e

Figure 44 An unconfined aquifer with infiltration through the upper and lower boundaries.

b b
The discharge vector (Q, Q,) corresponds to the flow below the streamline under con-
sideration; the components of this vector fulfill the following equation of continuity:

50, , 99

= 27.20
2z b By ( )

b b
The discharge vectors (Q;, Q,) and (Q:, Q,) are collinear at any point z, y: we may
introduce a scalar quantity p such that

b

b
Q: = pQ: Qy = #Qy (27.21)
Using (27.21) with (27.20) we obtain

H(uQ.) + a(ﬂ'Qy 9Q: + @.".] -

= B -Q, +Q,, ay [ By (27.22)
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We introduced the term discharge streamline in Sec. 6 to denote the curve in the z,y
plane that is tangent at each point to the discharge vector. We will use this term whenever
confusion may arise with the streamlines in three-dimensional space. The arc length s

is measured along the discharge streamline and Q, is the magnitude of the discharge
vector, which points in the direction s. We observe from Figure 4.5 that

dr . dy
Q:=0Q, cosa=Q,£ Q,=Q, s;na=Q,£ (27.23)

Combining this result with (27.22) and using (27.19), we obtain

b
+uN=N (27.24)

Figure 4.5 A discharge streamline.

The expression between the brackets represents the derivative of  along s, and (27.24)
may be simplified to

b
Q,—- +uN=N (27.25)

This is an ordinary differential equation in terms of x4, and has the following solution:

b

u(s) =e 1@ [,u(so)+ f ge"”ds} Qs #0)
o (27.26)

2|z

H(s) = Q,=0)

where sg is the value of s at the starting point of the streamline, p(so) is the value of p
at sp, and f(s) is defined as

f(s)= j —ds (27.27)



Sec. 27  3-D Streamlines and Path Lines in Dupuit-Forchheimer Models 325

The expression for X3, the elevation of the streamline above the base of the aquifer,
is obtained by noticing that uniformity of the specific discharge over the height of the
aquifer implies that

7o, M (27.28)

where use is made of (27.21). The final result is obtained by combining (27.26) and
(27.28):

b
X5 _ e~ I® [M +/ -{Y-eﬂ’lds Q:#0)

h h(so) =~ Js Qs 21.29)
b

X3 _N B

TSN @, =0)

The above expression for X3/h is applicable also to cases where the base of the
flow domain is curved, as in problems of interface flow. It is important to note, however,
that for such problems X3 is measured from the interface, as shown in Figure 4.6.

If the streamlines are determined numerically, then ;1 can be computed by numerical
integration of (27.25). The integration of (27.29), then, is computationally less efficient.

R T T e

“ X3
salt
Figure 4.6 Definition of X for interface flow.

Problem 27.1
Derive (27.17) by the use of (27.29).

The Component g3

An expression for the vertical component g3 of the specific discharge vector may
be obtained as follows. For simplicity, we restrict the following analysis to cases where
the base of the aquifer is horizontal. The derivative of X3 with respect to s then yields
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the inclination of the streamline to the horizontal plane. Differentiation of (27.28) with
respect of s yields, after multiplying both sides by h:

dX; _ d dh . du
= — —_— — 27.30,
P (ﬂh) ks +h R ( )

It follows from the definition of a streamline, and from (27.25), that

b
dXs; @ hg dh N N
B A b h— —hp— 217.31)
& g Q FasThQ, TG,
We solve this equation for ¢; and use (27.28):
Q, dh b
S = 27.32
h h ds +N ( )

Wcseethatq;vaneslmarlywnmx; nequalsNalongthebase and,ifh=H =

constant, ¢; equals N N = -N for X3 = H. The first term in (27.32) represents the
effect on ¢; of the sloping upper boundary. It is important to remember that the above
expressions for X3 and ¢; are approximate because the resistance to flow in the vertical
direction is neglected.

Leakage from a Circular Pond

We will discuss the problem of leakage of contaminated water through the bottom
of a circular pond above an unconfined aquifer as an example. We assume that the
contaminant does not affect the physical properties of the groundwater, and that the
contamination has occurred for a long time. We refer to the area of the aquifer that is
filled with contaminated water as the plume. The problem is illustrated in Figure 4.7,
where both a plan view and a cross section through the center of the pond are given.
Our objective is to determine, in three-dimensional space, the streamlines that start at
points on the bottom of the pond. The origin of an z, y, =3 coordinate sysiem is at the
center of the pond, and there is a uniform flow of discharge Qo in the x direction. The
infiltration rate through the bottom of the pond is N and the radius of the pond is R.
Using the function G,, introduced in Sec. 9 (see [9.72] and [9.73]), we may write the
potential for this flow problem as follows:

® = —Q.0z + NGp(z,4,0,0,R) + C (27.33)

where
Gp(2,3,0,0,R) =~} +¥* - R) (@ +y’ <R (27.34)
G,(z,4,0,0, fz)_—--a-mrz“’2 @+ > R) (27.35)

R?
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_

—_—

—_—

(0% :
—_—
» plan view
¢ VN
Oro ':P | x h

~R . R
H.H .
. ) section

Figure 4.7 Leakage from a circular pond.

If ® equals & at = = y = 0, then the constant C is found to be —NR?/4 + &, and we
obtain for z2 + y? < R:

® = —Q07 - %Iz +¥)+® (@ +y <R (27.36)

Outside the pond the potential is harmonic; we may write the solution there in terms of
a complex potential Q2 of the complex variable z = z + iy. It follows from (27.33) and
(27.35), with C = —NR?/4 + @, that

NR? NR?
N=-Quz— ——Ins ——— +& (2+4*>R) (27.37)
2 R 4
Before examining the streamline pattern, we will determine whether stagnation
points exist, and if so, where these are located.

The Stagnation Points.  The stagnation points may be either below or outside the
pond; we first examine whether a stagnation point exists outside the pond. The discharge
function W is obtained from (27.37) upon differentiation and we obtain, denoting the
location of the stagnation point as z,, where the superscript o refers to outside,

NR? |

Qo+ ——5 =0 (2, > R (27.38)
Z,
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or

2o (z2>R (27.39)
0

It follows that B, =0, and that the stagnation point exists outside the pond only if
NR
2Qx0

The expressions for Q; and Q, in the aquifer below the pond are obtained by
differentiation of (27.36):

>1 (27.40)

Q:=Qx + 1’;: @+ < R (27.41)
Q= %y @ +y* <R} (21.42)

We denole the coordinates of the stagnation point in the aquifer below the pond as :c,
and y, and obtain the following by setting Q. and Q, equal 1o zero at (z,, y,)

i,_ 2Q.0 i i
R-"~Nr ¥°0 (lz:| < R) (27.43)

so that the stagnation point lies below the pond only if

2Qa:0
INR‘_I ( )

We observe from (27.40) and (27.44) that the following three cases may occur:

4

NR

I, __NR . _,
case 1: |2Q’° <1 :Q 2Qz0 > (27.45)
L E = ZQ:(, : =0
R-_NR V77
r 10. )
—==-1 s =0
case2: |29\ R ) (27.46)
NR 1 i _
== y, =0
R-! Ym0
o |2Qx0 . N
case 3: |[—|>1 no stagnation points exist (27.47)
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Vertical Stream Surfaces. As a result of the Dupuit-Forchheimer assumption
each streamline lies on a single vertical surface. The intersection of these vertical stream
surfaces with a horizontal plane are the discharge streamlines, i.e., the streamlines for
the discharge vector (Q:, Q). The discharge streamlines outside the pond may be
determined by the use of the stream function ¥, which equals the imaginary part of
(27.37),

2
V=—-Q.y— %9 >+’ > R? (27.48)

where 6 = arg(2).
The stream function does not exist in the aquifer below the pond and the equations
for the streamlines are obtained by integration of (19.5), which may be written as

Qzdy — Qydz =0 (27.49)
Using (27.41) and (27.42), this becomes

N N
or
d_ % 21.51)
A
Integration gives
_ 2Qx0
Iny=In [C(:: + —ﬁ—)] (27.52)

where C is a constant. The equations for the streamlines become, writing —2Q.o/N as
z;, and C as tan 3,

y=@-zHtanf (*+y* < R) (27.53)
where
T = —2—%—‘“ (27.54)

and f3 is the angle enclosed between the discharge streamline and the z axis. If stagnation
points exist, =3 is the z coordinate of the stagnation point below the pond; otherwise z
has no physical meaning. We observe from (27.53) that all streamlines inside the pond
lie on lines through the point (z3, 0).

Discharge streamlines are shown in Figure 4.8 for the cases that (a) stagnation
occurs and (b) no stagnation points exist. The discharge streamlines that bound the
plume, the dividing streamlines, may be identified in Figure 4.8 as follows. For case (a)
they pass through S; and for case (b) they are the curves that touch the pond at the points
T; and T;. The data for the case of Figure 4.8(a) are N/k = 0.001, Q.o/(NR) =04,
#o/R = 0.2, and for the case of Figure 4.8(b) they are N/k = 0.001, Q.o/(NR) = 1,
¢o/R=0.2.
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(a)

| \\%
\
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Figure 48 Discharge streamlines for case (a) with stagnation points, and case (b) without
stagnation points. (Source: Strack [1984])

Streamlines.  The equations for the streamlines in the vertical stream surfaces are
obtained by the use of (27.29). We let s be the distance measured along each discharge
streamline, with s =0 at z = z%, y = 0, and obtain from (27.53)

- _ Y
9= "esh =B (27.55)

see Figure 4.9. We use (27.54) to express Q and Q,, see (27.41) and (27.42), in terms
of s and obtain

N N N
Q:=52+Qu= 3@~ z;) = S scos @+ <R} (27.56)

N
Qy="‘2’

y= ;s sinf @+’ <R (21.57)
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Figure 4.9 The definition of s.

We see that the component Q, of the discharge vector along s equals

Q=R +G=Fs @R (27.58)

b t
For this case infiltration occurs only from above so that N =0 and N = N, and (27.29)
becomes

__._Xh:i‘;’ - _’f:(‘izf;’e-ﬂ" @+ < R (27.59)
where
'] 8 2
f(8)= / N g = [ 245 in [i] @+’ <RY) (27.60)
80 Qa s 8 S0
Combining (27.59) and (27.60) we obtain
TR @y

Using this expression, we may calculate X3 at any point of a streamline starting at any
point so with elevation X3(so) in the aquifer below the pond. Outside the pond, the
b

infiltration rates NV and N are zero so that (27.29) becomes

P
Xi(s) o X3(s0) (Iz + yz > RI) (27.62)
h(s) — h(ko)

where 5, is the value of s at the intersection of the discharge streamline with the boundary
of the pond.

For the case of Figure 4.8(a), all discharge streamlines contained between the
dividing discharge streamlines emanate from point S;(z3, 0) inside the pond. The vertical
surfaces through these discharge streamlines therefore each contain one streamline that
starts at S). It follows from (27.57) that s is zero at S;. Furthermore, all streamlines
starting at s = so = 0 lie on the aquifer base, since X3/h in (27.61) vanishes for so = 0.
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Hence, for the case of Figure 4.8(a) the infiltrated water fills the entire space contained
between the dividing discharge streamlines, the phreatic surface, and the aquifer base.
The plot of streamlines in a vertical plane through the z axis reproduced in Figure
4.10(a) corresponds to the case of Figure 4.8(a). The plot extends from z/R = —1.25
to z/R = 1.25, and contains the two stagnation points, which lie at z/R = —1.25 and
z/R = —0.8. The streamlines start at equal intervals between z/R = —1 and z/R=1,
there are 21 streamlines. A similar plot is shown in Figure 4.10(b), and corresponds to
the case of Figure 4.8(b). For this case, stagnation does not occur, z;/R = -2, and
the bottom of the plume is the lowest curved streamline. The plot extends between
z/R = -1 and z/R = 1.5. For both cases, the value of & equals 0.02 kR2. It may
be noted that a discontinuity in slope of the streamlines occurs below the boundary of
the pond. This discontinuity results from coupling the component ¢3 directly to the
infiltration rate, which is discontinuous across the boundary of the pond.

Figure 4.10 Swreamlines in the z, z3 plane. (Source: Strack [1984])

Only when a stagnation point exists outside the pond will the plume extend over
the full height of the aquifer; otherwise the bottom of the plume is a curved surface
above the base. A cross section through the plume parallel to the y, z3 plane is shown
in Figure 4.11. The location of this cross section is marked by the dotted line in Figure
4.8(b), and is at z/R = z,/R = 2. Points of the curved bottom of the plume are
determined as follows. First, the width of the plume at the given location is determined
by intersecting the dividing discharge streamlines with the plane z = z,. Second, each
discharge streamline ¥ = ¥, inside the plume is intersected with the downstream side of
the circle, which yields a value for gn = goj with the aid of (27.55). Third, the discharge
streamline is traced below the pond until it intersects the circle on the upstream side,
giving so;. Fourth, so; and ﬁu,- are substituted for so and s, respectively, in (27.61)
which yields the elevation X3;/h; of the bottom of the plume at 50;. The elevation of
the plume at the desired cross section is found, finally, as a function of the saturated
thickness h by the use of (27.62). The above procedure is implemented in an elementary
computer program, writien merely for the purpose of illustration. This program is used
to show, in Figure 4.12, how the cross section of the plume varies as a function of z;/R.
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When z; /R equals —1, the plume is rectangular and fills the entire space between the
dividing discharge streamlines. As the ratio 2Q.0/(NR) = —z;/R increases, the area
of the plume decreases; the plume becomes both shallower and narrower. The data used
for this case are the same as those for Figure 4.8(b), except that the saturated aquifer
thickness was increased, (¢/R = 1) in order to make the curves more visible.

N __J

Figure 4.11 Cross section through the plume at z/R = 2. (Source: Strack [1984].)

=

Figure 4.12 Cross sections through the plume for various values of —z; /R = 2Q0/NR at
X/R = 2. (Source: Strack [1984])

The plume attains the geometry described above after the pollution has occurred
for a long time. It is possible to determine the front of the plume as it moves through the
aquifer as a function of the time recorded since the pollution began. The marks shown on
the streamlines in Figure 4.10 correspond to constant intervals of the dimensionless time
t* = Nt/(nR), where n is the porosity. The front of the plume at any time, therefore, is
obtained by connecting corresponding marks.

The elevation of streamlines may be determined numerically by including the in-
tegration of (27.25) as part of the procedure used for computing points on the discharge
streamlines. Alternatively, equations of the form (26.11) and (26.12) may be applied
in three dimensions, using the expression (27.32) for ¢g3. It should be noted that the
technique is approximate and gives a simplified picture of the real streamline pattern.
For example, the vertical faces of the plume shown in Figure 4.12 for =3 /R = —1 do not
occur in reality, because both horizontal components of the specific discharge vector vary
over the thickness of the aquifer near the bottom of the pond. Haitjema [1987] compares
the results presented here with those obtained from a true three-dimensional analysis,
and reports that the errors are small for ratios of R/H greater than 5. For cases where
three-dimensional effects are too important to be neglected, a truly three-dimensional
solution may be imbedded inside the Dupuit-Forchheimer model (see Haitjema [1985]).

For an application of the approach described in this section to a case of semicon-
fined flow, see Strack [1985].

Problem 27.2
For the case of Figure 4.8(b) determine:
1. the value of W at point T}
2. the elevation at = R, y = 0 of the streamline that starts at the center of the pond.
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Vertically Varying Hydraulic Conductivity

The technique discussed above may be applied to flow in systems of aquifers
separated by leaky layers (see Sec. 15). Points on the streamlines may be computed in
each aquifer, until the streamline intersects a leaky layer. The flow in the leaky layer
is downward and the travel time over this vertical section of streamline is computed
from the difference in the heads above and below the leaky layer and the hydraulic
conductivity and thickness of the layer. The computations are then resumed in the next
aquifer.

Another application is concerned with aquifers with vertically varying hydraulic
conductivity as occurs, for example, if the aquifer is composed of layers of different
hydraulic conductivities. If the contrasts in conductivity are not too large, such aquifers
may be modeled as discussed in Sec. 11.

We will extend the procedure for determining the elevation of streamlines to include
aquifers with a hydraulic conductivity that varies in the vertical direction. The differential
equation (27.25) for x and its solution (27.26) still apply, but 4 no longer equals the
ratio of the elevation of the streamline above the base to the aquifer thickness. We may

express Q, and 5. as follows (compare [11.4] and [11.7])

Q.= —T@ (27.63)
ds
b d
Qs= —T(X3)£ (27.64)
where T is the transmissivity of the aquifer given by (11.6)
Xs
T= [, k(z3)dz; (27.65)
X3

b t
X3 and X3 stand for the values of z3 at the lower and upper boundaries of the aquifer,
respectively. The function 7 in (27.64) is defined as

X3
T(X3) = 3 k(z3)dz; (27.66)

This function represents the transmissivity of a vertical section of an aquifer extending
from the base to X3. It follows from the definition of y with (27.63) and (27.64) that

7(X3)
T

b
Q,
=== 27.67
u Q. ( )

Hence,

7(X3) = uT (27.68)
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We know for physical reasons that the function 7 given by (27.66) is single-valued. It
can therefore be inverted:

X3 =Xi(1) (27.69)

The elevation X3 of the streamline can be computed from (27.68) and (27.69) as

X3 =X3uT) (27.70)

As an example, consider the case of the layered aquifer discussed in Sec. 11. If
X3 corresponds to a point in layer m (m = 1,2,3,... ,n) then 7 may be expressed as
follows:

m=1
T=T +kn(X3=bn) (bm < X3 <bmt1) (27.11)

where the layers are numbered from the bottom up; ky, is the hydraulic conductivity of
layer m, b,, is the elevation of the base of layer m, T is defined for 1 < m < n by

0
(11.27), and T is zero:

m
T=) kjbjs1—b) T=0 (21.72)
=1

Inversion of (27.71) yields X3 as a function of T:

Xy = by — —— 4 (b < X3 < bms1) 21.73)

Combination of (27.68) and (27.73) yields X3 as a function of pu:

m=—1

T T
X3 =b,, — e (bm < X3 < bm+1) (27.74)
m ™

where the transmissivity T of the aquifer is given by:

T=mfl+km(¢_bm) (bm € ¢ < bmy1) (m=1,2,...,n)
T=f?" (ba+1 < ¢)

(27.75)

where b, is the elevation of the impermeable upper boundary of the aquifer.
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Streamlines in a Layered Aquifer.  Consider the aquifer consisting of two layers
shown in Figure 4.13. The lower and upper layers are labeled as 1 and 2, respectively,
and their hydraulic conductivities and thicknesses are ky, H), k>, and H;. The boundary
conditions are the same as for the case of Figure 4.2, and we choose the same I3,z
coordinate system. The expression for y is the same as that obtained for the case of
uniform hydraulic conductivity (compare [27.7])

=2 (27.76)
r
where o is the z coordinate of a point on the upper boundary. It follows from (27.74)

with m = 2 that

#:

Ol

1
T
x3=;,2_1+_ﬂ (b < X3 < b3) (21777
ky kyz
and with m =1 that
Xy=by+ 22 b < X3 < by) 21.78)
1

where use is made of (27.72). Equations (27.77) and (27.78) define the streamlines as a
function of position. With (compare [11.13] and [11.14])

b =0 b =H, bs=H, + H,

27.79
T =k H, T, = kH, T=kH, + kH, ( )

the equations for the streamlines may be writien as

kH

X, =g, - B kb, xochy @180)

k k; T

ki H, + k2 H

Xyu oL Y2250 Gi<Xs<b) Q18

k| I

The z coordinate of the point of intersection of the streamline with the interface between
the layers, z,, is obtained by substituting b, = H, for X3 in either (27.80) or (27.81):

— kH, + k2 H>
' T kH,

It is of interest to note that equations (27.80) and (27.81) agree with the equations
obtained from the exact solution to the problem (see Strack [1984]). Note that this is
only true for uniform infiltration.

Problem 27.3
Determine expressions for the streamlines in a shallow unconfined aquifer with three layers,
enclosed between two parallel rivers with heads ¢ > H,. The distance between the rivers
is L, the hydraulic conductivities of the three layers are ki, k2, and ks, and the thicknesses
of the lower two layers are H) and H;. There is a uniform infiltration rate N.

To (27.82)
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Figure 4.13 Streamlines in a layered aquifer. (Source: Strack [1984].)

As the conclusion of this section, we will discuss a procedure for determining path lines
in three dimensions. For the sake of brevity, we will make restriction to cases where
the hydraulic conductivity is homogeneous. Path lines for problems of transient flow,
then, may be determined either by computing p by numerical integration of (27.25) and
using the result in (27.28), or by using the procedure for determining path lines in three
dimensions discussed in Sec. 26, with v3 computed by dividing (27.32) by the porosity n.
In either case, the arc length s refers to a discharge path line rather than to a discharge

streamline and the values of all time-dependent variables (Q,, N, Itf , and h) must be
updated as the particle moves. It will be shown in the following that the infiltration rate
N must be corrected for cases of transient shallow unconfined flow both in (27.25) and
in (27.32) by including a term (n — S,)3¢/8t. This term thus needs to be included only
if the phreatic storage coefficient S, differs from the porosity n.

If s is measured along a path line then the term dh/ds in (27.32) represents the
change of the saturated thickness of the aquifer with respect to the infinitesimal distance
ds traveled by a particle during an infinitesimal time increment dt.

We write the first term inside the brackets in (27.32) as

Qdh _ dh_ dhds _Dh

hds Wds “dsdt "Dt (27.83)

Dh/Dt is called the material-time derivative; it represents the rate of change of h with
time, moving along the path line with the particle. The material-time derivative may be
written as

Dh Ok  Oh d:r Oh dy Oh Oh Oh

+_v;:+

Dt ot ordt Toydt ot ozt oy (27.:84)
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where z and y are the coordinates of the position of the particle in the horizontal plane.
Multiplication of both sides of (27.84) by n gives

Dh _ 0Oh Oh oh

ﬂﬁ =ﬂ-§‘~ +q=£ +q,5y~ (27.85)
It follows from (27.32), (27.83), and (27.85) that
3h oh oh b
NB= Bt Qxa Qy% - N] + N (27.86)

where X; is replaced by x3 because this equation does not contain any variables defined
in terms of a particular streamline, as opposed to (27.32) which contains s. The latter
equation is valid for transient flow, provided that N is corrected. We will demonstrate
this by deriving an expression for g3 from the continuity equation in two dimensions
in terms of the discharge vector, in combination with the continuity equation in three
dimensions in terms of the specific discharge vector.

Consider the general case of transient unconfined flow in a compressible aquifer.
The continuity equation in terms of the discharge vector may then be written as

0Q:  9Qy 2 o9
bk 2 e 7 A = N-S§.—~
2z T By Vié=E+ Sp 5t
This equation is a combination of (16.2), which applies to a compressible aquifer and
(16.15), which takes phreatic storage and rainfall into account. The function E = N*
represents the rate of change in elastic storage of the aquifer per unit volume, ¢, integrated
over the aquifer thickness (compare[16.1]). Since € is assumed to be constant over the

height of the aquifer, we may write E as

(27.87)

E = he (27.88)

The right-hand side of the continuity equation in three dimensions, (4.3), is now equal
to € as a result of the elastic storage:

dg; O o
Q+Qy+03

oy oz, =€ (27.89)
With (Q:, Q,) = h(gz,gy), (27.87) may be written as
9q. , Oqy oh o
[ 2] 0 v aonen-52 e
We solve this equation for 8¢ /dz + Oq, /8y and substitute the result in (27.89):
Ogs _ ¢
i [S"at +q,a +4q ,, N] +e (27.91)
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We observe that the terms containing the rate of change in elastic storage cancel, and
that the right-hand side of (27.91) is independent of z3. Integration with respect to 3
yields

d dh
I [s 3‘:’ + e+ q,, N] +C (21.92)

UE]

b
The constant of integration, C, is determined from the condition that ¢3 = N for =3 = 0.
Furthermore, ¢ = h, and we obtain

dh b
Sp tg t wa, ~ N+ N (27.93)

_[ oh Bh

This equation is equal to (27.86) only if the phreatic storage coefficient S, is equal to
the porosity n. We write (27.93) as follows for the case that S, # n:

_ Oh Oh I3
%—{h[8t+¢h +q,ay N]+N} h Ve (27.94)

where

d
Np=(n-Sp)5 (27.95)

The term inside the braces in (27.94) is identical to the expression (27.86) for ¢;. It
follows that the infiltration rate V in (27.25), (27.32), and (27.86) must be corrected by
adding N, to it if these equations are to be used to determine the elevations of path lines
for transient flow.

A physical interpretation of this somewhat surprising result follows. The phreatic
storage coefficient S, will be less than n if the soil above the water table is not entirely
dry but contains water. This water is released into the aquifer when the water table
rises and the soil becomes fully saturated. By the same reasoning, water is left behind
when the water table lowers. This amount of water is represented by the term N,
given by (27.95). Consider the case that there is no infiltration into the aquifer, i.e.,
N = Ny in (27.25) and (27.32). If S, = n, the path line of any particle at the phreatic
surface will follow the rising and lowering of this surface: the particle remains at the
phreatic surface. Next, consider the case that S, < n and the phreatic surface rises from
h(z,y,t) to h(z,y,t+ At) = h(z, y,t)+ Ah over a time interval At at a rate &h/Ot. The
volume AV = AzAyAh is unsaturated at time ¢ and contains an amount (n — S,)AV
of immobile water. At time t + At, this water is released as the volume AV becomes
saturated. This is in accordance with expression (27.95): there is inflow at a rate N,
where N, > 0 because Oh/8t > 0. Thus, particles at the phreatic surface will move
downward with respect to the moving phreatic surface as a result of the correction term
Np. Similarly, particles at the phreatic surface will move out of the saturated zone if the
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phreatic surface lowers and N,, < 0 because dh/3t < 0. In either case the path lines
intersect the locus of points on the phreatic surface on the vertical through the moving
particle; this locus represents the transient position of the phreatic surface with respect
to the particle.

Although the mechanism described here is a severe simplification of the compli-
cated process occurring at the interface between the saturated and unsaturated zones, it
highlights an effect that is important for problems of contaminant transport: if an aquifer
is contaminated and the phreatic surface lowers for a period of time, then contaminated
water is left behind in the unsaturated zone. This contaminated water will be released
again when the water table rises.

If streamlines are considered rather than path lines, then the term dh/ds in (27.32)
does not contain the change of h with respect to time because the streamline applies to a
given fixed time. For such cases a term —S,0¢/3t must be included as part of the rate
of infiltration N in (27.25) and (27.32). Equation (27.93) is valid in either case.

28 SOLUTE TRANSPORT

Solute transport is governed by a number of different phenomena: advection, chemical
reactions, diffusion, and dispersion. Transport of solutes may thus be subdivided into
different components: an advective component, a chemical component, a diffusive com-
ponent, and a dispersive component. In this text, we will concentrate on the first two:
advective transport and the chemical interaction between water and solid particles.

Simplifying Assumptions
The following analysis is based on three simplifying assumptions:

1. The solutes are present in the flow only in small concentrations and do not influence
the physical properties of the groundwater.
2. The porosity and hydraulic conductivity are not affected by the solutes.

3. The chemical interaction between solutes and solid particles is described fully by
instantaneous linear sorption.

As a result of assumptions (1) and (2) the flow and the transport are independent of one
another: the transport problem can be solved after determining the flow field.

Solute Movement

Advective transport is the main component of solute transport in most applications.
Advection is the movement of solutes with the fluid, with the dissolved particles behaving
as water particles.

If advection is the only form of transport, then water with a concentration ¢y moves
as a plug into the aquifer if injected from some time ¢y onward, over a given area A (see
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Figure 4.14 Plug flow.

Figure 4.14). This plug is bounded on the sides by path lines, and its front moves with
the velocity of the groundwater.

In reality, the front moves slower than the groundwater. This is the result of
chemical reactions that take place between solutes and solid particles; the reduction in
velocity is called retardation.

The front is usually not sharp: there is a gradual transition in concentration from
¢ =cg to c=0. This may be caused by decay such as in radioactive materials or by
another effect, called hydrodynamic dispersion.

Hydrodynamic dispersion is caused by inhomogeneities in the porous material, and
results from differences in velocity of neighboring water particles. Dispersion caused by
the inherent inhomogeneous nature of the porous medium on the particle scale is called
microscopic dispersion; the effect of microscopic dispersion in most porous media is
negligible, but is important in fractured rock. Dispersion caused by inhomogeneities on
a larger scale, such as gravel or clay pockets, and, in particular, layering, is much more
important and is called macroscopic dispersion. Dispersion has a smoothing effect on
both the front and the sides of the plug that would exist if there were no dispersion. It
is important to note that the concentration outside this plug will now be non-zero, since
some particles will move faster than average. As stated above, the effect of hydrodynamic
dispersion will not be included here.

Transport Equation

We will derive the transport equation in three dimensions in terms of a Cartesian coordi-
nate system z, y, x3, adhering to the notation used in the preceding section. Consider an
elementary volume AV = ArAyAx; (see Figure 4.15), with flow occurring only in the
z direction. We introduce the symbols c(z, y, z3, t) [kg/m*] and ¢,(z, y, z3, t) [kg/m®),
representing the concentrations of the mobile phase and the sorbed phase of the solute,
respectively. These concentrations are expressed in terms of mass per unit volume of
fluid:

¢ =mass of mobile phase per unit volume of fluid
¢, =mass of sorbed phase per unit volume of fluid
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Figure 4.15 Mass balance.

If the rate of decay is proportional to the total mass of solute present in AV with a
proportionality constant A, and if the porosity is n, then the mass balance for flow in the
z direction may be written as

—[ex + 4%,y, 23,00 gz ( + 55,4, 23, 1)

- oz - 8%y, 23,) gz( — 5F, ¥, 73, DIAYAT; AL

—le(z, y, z3, 1) + cs(2, Y, T3, HianAzAyAziAt

= [dz,pzt+ 8D +e@y ot + )

- Az, y, T3, t — §) — s, Y, T3, — &h)|(nAzAyAxs3) (28.1)
The terms in the first two lines above the equal sign represent the net inflow of solute
into AV due to advection, the remaining terms above the equal sign represent minus the
decrease in mass due to decay, and the terms below the equal sign represent the increase

in mass. By dividing both sides by AzAyAz;At, and passing to the limit for Az — 0,
Ay — 0, Azy — 0, and At — 0 we obtain:

o Is]
—'é;(c‘k) —-nXc+c)= né-t-{c + ¢5) (28.2)

If there are components of flow in all three directions, this becomes
0
Oy

The assumption of instantaneous linear sorption (see for example Javandel et al. [1984])
implies that

_[ﬁ( v+ 2 ey + 2ecqn)| - n -l 283
5 s cqy +6:|:3 @) n(c+c.)-na(t:+c,) (28.3)

c= %(c + ¢5) (28.4)

where R is a dimensionless constant called the retardation factor. If R is independent
of time, then

a de
-&-(c +c,)= R«c,}t— (28.5)
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so that (28.3) may be written as
de 0 Jd d
nR=— —(cq. — — — .
-+ [ ax{cq )+ ay(cq,) + oz, (cq;)] nARe (28.6)

Differentiating the terms within the brackets by parts and dividing both sides by a factor
ni, this becomes

9 1 | 8c dc dc Oq:  Oq,  Og3\]| _
8t+nR[ +q,ay+q3—+ (8x+6 +3£3 =-Xc (28.7)

For the sake of simplicity we make restriction to incompressible flow. According to
(4.3), the term in parentheses, then, vanishes and the velocity components v, vy, and v3
may be introduced:

dc
§+R +v,ay+v33 ]---/\c (28.8)
This equation is the transport equation for solute transport with retardation and decay in
an incompressible porous medium, with the effect of hydrodynamic dispersion neglected.
The transport equation, then, is a first order partial differential equation, which can best
be integrated along its characteristics.

dc 1 [ dc dc

Integration Along Characteristics

We introduce the apparent velocity with components (vZ, vy, v3) as

v = 7% (28.9)

elVn e
“*R TR
If z, y, and 3 represent the coordinates of a point moving with the apparent velocity,
then

_dz .oy ._drs

V== T a =0

Integration of these differential equations yields a curve that represents the path of a
point moving with the apparent velocity, we will call this curve the apparent path line.
The differential equation simplifies if (28.9) and (28.10) are combined with (28.8):

8c+8cd:c dcdy | Oc dry
ot oz dt Bydt dzy dt

(28.10)

=-Ac (28.11)

The left-hand side of this equation is the total derivative of ¢ with respect to time along
the apparent path line:
De

= 28.12
Di Ac ( )
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The term Dc/Dt is the material-time derivative of the concentration c. The apparent
path line is a special curve: we observe from (28.12) that the differential equation gives
information only regarding the change of the concentration along this curve. Such a
curve is called the characteristic of the differential equation.

To illustrate the meaning of the material-time derivative Dc/Dt, we introduce
the distance s traveled along the apparent path line and represent the magnitude of the
apparent velocity as v*. The differential equation

Ll
vt (28.13)
defines a curve in the s, ¢ plane that represents the characteristic of the differential equa-
tion. This characteristic passes through the point (so, o) corresponding to the position
s that the point moving along the apparent path line occupies at time tp. The slope of
the curve represents the apparent velocity v*.

The material-time derivative Dc/Dt represents the change in concentration with
respect to time, moving along the apparent path line with the apparent velocity v*. Thus,
Dc/Dt is the limit, for At — 0, of Ac/At where Ac is the difference in concentration
between points A and B on the path divided by the projection At of the segment AB
on the t axis (see Figure 4.16). Note that the values of s at points A and B are not the
same; As represents the distance moved with velocity v* along the path over the time
interval At. The differential equation (28.12) can be integrated:

c= e M-t (28.14)
where ¢ is the concentration at time ¢ = ¢ and position s = s¢:
co = c(to) (28.15)
In the absence of decay, i.e., if A =0, (28.14) reduces to

c=qy (28.16)

Figure 4.16 The characteristic.
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which expresses that the concentration remains unchanged when moving along the ap-
parent path line with the apparent velocity v*: the front moves with this velocity and
there is plug flow.

The retardation factor R is usually expressed in terms of yet another factor, called
the distribution factor K.

The Distribution Factor

The distribution factor K is defined as

S
Kq= = (28.17)
where S is defined as the ratio of the mass of sorbed material to the mass of solid
material, both contained in some volume V' of porous material. If p, [kg/m?] is the bulk
density of solid material, then

8 V t.
§=500 _ .8 (28.18)
sV Pb

The factor n occurs in the numerator of the fraction because c, is defined as mass per
unit volume of fluid. Equation (28.17) may be combined with (28.18):

Kg=2% (28.19)
P C

Using (28.4), it follows that R may be expressed in terms of K, as

R=14% 214 PRa (28.20)
C n

The units of the distribution factor are [m?/kg]. The distribution factor is the quantity
associated with retardation that is usually measured in the laboratory.

Contaminant Transport in a Layered Aquifer

As an example, consider the case of steady flow in a layered aquifer solved in Sec.
27 and shown in Figure 4.13. We assume that contaminated water of concentration cg
enters the aquifer over a section a < ¢ < a + b, y = H; + H; of the upper boundary,
from time ¢ = to onward (see Figure 4.17). The retardation factor is R. The question is
to determine the time at which a point P on the front of the plume moving along the
apparent path line defined by the initial condition

=10 y=H,+ H, t=tp (28.21)
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Figure 4.17 Contaminant transpont in a layered aquifer.

reaches the plane x = L.

Chap. 4

In solving this problem we note that the apparent path lines coincide with the
streamlines, because the flow is steady. For simplicity we set the thicknesses of the

layers equal:

The discharge Q; is

H|=H2=H

Q: =Nz

1 2
The discharges Q. and Q; in layers 1 and 2 are

.= — — ==k H—
Q Tzdz 2 H

Lo dé - @
Q.=-Tig-=—hH
2 do d¢

dz

1 2
Since Q: + Q. = Q., by definition, we obtain from (28.24) that

1 k,

= N
itk

2 k2

:_k|+k2Nx

(28.22)

(28.23)

(28.24)

(28.25)

(28.26)

] 2
The apparent velocities ?l); and %; in the two layers are obtained by dividing Q. and Q.

by a factor nHR:

tl:‘—L ky -}!:c
* nRky+kH

kx N

2
vl =

1
T 2Rk +k H

(28.27)

(28.28)
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We have, by definition,

. ds
vi= (28.29)

where s represents the arc length measured along the streamline. Because the streamline
is tangent to the velocity vector, we may write:

dz , dzds _dr
s’ T dsdt  dt (28.30)

where v} is the projection of v* on the r axis. The component v must be computed
at each point of the streamline. In the present case, however, v} is independent of x3
in each layer, so that the travel time of point P may be computed by evaluating the
following integrals:

.—
v, =

t : dI
] dt —/ 5 (H < X3 <2H) (28.31)
o v‘
f dt = — (0< X3 <H) (28.32)
] z) v‘

where X3 is given by (27.80) and (27.81) and x, by (27.82). It follows from (27.82) and
(28.22) that (28.31) applies when zo < z < (ky + kz)xo/k;. Using (28.28) in (28.31)
we obtain

nRH k, + kz z ki + k
t—tyg= —— <z<
fo= N ka In == ky
Point P reaches the interface between the layers when t = ¢; and x = z, = (k) +k)xo/k):
nRH k, + k In ky +k2
N ks ky
Assuming that this interface is reached before arriving at the boundary = = L, we next
integrate (28.32) between x, and L using (28.27):
nRH ky + k> I k £
N ky ky + ky xo
The arrival time of point P of the plume, defined by the initial condition (28.21), is
obtained by adding (28.34) and (28.35).

Problem 28.1
Consider the foregoing example. Introduce the dimensionless time ¢* = tN/(nRH) and
compute the dimensionless time ¢ — tg at which point P reaches the boundary at r = L if

I=T0=a ki =k k2 =5k a=b=H L=10H

T (28.33)

(28.34)

ti—to=

(28.35)

tL—t|=

Let At* be (t1, —t5)/5 and consider five points P of the front on apparent path lines defined
by the initial conditions t = to, y = 2H, withz = H, c =5H/4, x = 3H/2, = = TH /4,
x =2H for the five path lines, respectively.
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Questions

(a) Plot the five apparent path lines and mark the points that correspond to t5 + jAt*
(G =1,2,3,4,5). Sketch the position of the front of the plume for each of these values
of t°.

(b) Express the concentration ¢ in terms of the parameters of the problem for all marked
points if there is a decay rate A.

IEarlier work on determining streamlines in Dupuit-Forchheimer models was restricted to two-dimensional
flow. Kirkham [1967] determined equations for streamlines in two-dimensional Dupuit-Forchheimer flow
using an expression for the st function obiained from continuity considerations. Gelhar and Wilson [1974]
determined streamlines for iwo-dimensional Dupuit-Forcheimer flow using an expression for the stream function
obtained by integration of the Cauchy-Riemann conditions. Neither the analysis by Kirkham, nor the one by
Gelhar and Wilson is applicable to three-dimensional flow.
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Applications of
Contormal Mapping

Thus far, we have solved groundwater flow problems by superposition of elementary
solutions. In this chapter we will discuss a technique that makes it possible to determine,
at least in principle, exact solutions to a large class of groundwater flow problems. This
method is based on a complex-variable technique called conformal mapping, which has
been extensively used in the field of groundwater mechanics in the past. Before computers
were in use, closed-form solutions, such as the ones obtained by conformal mapping,
were the only way to obtain quantitative answers to groundwater flow problems, and
many useful solutions have been published. The most important ones are found in the
older textbooks, such as Muskat [1937], Polubarinova-Kochina [1952, 1962], Aravin and
Numerov [1953, 1965], and Harr [1962]. Conformal mapping still is a useful tool in
groundwater mechanics, and serves to obtain solutions to simplified versions of complex
problems, which may be used to gain insight into the problem prior to using a computer
program capable of generating a more detailed solution. The main reason, however, to
discuss conformal mapping in detail is that conformal mapping techniques may be used
to generate powerful elements that can be used in computer models. We refer to such
elements as analytic elements, and will introduce them in Chapter 6.

We concentrate our efforts in this chapter on explaining how conformal mapping
works, and on presenting the main formulae, rather than listing the many solutions that
are already available in the literature.

29 THE PRINCIPLES OF CONFORMAL MAPPING

In this section we deal with the principles of conformal mapping. We begin by examining
what a conformal mapping is, and how the geometrical properties are related to the
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functional behavior. We then proceed by explaining how conformal mapping can be
used to solve boundary-value problems.

The Properties of a Conformal Map

We discussed the concept of a map already when introducing the complex functions in
Sec. 23; the domain in the  plane of Figure 3.38 is a map of the domain in the z
plane shown in the same figure. The map merely is a graphical way of presenting a
boundary-value problem: the contours bounding the maps represent the boundary values
in the physical and complex potential domains, and solving the boundary-value problem
amounts to conforming these contours to prescribed shapes.

The maps produced by analytic functions are special: they are conformal. We will
illustrate this concept of conformality by examining the properties of the mapping in the
neighborhood of a point ¢ = (o in the ¢ plane of Figure 5.1(b). We examine how the
analytic function

z=2z(() (29.1)

maps a small circle C; of radius p around (o onto some curve in the z plane. The function
is analytic at (o and therefore can be expanded in a Taylor series as follows:

z"(Co)

= 2(Co) + 2'((o)(¢ — o) + € =GP +-.. (29.2)

2!

(a)

Figure 5.1 Conformal mapping.
If we assume that
2'(G) #0 (29.3)
and take ( — (o) sufficiently small, then (29.2) may be approximated by the first term:
z =29 = 2'(C)¢ — o) (294)
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where 2y = z((p). If ¢ lies on C¢, we may write
(- Go=pe’ (29.5)
and representing z'({p) in polar form as
2'(Go) = |2 Go)le™® (29.6)
(29.4) becomes
|z = 20l = |2/ (o)l pe™ >+ 29.7)

We observe that |z — zg| is constant; the circle in the { plane corresponds to a circle in
the z plane, labeled as C, in Figure 5.1(a). Furthermore, if 8 = arg({ — (p) increases
from O to 2w, then v = arg(z — z) increases from a to a + 2x. The conclusion is that a
full circle in the { plane corresponds exactly to a full circle in the z plane, rotated over
an angle a = arg z'({p): the mapping is conformal. Conformality of the mapping means,
therefore, that the shape is preserved.

An important property of a conforral map can best be explained by the use of
the concept of tracing a contour around a domain D in positive sense. Let D";" and D/
denote the domains inside and outside C;. Then we say that ( traces C¢ around D; in
positive sense if 'D‘:+ lies to the left with respect to the direction in which ( traces the
circle, i.e., if ( moves in counterclockwise direction. By the same token, C; may be
considered to be the boundary of the infinite domain D; in that case ( traces C¢ around
D, in negative sense if D lies to the right with respect to the direction in which ¢
traces C¢, i.e., if ( moves in counterclockwise direction. The reader may observe that
these definitions tie in well with the orientation of contours discussed in the context of
singular Cauchy integrals in Sec. 25; the contour C in Figure 3.51 is traced in positive
sense with respect to the domain D*. We now state that if the map of domain DE' onto
the z plane is D}, then z = z(() traces C, in positive sense with respect to D}, if ¢
traces C¢ in positive sense with respect to Dg'. That this is true follows from the notion
that zp = z((p) corresponds to (o, and that (g lies inside C; and 2y inside C..

We did the above analysis under the assumption that z'((p) # 0, see (29.3), and it
is of interest to examine what happens if z'((p) = 0. The coefficient of the term ( — (p)
then vanishes, and the term 32"((o)({ — (o)? cannot be neglected; the mapping function
in the neighborhood of {y, now becomes

2 — 20 = 32"(QNC - Go)? = 32"(Go)p%e™ (29.8)

We observe that when ( traces C; once, z traces C, twice; the mapping is no longer
conformal and an angle 3 between two radius vectors of C¢ is transformed into an angle
23 between the corresponding radius vectors of C,. In this case the point (g is called a
branch point of order 1, and the point z is called a winding point of order 1. In general,
(o is a branch point of order m if the derivatives z{9((o) vanish for j = 1,2,... ,m.
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We will not consider branch points in detail in this section, and merely state that
mappings by analytic functions are conformal everywhere, except at points where the
derivative of the mapping function is zero.

Solving Boundary-Value Problems

It is possible to solve boundary-value problems in two different ways. The first consists of
determining the boundaries of the domains in the physical and complex potential planes
and then attempting to find the analytic function 2 = €(z) that maps the domain in the
z plane onto that in the {2 plane. The process of finding such a mapping function may
consist of applying or modifying an existing mapping function as listed in the handbooks
(e.g., Churchill [1960], Kober [1952], Nehari [1952], or Von Koppenfels and Stallmann
[1959]). In other cases, it may be necessary to apply a method of conformal mapping to
determine the function, as explained later in this chapter. We refer to this method as a
direct application of conformal mapping.

An indirect way of using conformal mapping to solve a problem is based upon
the notion that the analytic function of an analytic function is an analytic function. For
example, if we succeed in mapping a flow domain in the 2 plane, bounded by some
complex boundary B, onto a domain in the { plane bounded by another boundary B¢,
e.g., a circle or a straight line, then we know the function

z=2(() (29.9)

Depending upon the choice of the boundary B¢, we may now be able to solve the
boundary value problem for 2 = §2(() in the ¢ plane, where the boundary values of ¢
and ¥ are transposed to the boundary segments of B;. The complex potential

Q=0 (29.10)

together with the mapping function z = z(({) then constitutes the solution to our problem
with ¢ acting as a complex reference parameter.

The latter approach is more generally applicable than the first. The direct applica-
tion method fails for any problem that is solved in terms of a reference parameter that
cannot be eliminated.

30 AN APPLICATION OF THE BILINEAR TRANSFORMATION

The bilinear transformation, sometimes called the Mobius transformation, maps a circle
onto a straight line. We will discuss this transformation, and then apply it to solve the
problem of a circular lake in an aquifer with wells and a uniform flow field. Of course,
we will obtain the same solution as that obtained earlier by the use of superposition;
the application serves to illustrate the method of conformal mapping and to present a
transformation that we will use in other applications later on.
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The Bilinear Transformation

The bilinear transformation is a function of the form

az+b
cz+d (30.1)

(=€+in=

where a, b, ¢, and d are complex constants. We consider the following special form of
this transformation:

(30.2)

and will prove that it maps the exterior of the circle of radius R around the origin in the
z plane (see Figure 5.2[a]) onto the upper half plane 3¢ > 0. Four representative points
on the circle in the z plane are marked as 1, 2, 3, and 4 as shown in the figure. In order
to examine how the circle |z| = R is transformed by (30.2), we choose an arbitrary point
2 = Re'? on the circle and determine the corresponding point in the { plane by the use
of (30.2):

‘R(,:H +R - ‘eiﬂﬂ + e—19/2 _2005% 30.3)

X

T'Re® —R ™9 — =02 = "3i5in 8

(a) of (b)
Figure 5.2 The bilincar transformation.

We observe that ( is real for all values of 8; the circle corresponds to the real axis 3¢ = 0.
Furthermore, point 1 (6 = 0) corresponds to { = oo, point 2 (¢ = —m/2) corresponds to
(= -1, point 3 (f = £m) to ¢ =0, and point 4 (6 = 7/2) to ¢ = 1. Infinity in the z
plane corresponds to ¢ = i; the limit of (30.2) for 2 — oo is i. The exterior of the circle
in the z plane lies to the left with respect to the boundary 1-2-3-4-1, and because the
sense is preserved, we conclude that this exterior domain corresponds to the upper half
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plane 3¢ > 0. By a similar reasoning, we see that the interior of the circle corresponds
to the lower half plane.
It is possible to invert the transformation (30.2); solving this equation for z, we

obtain

z C+1

R (C—i (30.4)
The 1) axis is an axis of symmetry in the ¢ plane, and maps onto the section |z| > R of
the z axis in the z plane, which also is an axis of symmetry. We see this by substituting
in for ¢ in (30.4), which yields real values for z/R; the section of the 7 and r axes
that correspond to each other are marked by dots and dashes in Figure 5.2. Points that
lie symmetrically with respect to the 7 axis in the { plane correspond to points that lie
symmetrically with respect to the z axis in the z plane, i.e.,

2(Q) = 2(=0) (30.5)

which may be verified by the use of (30.4). It is noted that { = £ +in and —( = —§+i1)
lie symmetrically with respect to the 7 axis, and that z and Z lie symmetrically with
respect to the T axis.

Another interesting property of the transformation (30.4) is that

2(Q) = —2(1/Q) (30.6)

which equation is obtained as follows:

o p[MCHi) _pME—i__pi=C_plti
z(1/¢) = R[lff—i]_ Rl/c+i' R%+("RC—="Z(O (30.7)

Equation (30.6) may be interpreted geometrically as follows: the points ¢ and 1/C lie
inversely with respect to the unit circle || = 1, which means that they lie on a straight
line through the center at distances that are each other’s reciprocal, as indicated in Figure
5.2(b). The points z =  + iy and —Z = —z + iy lie symmetrically with respect to the y
axis. In particular, if ( = €', then ( equals 1/C and z(() equals z(1/C); it follows from
(30.6) that z = —Z, so that = = 0 and z(e**) lies on the y axis: the unit circle |(| = 1
corresponds to the y axis.
A third important property of the transformation (30.2) is the following:

X _ R

= (30.8)
R 20
The proof of this equation is obtained from (30.4) as follows:
R _ 1 _[(-i '
=__='-—_E-"=[£ "]=C+l.=_z_ (30.9)
20 %0 l(+i (=i R
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If we denote z(f) as 2z and z(() as z, then it follows from (30.8) that

2
Jz0l = = (30.10)
2|
Since 2o = z(C) and z = 2(() have, by (30.8), the same argument, these points lie on a
straight line through z = 0; they are located inversely with respect to the circle of radius
R about z = 0.

We observe from the above analysis that the transformation exhibits certain prop-
erties of symmetry. The axis of symmetry, the = axis, in the z plane that is transformed
into a straight line in the ¢ plane, remains an axis of symmetry after transformation.
The axis of symmetry (the y axis) in the z plane that is transformed into the unit circle
becomes a curve of symmetry, that is, points that are located symmetrically with respect
to the y axis are transformed into points that are located “symmetrically” with respect
to the circle |(| = 1. The word symmetrically is placed between quotes because it is
used in a broader sense; this circle symmetry means that points lie inversely with respect
to the circle. The latter broad use of the term symmetry may be generalized to any
curve, where the rule for finding points that lie symmetrically with respect to the curve
are obtained from the transformation formula. The above concept, that points that lie
symmetrically with respect to a line in the one plane are mapped onto points that lie
symmetrically with respect to the transformed line, is a general property of conformal
mapping known as the Schwarz Reflection Principle.

Problem 30.1
Determine a, b, ¢, and d in (30.1) if the center of the circle in the z plane is at z,
and if point 1 comresponds to ( = —1, point 2 to { = 0, point 3 to { = 1, and point 4 to
¢ =oo0.

A Lake in an Aquifer with Wells and a Uniform Far-Field

We will next use the results obtained above to solve the problem of a fully penetrating
lake of radius R in an infinite aquifer. The center of the lake is at the origin, the
potential along the lake boundary is ®g, and there is a well of discharge Q at z = z,,
(see Figure 5.3[a]). We will initially limit the analysis to the case that the far-field is
one of constant potential. We use the transformation derived above and solve the flow
problem in 3¢ > 0. The boundary of the flow domain in the { plane is the real axis,
with the boundary condition

—00< €< 00 n=0 ® =0 (30.11)
The point in ¢ > 0 corresponding to the well is 8, with (compare [30.2])
2w+ R
§=(Gu)=i——p (30.12)

The well of discharge Q at z = z,, corresponds to a well of discharge Q at { = §; that the
discharge of the well remains the same after the transformation follows from the notion
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that the stream function must increase by Q if a point traces the well boundary, both
before and after the transformation.

Yy 4
- Q —-—
X (a) (b)

Figure 5.3 The = and ¢ planes for a lake in an aquiler.

The flow problem in S¢ > 0 is straightforward and may be solved by the method
of images, which yields

_ Q. (-5
Q-21r lnc_3+% (30.13)
Using (30.2) and (30.12) we obtain
.z+ R .zut+R
i—p5 —1
Q= Q In=2=f " e-R ®,

27T z+ R Zwt+R

i—rtis.oR

Q nzzw—-R(zwzwj—Rz—[zzw+R(z—zw)—Rzl
2w 2Z, — R(z —Z,) — R? + [2Z, + R(z — Z,) — R?]
Q z2,2—-R
2r zZy,— R

+ & (30.14)

The term Q/(27) In[(z,, — R)/(Z., — R)] is a purely imaginary constant since |z,, — R| =
|z — R| and can be omitted since it affects only the reference level of the stream function,
which is arbitrary. Simplifying (30.14) we obtain

_ Q. 2R(z-zy) _Q (z—z24) —-R
fh= 27 In 22%, — 2R? + &= 2" (z - R?[Z,) Zo

] + @ (30.15)

|

| The real part of this equation corresponds exactly to the result obtained earlier for the

! potential €. In fact, we did not really need to go through the above analysis; we know by
symmetry that wells that lie symmetrically with respect to the real axis 7 = 0 correspond
to wells in the z plane that lie inversely with respect to the lake boundary, and therefore
we could have concluded that the image well in the z plane must lie at z = R?/z,,.
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If the lake draws an amount Q* from infinity, then we must place a source of
discharge Q" at the point in 3¢ > 0 that corresponds 1o z = co. This point is { = (oo = 1
(see Figure 5.2[b]), and we must place an image sink at ( = —:‘. so that (30.13) becomes

Q=—~Ih—— - =— —+d>0 30.16
2T (—-6 (+1 (30.16)

The first term may be written in terms of z by the use of (30.15), and the second term
by the use of (30.4) so that (30.16) becomes

Q z-2z, —-R| Q° 2
_ _f- -R] @ = 30.17
R =L ey oyt b R (30.17)

We next consider the case that there are no wells and the far-field in the z plane is
uniform, with a discharge Q¢ in the z direction. As opposed to the case with a source
at infinity discussed above, we cannot say immediately what kind of singularity must be
placed at ¢ = (o = i. In order to determine the behavior of Q(¢) near ¢ = i, we examine
the behavior of the mapping function (30.4) near { = i by writing it as follows:
z= RC * l = 2@-

(-1 (-1
A singularity of this kind is called a pole of the first order. (A function f = f(() is said
to have a pole of order m at a point (o if ({ — (o)™ f(¢), but not (¢ — (o)™ £((), is
analytic at (o (Korn and Kom [1968]). Since (¢ — i)z in (30.18) is analytic, the function
2(¢) has a pole of order 1 at ( = i. The expansion of a function about a pole is called

a Laurent expansion.) We know that  behaves near infinity as —Q.0z, so that Q)
behaves near ( =i as

+R (30.18)

Q) = —2iQmR$ ~ QuoR 30.19)

The first term represents a dipole at ¢ = i, oriented toward the origin (point 3). In order
to obtain a complex potential that renders an equipotential along the real axis, we place
an image dipole, oriented the same way, at ( = —i and obtain
Q) = -2iQ R[ : - + :
B = ¢ - C+1
where the real constant C' must be chosen such that ® = &, for n = 0. Along the real
axis, (30.20) becomes

] +C (30.20)

) 1 1] 2%
= —2i0. _ = ]
6 = —21Qz0R [E—i +£+i' +C= 2:Q,03£2+1 +C (30.21)
The first term is purely imaginary, so that C = @, and (30.20) becomes
[ 1 + 1
(=1 (+i

AQ) = -2iQz0R

J + @ (30.22)



358 Applications of Conformal Mapping  Chap. 5

In order to eliminate ¢, we use (30.18) to express 1/( — i) in terms of z,

1 1
C 3 = m(z - R} (3023)
and it follows from (30.4) that
R _(—i_ 21
-;—C 1_--I (i (30.24)
or
1 1 [R?
— = — —— —— — .2
C+1 2iR [ z R] (30:25)
Using these results in (30.22) we obtain
RZ
Q2)=-Qx [Z - ?] + & (30.26)

which has a real part that is identical to the result obtained in Sec. 20 (compare [20.33]).

The results obtained above are not new; however, we will see in the next section
that they may be generalized, by mapping the exterior of the circle onto the exterior of
an ellipse, to problems with elliptic lakes.

31 AN ELLIPTIC LAKE IN AN INFINITE AQUIFER WITH WELLS
AND A UNIFORM FAR-FIELD

We will in this section map the exterior of an elliptic lake in the z plane onto the exterior

of a circle in the plane x = 7 + iw. After discussing the mapping function, we solve the
problem of flow in the x plane by the method of images. Elimination of the complex
reference parameter x then renders the complex potential as a function of 2.

The Mapping Function

The axes of the elliptic lake have lengths 2a and 2b, where a > b, and the longer axis is
oriented at an angle « to the z axis as shown in Figure 5.4(a). The center of the ellipse
is at zg, and the distance from the center to the focus is f, where

f=Va-¥ 31.1)

We map the flow domain onto the exterior of an ellipse in the Z plane,

Z2—20 _;
- e te

31.
a+b G12)
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Figure 5.4 The ellipse in the z and Z planes.

so that the ellipse in the Z plane is centered at the origin, and is oriented with its major
axis along the real axis. The lengths of the axes of the transformed ellipse are denoted
as A and B, and we observe from (31.2) that

a b
A_a+b B_a+b @13
We see from (31.3) that
A+ B=1 (31.4)

and introduce + as the distance from the origin to either focal point of the ellipse in the
Z plane, where

Y¥=A'-B’=(A-BYA+B)=A-B (31.5)
so that
A=31+7) B=i1-) (31.6)
Now consider the transformation
1 1 1, 7
Z= §(A+B)x+5(A~—B); =3 [x+ ;] 3L7)
where y is T + iw,
X=T+iw (31.8)

This transformation maps the unit circle in the x plane onto the ellipse in the Z plane,
as will be shown below. If x represents a point on the unit circle, then

x = e (31.9)
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and (31.7) becomes

Z=X+iY = 1(e? +9%e%) = j(1 ++*)cosd + £(1 —~%)sin

= Acos@ + iBsinf (31.10)
Hence,
x1? [v)?
[I] +[§] =1 GL11)

which indeed represents the ellipse in the Z plane. The mapping is illustrated in Figure
5.5, where four representative points are labeled on both boundaries. It follows from
(31.7) that infinity in the x plane corresponds to infinity in the Z plane; for large values
of x, the transformation approaches the form Z = }x.

- 5

Figure 5.5 The transformation Z = Z(x).

We may invert the transformation (31.7) by solving for x, which yields

Xx=Zx\(Z—-YNZ +) (31.12)

Since infinity in the Z plane corresponds to infinity in the x plane, the plus sign applies,
so that

x=2Z+\V(Z-Z+") (31.13)

It may be noted that this function is not analytic at Z = +; square root singularities
exist at the two focal points of the ellipse. Because the square roots are many-valued, we
must be careful in choosing the arguments of Z — and Z + 1 such that x is continuous
everywhere outside the circle. We choose these arguments such that

0<arg(Z+7) <m O<arg(Z-y<m Y >0t (31.14)
—m < arg(Z +9) <0 —-w<arg(Z-v)<0 Y <0 (31.15)

where the superscripts + and — indicate whether the z axis is approached from the
nositive or the negative side. With the above definitions, the arguments of Z—vyand Z+7y
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are each equal to either +m or —= along the negative real axis Y =0, —co < X < —7,
so that the square root always is negative there:

-0 < X < -y Y =0% x=X+1/kX’—'rzle’"=X—‘/—Xz—yz

(31.16)
—0<X<=y Y=00 x=X+4/|X2-9¥e =X \/X2-y?
3117

and the mapping function is indeed continuous across ¥ = 0, —0o < X < —v. It
is important to note that care must be taken in using a standard FORTRAN routine for
evaluating the square root; this gives proper results only if the square roots of Z —
and Z +y are calculated first and then multiplied; calculating the square root of Z2 — 2
directly will give erroneous results unless a correction is made depending upon the
arguments of Z — vy and Z + 1.

An Elliptic Lake in a Uniform Flow
We first consider the case of a uniform far-field of discharge Qo, oriented at an angle

A to the z axis in the z plane (see Figure 5.6). In order to determine how this far-field
transforms in the Z plane, we examine the relation (31.2) between Z and z for large z:

Z - aibe-"“ z— 00 (31.18)

Since for z — oo, (2 behaves as
Q> —Qoze™™® 200 (31.19)
we obtain with (31.18) the far-field behavior of 2 in terms of Z,
Q= —(a+b)Qoe P2 Z oo (31.20)
Thus, the flow is oriented the same way with respect to the major axis of the ellipse in
both planes, as we expect for a conformal mapping. The next step is to determine the

far-field behavior of Q in terms of x. Since Z approaches }x for x — oo (compare
[31.7]), we obtain from (31.20):

Q- —3@+bQe P ¥y  x—=00 (31.21)
The problem in the x plane thus amounts to solving the problem of a circular

lake in a field of a uniform flow at an angle (3 — a) with the 7 axis, and of discharge
z(a + b)Qq. The solution consists of the sum of a term for uniform flow, and a dipole



Figure 5.6 A uniform far-field.

at the origin oriented in the direction of flow. Using expression (24.12) for the complex
potential for a dipole, and noticing that the flow is oriented at an angle 8 — a, we obtain

i(f-a)

-—-(a+b)Qo[ e~HB-a) _ & ] + & (31.22)

where @, is the potential along the circle. The complex potential (31.22) represents the
solution for the case that the lake does not draw any water from infinity; assuming that
the lake draws an amount Q* from infinity, (31.22) becomes

0= -——(a + b)Qo [xe—‘(ﬁ @ + _— ln x + ®o (31.23)

It is possible to eliminate the reference parameter x, and write the complex potential
in terms of the dimensionless variable Z by the use of (31.13). It follows from (31.7)
that 42 /x = 2Z — x so that we obtain with (31.13)

2
'7; =Z-JZ-NZ+7) (31.24)
and (31.23) may be written as follows, provided that ¥ # 0,
Q=-1@a+bQo {z [e-“ﬂ-“) - %e‘w*“’]
+V/(Z - NZ +7) [e"'“’“” + %e“"“”] }
Q-
+3—In [z +VZ-NZ+ 7)] +@ (1#0) (31.25)

It may be noted that, for numerical evaluation, the form (31.23) may be retained;
there is no particular advantage in writing the complex potential in terms of Z rather
than of .
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An Elliptic Lake with a Well

The presence of a well of discharge Q at z = z,, may be accounted for as follows. We
first determine the points Z,, and x,, in the Z and x planes that correspond to z,,, using
the transformations (31.2) and (31.13):

Zw T W 4
v 31.26
paaL ( )

Zyw =2Z(24) =

and

Xw = 2w+ V(Zw —NZw +7) (31.27)

Second, we solve the problem in the x plane with a weli of discharge Q at x,,. The
image recharge well lies inversely 10 x,, with respect to the circle |x| = 1, so that

Q [ X~ Xw 1 ]
Q=—Ih|——m———1I| + 31.28
27 =1z el TP (3855

We obtain the complete solution for an elliptic lake in an infinite aquifer with a well by
combining (31.23) with (31.28):

—idB-u ei[ﬁ—a] Q-
Q'—-—%{a'i’b)QuI:xe » )—T]+2_‘fl'lnx
Q [ X~ Xw 1 ]
+—Ih|———|+® (31.29)
2r [ X = 1/Xw Ixwl ’

where x is given in terms of Z by (31.13). The discharge Q* represents the flow from
infinity and may be determined from the given potential at some reference point.

Problem 31.1
Determine the stagnation point and points on the sireamlines for an elliptic lake in a field
of uniform flow with a = 2b and Q" /{(a + b)Qo} = 14, and a = 30°, 3 = 45°. You
may determine points on the streamlines first in the x plane, and then map these on the
corresponding streamlines in the z plane.

A Finite Canal

If the width of the lake is small with respect 1o its length, i.e., if the lake is a finite canal,
the transformation simplifies as follows. We replace a by %L. where L is the length of
the canal, set b equal to zero, and apply (31.3) through (31.5) to determine A, B, and 7:

a=3L b=0 A=1 B=0 =1 (31.30)
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We denote the end points of the canal as z; and 27, so that z equals %(z. + z;), and
(a + b)e*™ may be written as %(z; — 21). The transformations (31.2), (31.7) and (31.13)
thus become

_z-jn+2)

31.31)
3(22 — 21) (

Z=3(x+ i) (31.32)

x=2+VZ-1)Z+1) (31.33)

The complex potential (31.25) for the case without a well reduces as follows:

Q=-L1LQo[cos(B — a)\/(Z — INZ + 1) — isin(3 — a)Z]
+ ?ﬂ In[Z +(Z - 1XZ +1)] + Do (31.34)

It is of interest to note that the stream function ¥ jumps across the canal, and along the
entire negative real axis.

Problem 31.2
Determine an expression for the jump W+ — W~ along the portion Y =0, —00 < X < 1
of the X axis for a finite canal. Determine an expression for the jump in the component of
the discharge vector normal to the canal along the interval Y =0, —1 < X < 1. Plot this
jump versus X.

An Elliptic Impermeable Object

We may use the conformal transformation discussed above to determine the solution for
flow around an impermeable object with an elliptic boundary. The functions Z = Z(z2)
and x = x(Z) remain unchanged, but the complex potential for flow in the x plane
now must fulfill the boundary condition that the circle is impermeable. The far-field is
identical to that of the potential (31.22), but the orientation of the dipole at x = 0 is
reversed, and we obtain

eilB-a)

Q=-a+bQo [xe“"‘ﬂ*“' + +C (31.35)

where C is a real constant. To verify that (31.35) indeed meets the condition that ¥ is
constant along the circle, we set x = e*? in (31.35) and obtain

Q= —%(a + b)Qo [e“"'ﬁ“) + e"'w‘ﬁ*"’] +C
=— (a+bQocos(@ —Ff+a)+C (xl=D (31.36)
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which is purely real so that the boundary condition is met, as asserted. The complex
potential may be written in terms of Z by the use of (31.13), and becomes

Q=-}a+ b)Qg{Z [e_‘w‘“’ + %eﬂﬂ—m]

+ m[e—iw—m - Lzeﬂw-m]} e

v
31.37)

For the special case of a thin impermeable barrier, ie., a = 1L, b =0, v = 1, this
becomes

= 1LQo [isin(8 - a)V(Z — 1(Z + 1) ~ cos(5 - a)z] +C (31.38)

Flow in Two Confined Aquifers Separated by an Impermeable
Layer with an Elliptic Opening

We will consider the case of flow in a system of two confined aquifers separated by a
thin impermeable bed with an elliptic opening as a final application of the transformation
presented above. We will make use of the comprehensive potential introduced in Sec. 12,
restricting the analysis to the case that the flow in both aquifers is confined in the region
of interest. The aquifer configuration is shown in Figure 5.7(a) in cross section and in
plan in Figure 5.7(b). The origin of an z, y, z3 Cartesian coordinate system is chosen at
the center of the elliptic opening with 3 pointing vertically upward. The lengths of the
axes of the ellipse are 2a and 2b and the major axis lies on the z axis. The thicknesses

u 1
of the upper and lower aquifers are denoted as H and H, respectively, and the potentials
u 1
® and & are defined as
u uu 1 [
b=kH ¢=kH¢ (31.39)
It may be noted that these definitions are valid only if the aquifers are everywhere
confined:
u u { ] 1
¢>H+H ¢>H (31.40)
We consider the case that the far-fields in the upper and lower aquifers are com-

binations of uniform and radial flows; the latter flow accounts for flow from infinity in
the one aquifer via the opening toward infinity in the other aquifer. The components of

u u {
the uniform flows in the upper and lower aquifers are denoted as Q.o, Qy0, Q0. and

!
Qyo, and the components Qo and Q4 of the comprehensive discharge vector due to the
uniform flows are

u ] u !
Qe0=Qzx0+Qzx0 Qu=Qu+Qu (31.41)
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2a
"
H
H A%y
|_=x

(a)
3 2a R
2b
(b)
Figure 5.7 The aquifer system.
The comprehensive potential
u ]
d=d+? (31.42)

is the real part of the comprehensive complex potential. By continuity of flow the radial
components of the far-fields in the upper and lower aquifers are opposite in direction
and equal in magnitude, so that the comprehensive potential contains only uniform flow:

Q=—(Qx —i1Quo)z + C (31.43)
If it is given that the heads in the upper and lower aquifers at a point z = L are
u u u )
= H+H
-1 {? h> i+ } &> oL
p=¢o>H

then the potentials at z = L become

11

& = & = kHoo
z=L P
d=Py=kHdop

u 1
} & =Py=D+ B (31.45)
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Application of this boundary condition to (31.43) yields C = (Q -0 —1Q0)L + ®o so that
the comprehensive potential becomes

0= —(Q;{p - IQw}(z — L)+ (31.46)

We will use the dimensionless variable Z which for this case becomes
Zz

=3 (31.47)
and we introduce the constant A as
L
A= pors (31.48)
so that (31.46) may be written in terms of Z and A as
Q=-Q0=100) ;5 14, (31.49)
+b
The head along the boundary of the ellipse may be obtained from (31.49):
u 1 —
@ =k(H + H)p=— Quo(Xe - :’; QuYe | @ (31.50)

where X, and Y, are the coordinates of a point on the ellipse in the Z plane.

l
The Complex Potential 2

t
The complex potential €2 is obtained by application of the boundary condition that

{ 1
¢ = ¢ along the ellipse and that 2 produces the prescribed far-field. It follows from
(31.39) and (31.42) that

!
l
o=— _o=00 (31.51)
H+H
where
H
v=— ; (31.52)
H+H

1 ]
We write 2 as the sum of () and a second complex potential Q2* as follows:

v

1
aT b(on —1QuNZ — A) +v®o + Q° (31.53)

l
Q=-—
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This function meets the boundary condition (31.51) (compare [31.49]), provided that the

1
real part of * vanishes along the edge of the opening:

P*=RN"=0 (31.54)

1
Furthermore, 2 must have a far-field consisting of a uniform and a radial component:

o b (90-00) o

1.55
a+b 2n i G1.35)

1
It follows with (31.53) that Q2* must be of the following form near infinity:

1 1
Qz0 = VQx0) —i(Qp —vQ ] .
Z - o0 6-~-[( il Io)a:b( ulili w)=z+%1nz (31.56)

We observe from the above that [l!‘ is formally equal to the complex potential for a
lake in a uniform flow, with a potential of zero along the lake; the first term in (31.56)
represents the uniform flow and the second one the far-field due to the net flow into the
lake. Introducing Qg and 3 such that

y s - 1
Qse ™ = Qeo — ¥Qu0 — i(Qyo — ¥Qy0) . (3157
1
we may apply (31.23) to Q*, replacing Qg by Qg, and a and ®g by 0. This yields

(31.58)

= -3 +bQ; [xe B —]

l !
Substitution of this expression for 2* in (31.53) yields the complex potential :

]
N=-

- iQ,o)(Z - A) +vdy
Fhs=
X

- 3(a+b)Qp [xe-"ﬁ Inx (31.59)

The magnitude of the discharge Q* through the opening is determined by applying the
!
boundary condition (31.45) to ®, which gives with Z = ) and x = xo

l 1 .
P =vdy — %(a-i-b)Qo'cos,B [xu— —] + & In xo (31.60)
X0 27
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where xq is expressed in terms of A by the use of (31.13)

X0=A+VA =92  (A>9) (31.61)

This expression for xq is real and positive because the point Z = A is outside the ellipse,
so that A > 4. Solving (31.60) for Q* we obtain

1
@0 — vPo + L(a + b)Q; cos B [xa -1

=2 31.62)
? In xo (
The Complex Potential f“l
The complex potential ﬁ is found from the relation
u ]
Q=0-0Q (31.63)

!
with 2 and Q given by (31.49) and (31.59). It is left as an exercise for the reader to
verify that (31.63) fulﬁlls the boundary conditions along the ellipse and at infinity, and

the condition that <D ‘i'o for Z = \.

Problem 31.3

Prove that the complex potential 2 fulfills the conditions along the ellipse, at infinity,
and at Z = \.

Example 31.1
As an example, the flow pattern is shown in Figun: 5.8 for the special case that
the eihpse is a circle (@ = b = R), that Q,o Q,o Q,,o 0 and Q* = 0, and that

H H H, ¢u 2H,L=10H, R=25H, and ¢0 is such that the head in the lower
aquifer at infinity is 4H. The streamlines and piezometric contours are shown for the
upper and lower aquifers in Figures 5.8(a) and (b), respectively. It is of interest to note
that the flow in the lower aquifer is from the upstream side to the downstream side of the
circle. The flow pattern in Figure 5.8(b) illustrates the effect of an opening connecting
an aquifer with uniform flow to an unused aquifer.

32 APPLICATIONS OF THE SCHWARZ-CHRISTOFFEL
TRANSFORMATION

The boundaries of flow domains are often composed of segments of straight lines. Such
problems may be solved by the use of a general transformation, the Schwarz-Christoffel
transformation, which maps the upper half plane 3¢ > 0 onto domains bounded by a
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Figure 58 Flow nets for (a) the upper and (b) the lower aquifers. (Source: Strack [1981(a)].)
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polygon of straight lines. We will discuss the Schwarz-Christoffel transformation in this
section and use it to solve several problems of groundwater flow.

The Transformation

The Schwarz-Christoffel transformation maps the upper half plane I¢ > 0 (¢ = £ +in) of
Figure 5.9(b) onto a domain bounded by a polygon in the z plane in such a way that the
n — | vertices zy, 23,...,2n—1 Of the polygon correspond to the points £, &,...6,-)
of the real axis in the ¢ plane. Point z,, corresponds to infinity in the { plane. We express
the fact that the boundary in the 2 plane is bounded by a polygon by the equation

arg(dz), —arg(dz),, =7k, (v=2,...,n) (32.1)

where (dz), represents the complex increment of > along the straight line between z,,
and z,4,. Thus, (32.1) expresses that the argument of dz is constant along each side
of the polygon, but increases abruptly by an amount wk, if z passes the comer point
z, while tracing the boundary in positive sense, i.e., with the domain to the left. By
itself, the increment dz is undefined in magnitude, but its magnitude in relation to
that of the corresponding increment d( is defined. When z traces the boundary of
the polygon, ¢ traces the boundary of the upper half plane, the real axis, in positive
sense. The argument of d( therefore remains zero and the argument of dz/d( equals
arg(dz) — arg(d() = arg(dz); we may write (32.1) as

dz dz
arg(EE)u —arg (d_c)v—l =7k, v=2,...,n) (32.2)

We introduce the function x = 7 + iw as

x=r+iw=lnj—z (323)

.

£ £,y & &
@ | | v v+l (b)

Figure 59 The Schwarz-Christoffel transformation,
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so that we may write (32.2) as
Wy — Wy =mk, v=2,...,n) (32.4)

Since the mapping is conformal everywhere inside IS¢ > 0, dz/d( will be analytic
and unequal to zero in S¢ > 0; it follows from (32.3) that x is analytic in 3¢ >
0. The function x is fully determined, therefore, by the boundary conditions (32.4)
complemented with the value of dz/d( along any one of the boundary segments, €.g.,
(dz/d()n—1. These boundary conditions appear to be equal to the values that the stream
function assumes when a set of wells of discharges —27k, are placed at the points &,
£2,... En—1 Of the real axis. We will make use of this analogy with a groundwater flow
problem and write the function x accordingly:

n-—1
x=Y —kIn(-£)+C (32.5)

v=1

where C is a complex constant. We denote by ¢ the argument of dz/d( along the
last interval of the real axis, i.e., the interval £, < £ < 0o, n = 0. Writing C as
In [|Ale* *#4], and noticing that the logarithms are all real along this interval, we obtain

dz

tP=ﬂIEA=3f8(dc) (n-1<§<o00  7=0) (32.6)

The transformation (32.5) may now be written as

n—1
x=In [lAle"" [M¢- 5.,)"‘*'] BENCX)

=l
and using (32.3) we obtain
dz i n-1| .
ac = |Ale [T¢-e™ (32.8)
v=l

so that the Schwarz-Christoffel integral becomes

n—1
z=|Ale* ] [I¢-&r*dc+B (32.9)
v=1

where B is a complex constant of integration. The case where the n'™ comer point
corresponds to a finite point, &, is covered simply by letting the product in (32.9) run
over n terms, rather than n — 1, and by letting ¢ be defined as the argument of dz/d(
on the interval =0, £, < £ < oo:

d
qo=arg;£ (n<E<oo 1=0) (32.10)



Sec. 32 Applications of the Schwarz-Christoffel Transformation KT <]

z=|Ale" / [[¢-e)*da+B (32.11)
v=l

Determination of the Parameters

The transformation (32.11) contains as parameters the n unknowns & (w=1,2,...,n),
the modulus |A|, and the complex constant B. In order to establish how the choice of
these parameters affects the mapping, we consider the case of a triangle 7 with comer
points z;, 23, and z3, which correspond to £, £, and &3 (see Figure 5.10). For clarity,
we write the transformation as a definite integral, with £, as the lower bound:
¢ 3
z=|Ale* | []¢ -&)*d¢+B (32.12)

[T

This function maps the real axis on a triangle 7* with interior angles m(l — k,). The
integral vanishes for = £, so that

z1=B) +1iB; (32.13)

23 El

, AN
.. | b )

£ H &

Figure 5.10 The parameters in the Schwarz-Christoffel transformation.

Thus, the triangle 7* has the same shape and orientation as the given triangle 7;
it can differ only in size and location from the given one. For any choice of &, &, and
€3, therefore, |A| and B can be chosen such that 7* is mapped exactly onto 7. We
arrive at the conclusion that the three parameters £, &, and &3 may be chosen anywhere
on the £ axis, including infinity, provided that &, < & < &.

The shape of the polygon is no longer independent of the choice of £, (v =
1,2,...,n) when there are more than three sides; if &, &, and & are chosen, the
parameters &4, &s, . .. , &, must be determined such that the polygon has the desired shape.
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Problem 32.1
Determine the value of w along the interval n = 0, —oo < £ < & (using [32.7]) for
the two cases covered by (32.9) and (32.11).

Mapping the Upper Half Plane onto the Exterior of a Polygon

A special case arises when ¢ > 0 is mapped onto the exterior of a polygon with
finite sides, as illustrated in Figure 5.11. In that case, the function x defined in (32.3)
is singular inside ¢ > 0, and we must examine this singular behavior in order to
determine the transformation. We already encountered a mapping where infinity in the 2
plane corresponds to a finite point in the ¢ plane, when mapping the exterior of a circle
onto ¢ > O (see Figure 5.2). We observed (compare [30.18]) that the mapping function
has a first-order pole at the point { = §, if § corresponds to z = oo, and may therefore
be written as

1
2(0) = c_:_aﬂo ¢ — 8 (32.14)

where f(¢) is analytic in 3¢ > 0. Differentiating (32.14), we obtain

9(()

ey = — 1 fene — 6) — fo = I
2= LF'GXC =8~ JOI = 53

=5 (32.15)

ﬁ

& 4 / a -Dn

1" E & &
X
\\_,\_/

Figure 5.11 Mapping 3¢ > 0 onto the exterior of a polygon.

where g(() is analytic in S¢ > 0. We now return to the groundwater flow analogy: it
follows that the function x = Indz/d{ may be written as

x = —2In(¢ - 8) + Ing(¢) (32.16)

and the singularity of x at ¢ = § is equal to that of a recharge well of strength 4. Thus,
the function x in (32.5) must be modified such that it exhibits a singularity of the form
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(32.16) while the values of w along the real axis 3¢ = O remain unchanged. This is

achieved by adding an “image recharge well” at { = é, so that (32.5) becomes

n—=1

x=Y =k, In( - £)] = 2In[(¢ - 6)C — H)] + In|Ale™ (32.17)

v=l

and, with x = Indz/d(, we obtain

Mo ¢-e)*
(€ - 6)2(¢ -6y

z=|Ale"

¢+ B (32.18)

It is important to note that, in general,_the transformation (32.18) will have a logarithmic
singularity at { = §; the singularity at 4 is outside the domain and need not be considered.
This may be seen as follows: let h(¢) be defined as

1 n::ll(c - 6&)_-*.'

h(¢) = |Ale = (32.19)
| O =14 < — 37
so that the function z'(¢) may be written as (compare [32.15])
. h()
z = = o) (32.20)

We observe from (32.19) that h(¢) is analytic at { = 6, and thus may be expanded in a
Taylor series about that point:

o ! PPN () e
¥= ey (MO HOC -+ (=0 +.. (32.21)
so that
z= -E'h_(—? +h'(®) In(¢ - 8) + %(C -&+... (32.22)

This behavior will correspond to the required behavior (32.14) only if
h')=0 (32.23)

This condition yields an additional complex equation, which may be used to determine
6; the condition (32.23) is known as the residue condition (see Von Koppenfels and
Stallmann [1959]). In practice, the condition (32.23) is best applied by first carrying out
the integration and then determining the parameters in the solution in such way that the
logarithmic singularity is removable, as expressed by (32.23).

Flow Toward a Well Between Two Long Parallel Rivers

As a first application of the Schwarz-Christoffel transformation, we will solve the problem
of flow toward a well between two long parallel rivers that are a distance d apart (see
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Figure 5.12). The origin is chosen as shown in the figure, with the x axis coinciding
with one of the rivers. We first consider the case that the potential along each river is ®o.
The flow domain is the infinite strip 1.4-2-3.4-38-4-1B, and points 1 and 3 are chosen at
infinity and the origin of the ¢ plane, respectively. The values for wk; and wkj are both m;
the argument of dz increases by an amount 7 if z moves through either point 1 (infinity)
or point 3 (infinity) with the flow domain to the left. With ¢ = arg(dz/d§) = 0 along
3B-4-1B (compare [32.6)), the Schwarz-Christoffel transformation becomes, leaving out
the term (¢ — £;)~*' (point 1 corresponds to infinity in the ¢ plane),

d
z=!A|]—é€+B=|AIln(+B (32.24)
, .
7 & niinl S 1A
0z,
d
y

BLae _...._.Iré..____ '8

4

Figure 5.12 Flow toward a well between two long parallel rivers.

Equations for the constants |A| and B = B, + iB, are obtained by application of the
boundary conditions, which are .

n=0 0<é<o0 y=0 -0 < <00 (32.25)
n=0 -0 <f<0 y=d —oo <z <00 (32.26)
Application of these conditions to (32.24) yields
z=|Alln|(|+Bi+iB, ©<f<oo n=0) (32.27)
and, writing  as |(|e'™ along the negative real axis,
z+id=|A|ln|¢| + |Alir+ B +iB; (-0 <£<0 1=0) (32.28)

It follows from the first condition that B; = 0, and from the second one that |A| = d/,
so that the transformation becomes, choosing point 4 (z=0) at ( = 1,

d
z== In¢ (32.29)

This transformation may be readily inverted:

(=e"/d (32.30)



Sec. 32  Applications of the Schwarz-Christofel Transformation 377

The complex potential for flow toward a well at z = z,, is determined by the
method of images in ¢ > 0. Denoting the location of the well in the ¢ plane as 8, with

6=em=w/d (32.31)
the complex potential becomes
_Q (-6
Q= > In I + @ (32.32)

It is possible to write the complex potential in terms of z, which gives

Q em:ld _ pwzu/d

| m + & (3233)

= -2; ne:z[d

The case that the values of the potential are different along the two rivers, e.g., the case
where

y=d -—oco<z<o0 ®=0 (32.34)

y=0 —oc0<rI<00 ® =9 (32.35)
may be covered by adding a potential for uniform flow to (32.33):

D, — 9, Q e™z/d _ pmzu/d
B I v ey e Rl (32.36)

=

If there is infiltration of a rate IV in the aquifer, then the complex potential cannot be
used; the solution for this case is obtained by adding to the real part of (32.36) the
elementary solution for infiltration, ® = —%Ny{y — d), which vanishes at y = 0 and
y = d and fulfills the Poisson equation V2@ = —N:

¢ -9
@=—%Ny(y—d)+~l—d—ny+2%ln

erz;‘d _ 6Iz¢/d

This solution may, of course, be generalized for an arbitrary number of wells by super-
position.

Flow Toward a Well Between Two Intersecting Rivers

As a second application of the Schwarz-Christoffel transformation, we consider the case
of flow toward a well of discharge @ in an aquifer bounded by two long rivers which
enclose an angle a; see Figure 5.13(a). The coordinate system is chosen as shown in
the figure, and the well is located at z = z,,. The potential along each river is ®o. The -
boundary in the 2 plane is 1.4-2-1B, where point 1 is at infinity and point 2 is the point
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1A
(a) (1]

Figure 5.13 Flow toward a well between two intersecting rivers.

of intersection of the rivers. These points correspond in the ¢ plane to infinity (point 1)
and the origin (point 2). The Schwarz-Christoffel transformation takes the form

2= 4] j (-U-2/md( + B= T|4|*/ + B (32.38)

In order that point 2 corresponds to { = 0, B must be zero,

z= .EIAK“»‘* (32.39)

and we choose |A| such that ¢ = & = ' corresponds to the well, z = z,,:

20 = —|Alei®B/* . (3240
o
so that
™
;IAI = |2y (32.41)
and the transformation becomes
Z_ = ¢oln (32.42)
Izwl

xfa
s=eb = [33 (32.43)

The complex potential is obtained in terms of ¢ by application of the method of
images:
Q, ¢-9%

Q=-i—1;lnc_.g+¢'o (32.44)
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and may be written in terms of z by the use of (32.42),

_Q  [2/|zul)™ = (2w /|2 |17

= +® 32.45)
27 " e/l = a7 T 20 (
or
rfa _ %/a
Q=2 @ (32.46)

27 znla _ 'z:_f"

Problem 32.2
Compute six points on each of five streamlines and equipotentials for the problem illus-
trated in Figure 5.13, and draw the flow net through these points.

Flow Underneath an Impermeable Dam

Consider the case of two-dimensional flow underneath a dam separating two lakes above
a deep aquifer illustrated in Figure 5.14(a). The aquifer is the lower half plane 3z < 0;
point 1 is at infinity, and points 2 and 3 are at z = L/2 and 2 = —L/2, respectively. The
heads along 1.4-2 and 3-1B are ¢, and ¢,, respectively, and the corresponding values
of the potential are denoted as ¢, and ®,; the base of the dam is a streamline. The
boundary conditions may be written as

y=0 -—co<zr<-jL =9, (32.47)
y=0 —jL<z<iL =0 (32.48)
y=0 iL<z<oo ® =9, (32.49)

We map the lower half plane 3z < 0 onto the upper half plane 3¢ > 0 by the linear
transformation

(= I (32.50)
so that points 2 and 3 are at ( = —1 and ¢ = +1 and point 1 is at ¢ = oo.

We will solve this problem in a somewhat different way than we did for the two
previous ones: we determine the boundary in the  plane that corresponds to that in the
physical plane and map 3¢ > 0 onto the domain in the plane. The two equipotentials
1.A-2 and 3-1B correspond to two lines parallel to the W axis in the plane, and the base
of the dam (2-3) is mapped onto the segment &, < & < ®, of the ® axis. Point 1 is at
the intersection of the two parallel lines 1.4-2 and 1B-3, and therefore must be at infinity
(see Figure 5.14[c]). Application of the Schwarz-Christoffel transformation yields

, d¢ .
N=14 _— = i —INC+ D)+ B 32.
| |a/ =G l)+B [AliIn[¢ + /(¢ — IX¢C+ 1)) (32.51)




14 21 1.3 18
———

(b)
Figure 5.14 Flow undemeath a dam.

( is defined in I¢ > 0, and we choose the arguments of (, { —1,and ( +1 accordingly,
0O<arg(<m O<ag(-D<m O<arg(+1 < (32.52)
0 equals ®; at point 3, ¢ = 1, so that
B=®, (32.53)
and Q equals &, at point 2, (= —1= '™, so that by (32.51) and (32.52),
®, = |Ali?7 + B=—|A|7 + & C(32.54)
o -

14| = —=2 (32.55)
™

The transformation (32.51) thus becomes

Q= 2_1%?2““[( +V(-DE+DI+ 2 (32.56)

and may be written in an alternative form as follows:

0= ‘b—‘-;ﬂi arccosh { + @, (32.57)

(This form is obtained by substituting cosh ) for ¢ in (32.56); the natural logarithm then
reduces to )\ = arccosh (). Inversion of (32.57) yields, using (32.50),

2r 2y ['ﬂ'(ﬂ - &) (32.58)

(P — ®2)
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The reader may verify (problem 32.3) that the streamlines and equipotentials are ellipses
and hyperbolae.

Problem 32.3
Determine the equations for the streamlines and equipotentials by the use of (32.58).

Flow Toward a Narrow Partially Penetrating Ditch
in a Confined Aquifer

The Dupuit-Forchheimer assumption, which states that all equipotentials may be approx-
imated by vertical surfaces, often is in direct contradiction with the boundary conditions.
Common examples are partially penetrating wells, rivers, or creeks (compare Sec. 6,
Figure 2.9). We will use an exact solution to a simplified problem of partial penetration
to estimate the magnitude of the errors made by assuming full penetration.

The Mapping Function

The problem is illustrated in Figure 5.15, where flow occurs in a confined aquifer
toward a narrow partially penetrating ditch. The flow takes place only in the vertical
plane, and occurs from point 5 (z = —oo) toward the ditch 2-3-4 and point 1 (z = +00).
The width of the ditch is neglected, the ditch is an equipotential, the thickness of the
aquifer is H, and the depth of the ditch is d. The origin is chosen at point 6, which lies
on the base of the aquifer vertically below the ditch; the z axis points along the base
toward point 1.

g %
54 AT
H .
s j
6

(a) (c)

Figure 5.15 Flow toward a narrow partially penetrating ditch.

The corresponding points in ¢ > 0 are chosen as shown in Figure 5.15(b): point
2 is at infinity, point 3 at { = —1, point 4 at the origin, and points 5, 6, and 1 at { = &s,
¢ =&, and ¢ = &,. The line 3-6 in the z plane is an axis of symmetry, which corresponds
in the ¢ plane to the unit circle, so that & = 1. Points 1 and 5 lie symmetrically with
respect to the axis of symmeltry in the z plane and therefore are mapped in the ¢ plane
onto points that lie inversely with respect to the unit circle. Thus, if & = A, then §, = A~!,
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where A\ < 1. The values of 7k, (v = 1,2,... ,6) are found from the geometry of Figure
5.15(a): wky =7, wky = 7/2, wky = —m, wky = /2, wks = 7, wks = 0.

Argdz/d( is 7 along 1-2 so that ¢ = , and the Schwarz-Christoffel transformation
becomes:

¢+1
lAlj (C A l/A)C"de-}- B

-2|A / —————d('?+B (32.59)
4 | e
The integration may be performed after expanding the integrand in partial fractions with
the following result:

|AI ciﬂ - ,\If‘z (I{Z - A_!’Q

=T e | S In (Zy A2

] +B (32.60)
The domain in the ¢'/2 plane is shown in Figure 5.15(c) and consists of the upper right
quadrant. The angles 6, and 6, are introduced as

Cm_'\uz CI{Z -1/2

0,=argcm+’\m &_mcuz_'_A 12

(32.61)
and the range of values of these arguments for ¢'/2 in the upper right quadrant are chosen
as

0< <7 0<@<r (32.62)

The four real constants |A|, B, = R(B), B; = I(B), and ) are determined from
the boundary conditions as follows. We observe from Figure 5.15 that y = H along
1.A-2, where both 8, and 8, are zero, so that

H=3%2=58; (32.63)
and y = 0 along 5B-6-1B, where 6, =0 and 6, = =, so that

|A|
0=—WN+H (32.64)

lal_ _H

12 A2 ¢

Application of the condition that z = 0 (point 6) corresponds to ¢ = 1, yields, using
(32.63) and (32.64),

HI[ [1=A/2 142712
z(l)—O——[ln|l+’\U2 TSI

(32.65)

- iar] + B, +iH (32.66)
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The term between the modulus signs equals 1, so that (32.66) yields B, = 0 and the
mapping function (32.60) becomes

H Cl/? _ Alﬂ (I/Z _ A—l/z
v In (2 A2 —In (2 A-12

z= +iH (32.67)

¢'/? is purely imaginary along 2-3-4 so that the real part of (32.67) vanishes, and
z= ge(al -0)+iH (R('*=0 0<9¢"? <) (32.68)

We expect, by symmetry, that point 3 ((_,!" % = i) corresponds to the lowest point of
the ditch; that this is indeed true may be verified by calculating dz/d( at point 3: the
derivative of the mapping function is zero there (compare [32.59], dz/d( =0 at { = —1).
Differentiation of (32.67) with respect to ¢ indeed gives a function that vanishes at
¢ = —1. Requiring that z be i(H — d) at point 3, ¢'7? = i, gives an expression that
contains A as the only unknown:

iH —id= %i(Zarcmn A2 —2arctan A™'?) +iH (32.69)

where use is made of Figure 5.16 to express ¢, and &, at point 3 in terms of A. Equation
(32.69) may be written as follows:

Coa=12 2
E’HQ = 2arctan *_2*‘_ (32.70)
or
ATV 12 =2p=2m% (32.71)
where
p:m% (32.72)

Solving this equation for A'/2, we obtain with 0 < A'/2 < 1,

1 —sin 24 d
AI,’2=_”+ /#2+ =—-——~;;ﬁ-=wn[f—ﬂ—] (32.73)
cos 757 4 4H

The only boundary condition that remains to be applied is the one along 4-5.4, where
y=Hand 6, =6, =m:

H= -{:-[w -m]l+H (32.74)

which is indeed met.




Figure 5.16 The angles 6, and 6, at point 3 (¢'/? = i).

Inversion of the Mapping Function

The mapping function (32.67) may be written in a form suitable for inversion as
follows:

z—1H {CUZ — AIIZ)(CI,& +A-172y
H =7 = (lez + AI,“Z)(Clﬂ _ 4\'”2)
C+ A2\ 2 -1

=In O AN (32.75)
or, after taking the exponential of both sides and using (32.71),
c—zc‘f’-m“—d—l ez=(+2c'ﬂmn"—d—1 (32.76)
2H 2H -

Solving this equation for ('/? we obtain

12 _ g T4 E\[E Z_Nian ™ comZ +i
G\ =tan 7 coth 7 £ (tan 2 coth 2 — i) (1an 7 coth +i) G2
In order that point 2, z = iH, Z = 0, comresponds to ¢'/? = oo the + sign must apply,
and (32.77) becomes

CP=x+J(x-Dx+9 (32.78)

where

Z wd Z wd m(z —iH)
x—ﬂCO[h-i =tanmccth5 -lan—iﬁcoth—wH—

It is left as an exercise for the reader to verify that the boundary of the domain in

the x plane is as shown in Figure 5.17(b). With this region of definition of x, we choose
the arguments of x — i and x + i such that the argument of the square root in (32.78)
does not jump inside the domain, but only across the boundary 2-3-4, If x represents
a point moving inside the boundaries from 2-3 (where arg(x — i) equals 7 /2) toward

(32.79)
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3-4, then arg(x — 1) decreases by an amount 27 (see Figure 5.17[b]). We therefore must
assign the value —3w/2 to arg(x — i) along 3-4. The ranges of values that arg(x + 1)
and arg(x — i) may assume are

(S

3
O<ag(x+i)<m -0 <arg(x—i)< (32.80)

2

That point 3 corresponds to x = i is seen as follows: separation of x into real and
imaginary parts gives

wd VA wd ] sinh X —isinY
x =tan 7y coth 5 = [ﬁ] cosh X —cosY (328D
with Z3 = mw(z3 — t'H)/H. (32.81) becomes, using that z3 = i(H — d),
. [xd] sin% . nd wd .
—itan | T2 =itan *% cot ¥< _ 82
X3 =itan [ZH] l—cos!ﬁ‘i :LanzHcole i (32.82)
as asserted.
Y l}\R
X
X 1]
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Figure 5.17 The domains in the Z and x planes.

The Complex Potential 2 = Q(()

The complex potential as a function of { may best be determined in the ¢'/2 plane
of Figure 5.15(c). If the flow from point 5 is denoted as Qs and the flow toward point
1 as Q,, then points 5 and 1 in the ¢'/2 plane represent a source and a sink of strengths
2Qs and 2Q,, respectively. (Note that Qs and Q, represent the amounts flowing into or
out of the upper half plane; the strengths are twice these amounts.) We use the method
of images to meet the condition that 2-3-4, the imaginary axis in the ¢'/2 plane, is an
equipotential. Denoting the potential along the ditch as ¢, we obtain

- QS clf?_Alﬂ Ql Cl/? _,\—1/2
= I “Cm_‘_,\uz + In 24 A2

We will apply the conditions that ¢ be ®5 and ¢, at 2 = —L +iH and z = L +iH,
respectively, where L > H. These points will correspond to points close to points 5

- + & (32.83)
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(€M% = A2y and 1 (/2 = A~"/?) in the ¢'/? plane, and to points close to x = —u and
x =  in the x plane. With Z = —nL/H for z=—L +iH (see [32.75]), we obtain for
x» with (32.79):

x = —pcoth ;; —p-:—{{::—zz ~—p(l+ 2e~"L/H)
(L/H>1  Z=-nL/H) (32.84)
so that
x+p~-2pe~*HH  (L/IH>1  Z=-nL/H) (32.85)

Next, we expand the function (/2 = ('/%(x) (see [32.78]) about x = —p:

d(l)‘z wL
¢ =N =(x+ ) [—*—] +olx+mw]  (Z=- (32.86)
ol (2=-%)

It follows from (32.78) that

1/2 2
W _xtyx+l (32.87)
dx Vxi+1
so that
d¢'’? _—p+ e+l A1/2 _2) (32.88)
dx T/l M2 T 4 '

where use is made of (32.73). Using (32.85), (32.86), and (32.88) we obtain

2A 4x H
1/2 V2 22 (v 4 )~ ————pe~ "L/ Z=-nL[/H 2.89
¢ A I+ A(x D) T+ aHe ( /H) (32.89)

Using this expression for ('/2 — A'/2 and approximating ¢'/? as A'/2 for all other terms
in (32.83), we obtain the following for ®s:

ORI - T TN i e
s & N2 N2 4 A-12

or, using expression (32.71) for y to write 2X'/2u/(1 + X) as (1 = N)/(1 + X),

L T INE
l+’\ In I+z\+d’o (32.91)

A similar procedure may be followed to obtain an expression for @, the potential at
= L + iH, which yields

AL, &, 1-2 &,
d>|~-—H+ “l+;\ - l+A + & (32.92)
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Subtraction of (32.92) from (32.91) yields an expression for Q, + Qs:
—_ QI

Q+Qs=2"ty (32.93)

It appears that the average discharge through the aquifer, %(Q, + Qs), is exactly the

same as one obtains assuming full penetration. The discharge into the ditch, Qq, equals
Qs — Q,, and we obtain, adding (32.91) to (32.92):

m—————‘p’ + o - 24:" (32.94)

#- iR

Q=Qs—Q =

Using (32.71) and (32.73), (1 — A)/(1 + A) may be written as sin =5 za" so that

b5 + &) - 29,
=Qs-Qi = ————’ 7 (32.95)
< Insin 7 T

We observe that there is no flow into the ditch if ¥y equals the average of @, and ®s.
Expressions for the individual discharges are readily obtained from (32.93) and (32.95):

Q=1 QS_‘:’IH ‘fs+¢1 —24::} (32.96)
| L F——lnsmw
and
(@5 - @ b5 + &) — 20 |
Qs=4 |y 220 (32.97)
] L F——lnsmlZM

Comparison with the Dupuit-Forchheimer Solution

We will first consider the case that ®s = ®,; for this case the flow occurs from
both sides toward the ditch, and the portion of the y axis below the ditch becomes a
streamline by symmelry; see Figure 5.18(a). We denote the inflow into the ditch from

the right by Qo. and obtain from (32.95) with Qu = IQn. and ¢5 = ¢,:

T (P — Po)H

Qo= ——w (32.98)
L - 2 insin ;1
The discharge obtained by assuming full penetration is Qg, with
r d) — ®g)H
Q) = (@) — P)H (32.99)

L



(a)

Figure 5.18 Comparison with the Dupuit-Forchheimer solution for the case that D, = ds.

We observe that é{, is always larger than C:?o, since Insin ;—,", is less than 0. The aquifer of
length L with the partially penetrating ditch in Figure 5.18(b) yields the same discharge
as the aquifer of length L, with the fully penetrating ditch in Figure 5.18(c), where
H 1
Lq=L—g-w—lnsinﬂ—d=L+£ln—-—— (32.100)

in X4
2H T sin 75

The length L is called the equivalent length (see Verruijt [1970]). When d = H, the
ditch penetrates the aquifer fully and Leq = L, whereas when d = 0 the ditch does not
penetrate at all and L = oo.

The relative error, ¢, caused by assuming full penetration, may be expressed as
follows:

e=————=—z——lnsin— (32.101)

We see that the error is proportional to the ratio H/L; the error is small if the length
of the aquifer is large with respect to its thickness. For such cases the resistance due to
partial penetration is small with respect to the resistance over the distance L. We obtain
for a ditch that penetrates only 0.1H into the aquifer, for example,

H
£= l.ls—f’- (d/H =0.1) (32.102)
This error is still only about 12% if L = 10H. For the general case that ®s # ¢,
the assumption of full penetration yields, denoting the total inflow into the ditch as Qg,

Qr=t q”L' 200H (32.103)

whereas the exact solution predicts (see [32.95] and [32.100]),

_ (P, + &5 — 2&9)H
= I

(32.104)

Qo
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Of special interest is the case that the flow occurs from the left to the right toward the
ditch, which captures all the flow (Qo = Qs, Q, = 0). The approximate solution predicts
that this is the case when

®, = &, (32.105)

but in reality Q; will not be zero when ®, = ®; there is a discharge Q, not entering
the ditch, which is found from (32.96) with ¢, = ®;:

H L Insin 24
Q= "“E(q’s - Q)= (32.106)
% — 3 Insin 35
and we obtain from (32.97) for Qs,
L _ 1 nsin X4
Qs = L@y — @p Lz 0N 2 (32.107)
L + — % Insin 357
With (32.107), @, may be written in terms of Qs:
—Lnsin 24
Q =Qs L — (32.108)
=== Insin 2

For example, when the ditch penetrates 0.1 H into the aquifer, (32.108) becomes

0.59 '
=@st——== 32.109
Q=0 + +0.359 ( )
If L/H = 10, this yields
Q1 =0.057 Qs (32.110)

so that about 6% of the flow is not captured by the ditch.

33 TRANSFORMATIONS WITH PIECEWISE CONSTANT ARGUMENT

In this section we will consider transformations that map the real axis 3¢ = 0 onto
polygons whose sides lie on lines through the same point, which is taken as the origin.
Such transformations have the property that their argument is equal to a constant along
each interval of ¢ = 0. These constant values of the argument of the mapping function
are not the same: the argument is piecewise constant and we call the mapping function
a transformation with piecewise constant argument. Transformations with piecewise
constant argument have a form similar to that of the derivative of the Schwarz-Christoffel
transformation.

We distinguish three different categories of polygons, each requiring its own form
of transformation:
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1. Polygons that contain both the origin and infinity.
2. Polygons that contain infinity and not the origin.
3. Polygons that contain the origin and not infinity.

We will discuss three examples, one for each category, skipping some of the derivations
for which the interested reader is referred to handbooks on conformal mapping such as
Von Koppenfels and Stallmann [1959] and Lawretjew and Schabat [1967].

Polygons That Contain Both the Origin and Infinity

As we observed in deriving the Schwarz-Christoffel transformation, a function whose
argument is piecewise constant along the real axis 37 = 0 and is analytic elsewhere,
can be written as a product of factors of the form (r — 7;)*~, where the real numbers
72 denote the points of 37 = 0 where the argument of the mapping function jumps. In
order to determine the exponents j,, we examine the behavior of the transformation for
the case of a comer point at the origin, such as point 2 in Figure 5.19(a), and for the
case of a comer point at infinity, such as point 1 in this figure.

We applied in Sec. 32 the Schwarz-Christoffel transformation to determine the
function that maps the upper half plane onto the domain 1A-2-1B in the z plane of
Figure 5.13(a) and obtained a function of the form

z=|C|ro/™ (33.1)

where C is a constant and 7 is defined in the upper half plane 37 > 0 shown in Figure
5.19(b). The argument of 7 changes as 7 passes 7 = 0 and the exponent of the term
(r —0) is a/m, i.e., equal to 1 /7 times the angle enclosed by the boundary at the comer
point in the z plane. If we denote the corresponding point in the 7 plane as 7, and
replace a by a>, then (33.1) may be written as

z=|C|(r - 13)™/" (33.2)

[

X e N ,,
18 L r Q’l\ I fj

2 B B8 1 2A
3=0 (b) £=0 «©)

-

Figure 5.19 Mapping the upper half planc onto a polygon that contains both the origin and
infinity.
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Next, consider the domain in the ¢ plane of Figure 5.19(c), where point 1 is mapped
onto ¢ =& = 0 and point 2 onto infinity. The transformation ¢ = ((7) is

(- =em—! (333)

T—Ty

as may be readily verified. The transformation that maps 3¢ > 0 onto the region in the
z plane is obtained from (33.2) and (33.3) as

z=|Cle'(( - &)~/ (33.4)

We observe that the exponent of the term ¢ — £ = ¢ equals minus 1/7 times the angle
between the sides of the vertex at infinity in the z plane. We may conclude from the
above, by analogy with the Schwarz-Christoffel transformation, that the general form of
the transformation with piecewise constant argument for polygons of category 1 has the
following form:

z=|Ale*" [J€ - & (33.5)

v=|

where, again in analogy with the Schwarz-Christoffel transformation, ¢* is the argument

of 2(¢) along the rightmost section on the £ axis, and where the g, (v =1,2,... ,n) are
defined as
z,=0 =a,/n
v Ho = o/ (33.6)
2, = 00 By = —ay [T

The angle o, equals the angle enclosed by the vt and v + 1'® boundary segments of the
polygon in the z plane; u, equals the increment of arg z(£) as £ passes point £, moving
in the positive direction along the £ axis. It is important to note that the point mapped
onto £; = co is left out of the transformation.

The argument of the transformation (33.5) is constant between the points £7, where
it jumps by an amount u, . Thus, the points £ correspond only to those points in the
z plane where the argument of z(£) jumps.

As an example, we will apply (33.5) to map the ¢ plane in Figure 5.20(b) onto the
domain bounded by the semi-infinite straight lines 1.4-2 and 2-1B which enclose angle
a. Point 1 is at infinity and point 2 at the origin of the z plane of Figure 5.20(a). We
choose £7 = —1 and & = 1, and observe from the figure and (33.6) that u, = —a, /,
p2 =g fm, and * equals zero, so that

_ afn
z=|A|(C+ ])—nh(c —1)e/T = |A] [%] (33.7)
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Figure 520 Application of the transformation with piecewisc constant argument.

In addition, we will map the  plane in Figure 5.20(b) onto the 7 plane in Figure 5.19(b)
to determine the function 7 = 7(¢). This function has a discontinuous argument at 7 =0
(point 2) and T = oo (point 1); a) = az = w. Hence, p; = —1 and pp = 1. The angle ¢*
equals the argument of 7(() along section 2-18 and equals 0. Hence, (33.5) becomes

(-1
¢+1

Taking the constant | 4| in (33.8) as 1 and combining the latter equation with (33.7) we
obtain

T = | Aol (33.8)

z=|Alre/" (33.9)
which corresponds to (33.1).

Polygons That Contain Infinity and Not the Origin

If the polygon does not contain the origin there will be a point in ¢ > 0 for which
the function z = z({) is zero. The mapping will be conformal at this point, denoted as
¢ = 0, and therefore the behavior of z = 2(() near ( = o will be as follows:

2”(0)
2!

The transformation (33.5) fulfills the conditions along the boundary, but lacks the behav-
ior expressed by (33.10); we must provide this behavior without affecting the argument
of z(¢) along the real axis. This may be done by multiplying the transformation by a
factor (¢ — o)(¢ — @) which is real and positive for ( = £, provides the desired behavior
at ¢ = o and adds a zero to the transformation in S¢ < 0, i.e., outside the domain. The
function z = z(() thus becomes

20) =2 (o) — o)+

-0 +... (33.10)

2= Al ¢ - ¢ - D[] - & (33.11)

v=l
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Flow in a System of Two Aquifers Separated
by an Impermeable Layer with a Gap

We will solve the problem of flow in the vertical plane illustrated in Figure 5.21(a)
as an example. Two thick aquifers are separated by two semi-infinite impermeable layers.
The far-field in the upper aquifer is a constant potential, & = &, and the far-field in
the lower aquifer is a uniform flow of discharge Qo in the x direction as shown in the
figure:

>0 — Q- ¢
Y fme ’ (33.12)
y<0 z— 00 1 — —Q0z

Figure 521 Flow in a system of two aquifers separated by an impermeable layer with a gap.

We will solve the flow problem by first mapping the upper half plane 3¢ > 0
onto the flow domain and then determine 2 as a function of . The points where the
argument of 2({) jumps are 1 and 3 and we choose £; = oo and £ = 0. The argument
of z({) does not change at points 2 and 4, which therefore do not enter explicitly into
the transformation. The origin in the z plane does not lie on the boundary and therefore
we apply (33.11). Since a3 = m and point 3 lies at infinity in the z plane, u3 equals —1.
The argument of z(¢) along section 4-1B, the rightmost section of the £ axis, equals =
and the transformation becomes

(€ —o){ —0)
¢

By symmetry, the y axis corresponds to the 7 axis, so that the origin O in the z plane
corresponds to a point of the 7 axis, i.e., ®0 = 0. We have chosen two of the three

z=—|A] (33.13)
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degrees of freedom in the transformation: £} and £3. We use the remaining degree of
freedom by choosing 3o = | so that o =1 and (33.13) reduces to

TS A 1
2= Al = (S E) (33.14)

We noted that points 2 and 4 do not enter explicitly into the transformation. The
locations of these points on the £ axis are found as follows. The mapping is not conformal
at points 2 and 4: angles of 7 in the { plane are transformed into angles of 27 in the z
plane. We saw in Sec. 29 that at such points the first order derivative of the mapping
function vanishes (compare [29.8]):

2'(&)=2(&)=0 (33.15)

where the prime denotes differentiation with respect to (. We use these equations to
determine &, and &. We observe from (33.14) that

, 1
= —|A|(l = F) (33.16)
This function is zero at the points { = 1 and { = —1 so that

L=-1 &=1 (33.17)

Application of the conditions z(§;) = %L and z(&) = —%L (see Figure 5.21) gives,

L
Al =7 (33.18)
so that the transformation becomes
L 1
z——I(C+ E) (33.19)

The Complex Potential.  The complex potential is obtained as a function of (
by application of the conditions that the real axis is a streamline, that the far-field near
point 1 is uniform and that the potential is finite at point 3. It follows from (33.19) that
z — —L(/4 for { = oo so that the complex potential near ( = oo is obtained from
(33.12) as

(—oo Q- QL (33.20)
The complex potential with this far-field that meets the boundary condition is

Q= Q0L + %o (33.21)
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where @, represents the potential along the 7 axis, and therefore along the y axis. The
reference parameter ( may be eliminated by solving (33.19) for ¢ and substituting the
resulting expression in (33.21). Equation (33.19) may be written as

¢+ ‘%c +1=0 (33.22)

with the solutions

2
G2=-7 [z +4/(z - 3Lz + %L)] (33.23)

The arguments of z — L and z + L are chosen such that the branch cuts coincide with
the impermeable layer:

0<arg(z—4L)<2n -m<argz+3L) <~ (33.24)
We determine whether the + or the — sign applies in (33.23) by examining the behavior of

((z) along the boundary. For example, along 1.A-2 arg(z — %L) =27 and arg(z+%L) =0,

so that (z — 3L)(z + %..‘Z,)l"‘2 = —(z? — $L?)'2. Since ¢ = £ must approach —co as
approaches oo, the — sign must apply and we obtain

(= —% [z -z - 1LYz + %L)] (33.25)

and the complex potential (33.21) becomes

Q= —%Q:o [Z - \/(z - %L)(z + %L)] + & (33.26)

The pattem of streamlines shown in Figure 5.22 is obtained by contouring the imaginary
part of the function (33.26).

Problem 33.1
Determine the complex potential for the aquifer system if there are uniform far-fields in
u ]
the x direction with discharges Q:o and Qo in the upper and lower aquifers, and if the
head at point z = —R, y = 0% is ¢y.

Polygons That Contain the Origin and Not Infinity

If the polygon does not contain infinity there will be a point { = § inside 3¢ > 0 for
which 2z = 2(({) becomes infinite. We considered the behavior near such a point { = § of
the mapping function in Sec. 32, and obtained (32.14):

2Q) = Cﬁﬂo € — 8) 33.27)
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Figure 522 Flow pattern for uniform flow below an impermeable layer with a gap.

where f(C) is analytic inside IS¢ > 0. By analogy to (33.11), the following form of the
transformation is obtained:

§ (e 39
¢ = 8)C ~ )

z=|Ale* (33.28)

As an application, we will consider the case of a fully penetrating radial collector well
with n collectors in a field of uniform flow.

A Radial Collector Well in a Field of Uniform Flow

A radial collector well with three collectors is shown in Figure 5.23. The collectors

are equally spaced and all have a length L. We first apply the transformation

Z= fL—z"e"“ (33.29)
with a defined in Figure 5.23(a) and where z is the center of the well, so that one
collector is mapped onto a section of the negative Y axis, and all collectors in the Z
plane are of unit length. We label the collectors as A, B, C... going clockwise around
the well, and label the points at the intersection of the collectors as 1, 2,... ,n as shown
in the figure.

We map the boundary of the collector well onto the upper half plane 3¢ > 0in
such a way that point A corresponds to { = co and that Z = co corresponds to a point
¢ = & on the 7 axis, which corresponds to the Y axis by symmetry. We further choose
|6] to be 1, so that

b=1i (33.30)
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Figure 523 A fully penetrating radial collector well.
The angles between the collectors are denoted as -y, where
2
y== (33.31)
n

The argument of Z(¢) jumps at the points 1,2,... ,n, and we denote the corresponding
points on the £ axis as £). The points 1,2,... ,nlieat Z=0sothat y) =y =... =
Hn =7/ =2/n, and the argument ¢* of Z(() along the rightmost section of the £ axis
equals —m /2. Application of the transformation (33.28) to the function Z(() yields

P | W (e 9 i

Z=|Ale T (33.32)
Point A, ¢ = oo, corresponds to Z = —i; we take the limit for { — oo, so that
|A]=1 (33.33)
and (33.32) reduces to
n _ £*\2/n
Z = _,'M (33.34)

¢2+1

This transformation contains the n unknown parameters £;. For this special case
they may be determined by the use of symmetry. The symmetry properties of the mapping
are difficult to establish in the ¢ plane and therefore we use an auxiliary transformation
to map the upper half plane onto the exterior of the unit circle in the x plane of Figure
5.24(c). The latter plane is chosen such that the radii O.A, OB, and OC are parallel to the
collectors in the Z plane. By symmetry, points 1, 2, and 3 correspond to the centers of the
arcs AB, BC, and CA. Denoting the values of x at these points as x) (v =1,2,... ,n),
we obtain from Figure 5.24(c) that

xo=e"  (w=12,...,n) (33.35)



(a) - . - (b)
Figure 5.24 The transformations Z(() and x(().

where

m=-2-2 wE=m-@-ly @=12...m (3336

Expressions for the points £ may now be obtained by mapping 3¢ > 0 onto the

exterior of the circle |x| = 1. We discussed a similar transformation in Sec. 30 (see

Figure 5.2). The x plane in Figure 5.24(b) is obtained from the z plane in Figure 5.2 by

multiplication by a factor 1/R and rotation over 7 /2 in clockwise direction. Thus, we
replace z in (30.2) and (30.4) by iRy and obtain

Xt 2 _ G+ 2
C_’x+i“+x+i X= tc_z_- 1+C_i (33.37)
Expressions for £ are obtained by the use of (33.35) and (33.37) as
el — ein/2 el tx/2)/2 [es'(-r.—'rﬁ)ﬂ — et —-ﬂ)ﬂ]
. =i — = i— - : : (33.38)
e 4 ein/2 el +7/[2 [e:(-r.,—tleﬁ + e~ il -ﬂhﬂ]
or
& = —tan [3(y, — 7/2)] (33.39)

It may be noted that there was no need to determine the locations of points B, C...
in the ¢ plane by examining at which points dZ/d( vanishes; the locations of these
points are obtained by symmetry, and the known location of point A was sufficient to
determine the constant |A| in the transformation. The proof that the derivative of the
mapping function indeed vanishes may be given by writing the transformation in terms
of x. This expression contains the product (x = x{)(x — Xx3)---(x — X5), which may
be written as x" — e~ *™!+7/2_ The proof is rather involved and not essential and is
therefore omitted. The mapping function is now fully determined, and we will proceed
with the determination of the complex potential in terms of x.
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The Complex Potential as a Function of x. = We will determine the complex
potential in terms of x rather than of ( so that we may use results obtained in Sec. 31.
Let the uniform far-field in the z plane be oriented at an angle (3 with respect to the
z axis. It follows from (33.29) that for Z — oo the term due to uniform flow in the
far-field is

z—00 Z—00 QN—-Qoze” Q- —QyLZe MtP (33.40)

Z = oo corresponds to ¢ = 6 =i and the first term in the expansion of Z = Z(() about
(=iis

LG -y

— 1 e (3341)
¢ 2(¢—1)
Using (33.37) this may be written as
x—oo  Z-—ix[Ja-&yn (33.42)
v=1

Hence the uniform component of the far-field of §2 = {2(x) becomes

X— 0 Q- —1QoLe He+Ay [L H(i - g;)zf"] (33.43)
v=I
The constant
B=-[Ja-¢&@n (33.44)
v=]

is real and positive. This may be seen by observing that the points £, either lie in pairs
symmetrically with respect to the 7 axis or lie at the origin. For example, for the case
of Figure 5.24(b) arg(i — £,)(: — &) = . For the case that n is odd

ag[[i - =2[jn-Dr+ 3] =n (33.45)

v=1

and for the case that n is even
arg [Ja - &)/ = 2[jnn] == (33.46)
v=l
so that B is real and positive, as asserted,
B =|B| (33.47)

and (33.43) becomes
X — 00 Q— —4l|B|QuLg-'(ﬂ+d}X (33.48)
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The flow problem in the x plane is similar to that of a lake in a field of uniform
flow; the circle is an equipotential and $2(x) produces a field of uniform flow near infinity.
The complex potential thus becomes (compare [31.21] through [31.23]):

i@ +h) ]

+ iy + ® (33.49)

X 2n

where ®, is the potential along the boundary of the collector well and Q is the discharge
of the collector well.

Streamlines are shown in Figure 5.25 for the case that n = 6 and Q/(QoL) = 15.
Points of these streamlines are found by determining them in the x plane, obtaining {, Z,
and z for each point from (33.37), (33.34), and (33.29).

\\

Q=-1|B|QoL [XE'“”‘” -

A
Figure 525 Flow pattern for a fully penetrating radial collector well in a field of uniform flow.

Problem 33.2
Solve the problem for flow in a deep aquifer undemeath a hydraulic structure with a cutoff
wall. The hydraulic structure separates two lakes with heads ¢, and ¢;, and is of width
L. The cutoff wall penetrates a distance d vertically into the aquifer and is located at the
downstream edge of the base of the structure which is flush with the lake bottoms (see
Figure 5.26).
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Figure 5.26 Flow undemeath a hydraulic structure with a cutoff wall (Problem 33.2).
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Chapter 6

Regional Aquiter Modeling
Using the Analytic
Element Method

The geology in regional aquifer systems is usually insufficiently known and far 100 com-
plex to be duplicated in a model. We use a simplified model aquifer system that ideally
contains the main features of the real system. Even the simplified aquifer model is gen-
erally quite complex, and approximate numerical methods are used for the mathematical
description of the flow. Various numerical methods exist, both for transient and for
steady-stale modeling. Although conditions in reality are rarely steady-state, it is often
advantageous to use a steady-state model for the initial phase of modeling where an
attempt is being made to reproduce observed average conditions. The disadvantages of
transient models are twofold: in the first place a transient model needs as input, besides
the hydraulic conductivity, another material constant. In the second place a transient
model requires an initial condition: heads must be provided throughout the aquifer sys-
tem in order to start the model. As a result, initially the model predictions reproduce
exactly the observations, and perhaps gradually begin to deviate from them. Steady-state
models appear 1o be more sensitive: the model is required to reproduce observed data
with only boundary conditions and aquifer parameters as input. It is important to note,
in this context, that steady-state models require few input data; only the basic geology
and boundary conditions are needed for running the program so that the numerical model
may be used from early on for guidance in data collection.

The numerical methods discussed in this text are the analytic element method,
discussed in this chapter, the boundary element method (Chapter 8), and the finite element
and finite difference methods (Chapter 9). The analytic element method is based on the
superposition of suitable closed-form analytic functions and is applied usually to infinite
aquifers. By “suitable” is meant that the function is constructed to model a particular
feature in an efficient way. The analytic elements presented in Secs. 37 through 40 are
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examples of such functions and it is of interest to note that there is considerable freedom
in the choice of the element: the more of the necessary special features (such as the
singularities at the tips of the double-root elements of Sec. 39) the element contains, the
more powerful and efficient it will be in the numerical model. The boundary element
method is somewhat similar to the analytic element method, but leaves less freedom in
determining the elements, and is primarily applied to problems with closed boundaries.
As opposed to analytic elements, the boundary elements are always given in the form of
integrals, which are often evaluated numerically. The finite element and finite difference
methods rely on a complete discretization of the domain and require that the aquifer be
fully bounded.

This chapter is devoted to the modeling of regional aquifer systems by superposition
of functions referred to here as analytic elements. Each of these functions represents a
particular feature of the aquifer system to be modeled, and contains a certain number
of degrees of freedom. These degrees of freedom are embodied in constant factors,
called coefficients, to be determined in such a way that the complete solution meets the
boundary conditions at chosen points, called constraint points. Each of these conditions
gives rise to an equation: a constraint equation. By taking the number of constraint
points equal to the number of coefficients (degrees of freedom) a system of equations is
obtained from which all coefficients can be determined. An example of this approach
was discussed in Sec. 25 for the modeling of an aquifer with creeks. The creeks were
modeled by means of line-sinks. Each line-sink function had one degree of freedom (the
strength), determined such that the head assumed prescribed values at the centers of the
line-sinks: the control points.

Line-sinks are only one example of functions that may be used in regional aquifer
modeling. The analytic elements discussed in Secs. 37 through 40 are other examples,
and we will see how the line-dipoles and line-doublets discussed in Sec. 25 may be
used to model such things as thin but highly permeable fissures, inhomogeneities in the
hydraulic conductivity, and leaky sheet pilings or slurry walls. A very useful element is
the area-sink, which is used, for example, to model the leakage through the bottom of
rivers or lakes, and the leakage between stacked aquifers. A method is presented in Sec.
42 for deriving analytic elements that exhibit jumps in either the potential or the stream
function across a closed boundary of any shape. This method is applied to develop an
analytic element for inhomogeneities with elliptic boundaries.

34 MODELING A SINGLE HOMOGENEOUS AQUIFER

We consider in this section the case of a single homogeneous shallow aquifer, assuming
at first that the entire aquifer is unconfined. The aquifer is infinite; boundary conditions
only are applied in the interior. We consider the occurrence of uniform infiltration due
to rainfall, a far-field that contains uniform flow, ponds with given infiltration through
their bottoms (see Sec. 9), narrow creeks above the groundwater table, wells, narrow
creeks in direct contact with the groundwater, and lakes that may be considered fully
penetrating.
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We first construct a model for such an aquifer by superposition of analytic elements
presented in the preceding chapters. Line-sinks of constant strength, called first-order
line-sinks in this text, are used for modeling the creeks and lake boundaries. The choice
of these first-order elements is made for the sake of simplicity; higher order elements
are discussed in Sec. 38.

An example of a regional aquifer is given in Figure 6.1. There is infiltration from
rainfall at a rate N. The creeks are approximated as strings of segments of straight
lines, each representing a line-sink. Although the aquifer is modeled as an infinite one,
meaningful results are obtained only in the area where elements are included. It was
found by experimenting with models of this kind that the results often improve when
elements are included outside the area of interest. The influence of the elements upon
the heads in the area of interest decreases as their distance from the latter area increases;
the extent to which modeling needs to be done outside the area of interest is found by
trial and error.

plan view

section AL

Figure 6.1 A regional unconfined aquifer.

The location of wells, ponds, creeks, and lake boundaries may be obtained from a
map. The wells are assumed to have either given discharges or given heads. The rates
of infiltration through the bottoms of the ponds are known; the same is true for those
creeks that are elevated above the groundwater. The heads along creeks that are in direct
contact with the groundwater are taken to be equal to the elevation of the creek bottom,
and the heads along the boundaries of fully penetrating lakes are set equal to the lake
levels.

Some of the analytic functions have coefficients that are given, whereas others
contain coefficients that are not known a priori. For some wells, for example, the
discharge is given, whereas for others the head at the well is prescribed. The discharge
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of the well serves as a coefficient in the solution; in the former case this coefficient
is given, whereas in the latter case it must be solved for. For the purpose of setting
up the system of equations for the unknown coefficients in the solution, it is useful to
write the potential as a sum of a function V and a function U. The coefficients of all
analytic elements collected in V' are known a priori, whereas U contains all functions
with coefficients that must be solved for

®=V+U (34.1)

Both of these functions will be considered in detail, prior to explaining how to determine
the unknown coefficients. All individual potentials are represented as the real parts of a
complex potential, with the exception of the potentials for infiltration from rainfall and
from circular ponds.

Notation

It is necessary to adopt a unique notation in order to distinguish between the
parameters for the many different functions. Throughout this section, we use the * to
label parameters of functions with given coefficients. The index of a parameter refers
to the element number of any given type. Superscripts are used for certain elements
to indicate whether a coordinate represents a starting point or an end point (e.g., ;;
represents the starting point of line-sink j of given strength). Subscripts are used for
various purposes in conjunction with parameters other than coordinates, as indicated in
the text. The symbol A is used to represent real functions due to a single element of
unit strength (coefficient functions); the indices refer to the type of function: wl stands
for well in Ay. :

Functions with Given Coefficients

The function V in (34.1) is the sum of potentials for infiltration, cross-flow, wells, ponds,
and line-sinks of given strength:

V=Vrn+%f+vwl+vpd+1"ls (34.2)

where the indices refer to the feature that each function represents.

Rainfall

The function V,,, is an elementary solution to the Poisson equation,
Vzvrn =-N (34.3)
The following function V,,, exhibits some freedom in the shape of equipotentials it
generates and yet is elementary (compare [9.29]):
1

N
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The equipotentials produced by V., are ellipses, centered at (zo, Yo), and with axes in a
ratio a/b. The function has four independent degrees of freedom: N, a/b, xo, and yo.
It may be noted that (34.4) may be written entirely in terms of the ratio a/b; a and b
together represent a single degree of freedom.

The values of the four parameters of V., affect the fzr-field behavior of the poten-
tial. The function V,,, further has an effect on the internal boundaries, such as streams.
The analytic elements must compensate for this effect. The four independent parameters
in (34.4) are usually chosen such that V,,, disturbs the boundary conditions as little as
possible.

The Cross-Flow
The complex potential for cross-flow is given by (24.7),
Qef = —Qoze™*® (34.5)

where Q is the discharge per unit width of aquifer, and a gives the orientation of the
cross-flow with respect to the z axis. The function V., is the real part of (34.5):

Ver(2) = RQs(2) (34.6)

The Wells

The complex potential for a well of discharge Q; and centered at w} is obtained
from (24.8). We choose the constant C as —[Q; /(2m)]In R, where R is an arbitrary
parameter with the dimension of length, and introduce a real function Ay, defined as
follows:

oo L 2o
Aui(z,w}) = E;Rln R (34.7)
If there are ng, wells of given discharge Q; located at wj then the function Vel

may be written as

ny,
Vai(2) = Y Q5 Aui(z, ;) (34.8)

=l

The Ponds
If there are n;, circular ponds of infiltration rates N5 (J = 1,2,...,ny), centered
l!

at (;:;, y;) and of radii IE} then the function V,4 takes the form:
P

'l.
P

Voa(2) =Y N; Gy, .3, ,3:3' i) (34.9)

j=1

where the function G, is defined by (9.70) and (9.71).
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The Line-Sinks

We introduce a function A, as the real part of a line-sink with strength o = 1 (see
[25.8)),

|2 - 2
4
where Z is given by (25.4),

Aia(z,2,2) = R{(Z+1)INZ+1)—(Z-)InZ-D+2In[3G-2)] -2} (34.10)

12, 2— %(;-F%)
Z=2(z,2,2) = ——— (34.11)

1G-2)
If there are n;, line-sinks of given strengths o with end points ;; and g; G=012,...,n})
then the function Vj, may be written as
n;l
Vi) = S 03 Aualz, 25, 25) (34.12)
J=1

Functions With Unknown Coefficients

The function U in (34.1) contains all elements with unknown coefficients and may be
decomposed in contributions of wells, line-sinks and an unknown real constant C,

U=Uu+Us+GC (34.13)

The function U, is added for the sake of completeness; in practice most wells have
given discharges, but there are instances where the head is given and the discharge is
unknown.

The Wells

If there are n,, wells of unknown discharge Q;, radius r; and located at z = wj,
then the function U,,; becomes

Uui(2) = Y _ QjAui(z,w)) (34.14)

j=1
where the function A, is defined by (34.7).

The Line-Sinks
If the number of line-sinks of unknown strength o; is ni, (G = 1,2,... ,n,) and
their end points are A'z,- and zzz,-. then the function Uj, becomes

ny,

U@ =Y oAz, 2j, 25) (34.15)

5=l
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The System of Equations

The potential U contains a total of n,, +n,+1 unknowns: the discharges of the wells, the
strengths of the line-sinks and the constant C,. There are n,, + n;, + 1 conditions needed
1o provide the equations from which the unknowns can be obtained. The first n,, of these
conditions are that the potential at each well equals a given value i‘l:,. wr=12,...,n)
where the subscript w refers to well. "It is noted that the functions used here model
the wells only approximately: the well boundary is not exactly an equipotential. We
therefore apply the condition only at one point of each well boundary: 2 =w, +r, and
obtain the following n,, equations using (34.1), (34.13), and (34.14):

‘"l:,, = Z Qj!\wl(wy +7,w;5) + Uglw, +1.)+C, +V(w, +1,)
3=l .
wv=12,...,ny) (34.16)

A set of n,, additional real equations is obtained by requiring that the potential be
equal to some prescribed value ®,, (v = 1,2,... ,ny,) (the subscript ¢ stands for creek)
<

12 L
at the center z,, = 3(z, + 2,) of each line-sink:

ny,
?, = le{%(éy + %...)] + Zﬂji\l-[%(:’vv + %,,), "I’-jsgi]
j=1

+OHV[iG +2)] =121 (34.17)

The final equation, which brings the total to n,, + n;, + 1, may either be that the
potential equals a given value %’ at some point zg, called the reference point, or may
be a continuity equation. Which one of these two conditions is chosen for any given
problem depends upon the problem, but each one of them affects the amount of flow
from infinity. If the condition at the reference point is chosen, one usually selects some
point where the head is known outside the area of interest, but within the area containing
elements. This condition is

'g =U(z9) + C) + V(2) (34.18)

The continuity equation expresses that the infiltration entering the system over some area
A both as rainfall and through the bottoms of infiltrating creeks or ponds equals the total
amount of water taken out of the aquifer by wells and creeks:

n,, Mo ng ng, Ny,
ZQ} + ZQJ' - Zja’;’;r{'tf “+ Za} |§; - "z;l + z‘:a,- I‘%’ - ;‘;jl =NA (34.19)
J=l 3=l ij= 3=l j=
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The complete system of equations thus consists of the n,, equations (34.16), the
1y, equations (34.17) and either (34.18) or (34.19), and may be represented symbolically
as follows:

Ny +ng,+1
b= Y. Aya;  G=12,..,nu+mn+ 1) (34.20)
J=!

The matrix A;; is called the coefficient matrix, the b; represent the known terms (b; is
called the known vector), and the a; are the unknown constants:

a; =Q);j J=1L2,... 0y
aj =0 J=Ene+ Ling +2,... 0y + 14, (34.21)
aj=C,) j=nw+n,+1

The n, + ny, + 1 constants @Q;, o;, and C; may be determined by solving this system
of equations by Gaussian elimination.

Type of Flow

The model described above is formulated entirely in terms of potentials, and is applicable
to unconfined aquifers, confined aquifers, coastal aquifers, or aquifers consisting of two
or more layers of different hydraulic conductivities. The type of flow affects only the
relation between potentials and heads, which may be written symbolically as

D=0 S=HP) C(3422)

where the wavy superscript serves to distinguish these functions from the functions of
position. If the aquifer is confined or unconfined, the forms of equations (34.22) are
given in Sec. 8. If the flow is interface flow they are found in Sec. 10, and in the case
of layers of different hydraulic conductivities the potentials are given in Sec. 11.

With the exception of wells of given head, the above functions are implemented
in the computer program SLWL described in Sec. 25.

Problem 34.1
Use SLWL to model flow in an infinite aquifer with a well of discharge Q at z = z,
and a finite narrow canal extending from z = —-% Ltwz= +§ L. The head along the canal

is ¢p. The head at a point xg, yr is ¢r. Model the canal by using 8 line-sinks. Produce
a plot of piezometric contours for the case that Q/(kH?) = 8, L/H =5, zw/H = 5i,
do/H =15, zp/H = 10%, ¢r/H = 15, with the same levels as shown in Figure 6.2. De-
termine the exact solution to this problem using (31.29) along with (31.33), and implement
it in the module GIVEN of SLWL. Produce piezometric contours corresponding to the exact
solution and compare them with the approximate ones. Your results should look similar
to Figure 6.2, where the solid and dotted curves correspond to the exact and approximate
solutions, respectively; the minimum level is 10H and the contour interval is 0.2 1.
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Figure 6.2 Flow toward a finite canal: comparison between approximate and exact solutions.
35 MODELING AREAL INHOMOGENEITIES

Real aquifers are rarely homogeneous, and it often is necessary to take discontinuities
of the hydraulic conductivity, the aquifer thickness, or the elevation of the aquifer base
into account. We will see in this section that many inhomogeneities may be modeled
efficiently by the use of strings of line-doublets.

Boundary Conditions for an Inhomogeneity
in the Hydraulic Conductivity

There are two conditions along the boundary B of an inhomogeneity in the hydraulic
conductivity (see Figure 6.3): (1) continuity of pressure and (2) continuity of flow. The
first condition implies continuity of head, and we may write,

ot=¢" Q}=Q, (35.1)

where the + and — signs refer to the + and — sides of B as shown in Figure 6.3, and
Q,, is the normal component of the discharge vector.

All potentials discussed thus far, with the exception of those presented in Sec. 11,
are linear functions of the hydraulic conductivity that may be written in the form:

¢ =kf(p) (35.2)
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Figure 6.3 An inhomogeneity in the hydraulic conductivity.

where f(¢) does not depend upon k. The head is continuous across B and it follows from
(35.2) that the following expression holds for the potentials &+ and &~ at neighboring
points on either side of B:

ot kit

The jump in the potential thus may be expressed in terms of ®~ as
_ kKt =k _ kY —k= __
A=t - &" = ——k " f(P)= ——2 (35.4)

The second condition in (35.1) may be written in terms of the stream function as follows:
Since Q, = —9®/dn = +0¥ /s, where s is tangent to B, the condition Q} = Q; is
fulfilled if ¥ is continuous:

vt —9 =0 (35.5)

We observe that the potential for a line-doublet is suitable for modeling an inho-
mogeneity in the hydraulic conductivity: across a line-doublet the potential jumps, but
the stream function is continuous. The inhomogeneity may be modeled by discretizing
its boundary into linear elements, each representing a line-doublet. The condition (35.4)
is applied at control points, and unknown constants in the line-doublet function are de-
termined using these conditions. This way of modeling inhomogeneities in the hydraulic
conductivity was used in a regional model by Strack and Haitjema [1981(b)].

A better way of modeling an inhomogeneity is by constructing a special analytic
element that satisfies the jump conditions (35.4) and (35.5) along a continuous bound-
ary. A method for deriving such analytic elements by the use of conformal mapping is
described in Sec. 42.

Boundary Conditions for an Inhomogeneity in the Hydraulic
Conductivity, the Aquifer Thickness, and the Base Elevation

Discontinuities in the base elevation or aquifer thickness can be handled in a similar
way as discontinuities in the hydraulic conductivity. We will next consider a general
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inhomogeneity in the hydraulic conductivity k, the aquifer thickness H, and the base
elevation b, as illustrated in Figure 6.4. The potential ® is defined in Dt as
{ ®=ktH*(¢—b*) - Lk*(HYY?  (p> bt + HY)

in D+
=3kt (¢ - b*)? (¢ < bt + H*)} DD G50

where k*, H*, and b* represent the hydraulic conductivity, the aquifer thickness, and
the base elevation in D, respectively. The potential ® is defined in D~ as

{¢=k‘H‘(¢—b—) —3kT(H™?  (¢>b +H)

in D™ 35.7
=4k (4~ b7 (¢Sb'+H‘)} RS

where k=, H~, and b~ represent the aquifer properties in D~.

B
A A
S
H™ ® H™
ut
_ 1 J _
b bt b
- % -
section A A’

Figure 6.4 An inhomogeneity in the hydraulic conductivity, the aquifer thickness, and the base
elevation.

The boundary condition (35.1) remains valid so that the boundary B can be modeled
by the use of line-doublets. We observe from (35.6) and (35.7) that the expression for A
along B is a nonlinear equation in terms of ®~ if the flow on either side or on both sides
of B is unconfined. We will deal with this problem here in a way suggested by Fitts
[1985], which has the advantage of being easy to implement in a computer program but
suffers from the drawback that an iterative procedure is always necessary if either H or
b is discontinuous. The expression for A is written in the form

A=0t — ¢~ = Ad™ (35.8)
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where the constant A is defined as

ot — ¢~

A= - (35.9)
This constant is independent of ¢ only if H+* = H~ and b* = b~; in that case (35.8)
reduces to (35.4). Otherwise, estimates of ®* and ®~ are made and used in (35.9).
With A estimated, the jump condition (35.8) is linear so that new estimates for &+ and
&~ can be obtained. This iterative procedure is continued until the jump condition is
met with a preset accuracy. The first estimate may be made, for example, by leaving
the inhomogeneity out. This procedure appears to work well in practice but, as stated
above, can be improved with regard to numerical efficiency.

Fitts [1985) compared solutions obtained in this manner with exact solutions for
flow in the vertical plane with discontinuous base elevations and aquifer thicknesses, both
for confined and unconfined flow. The errors caused by adopting the Dupuit-Forchheimer
approximation appear to be acceptable for most practical problems.

A similar iterative procedure may be adopted if the hydraulic conductivity varies
in the vertical direction.

A Cylindrical Inhomogeneity

The case of a cylindrical inhomogeneity in the hydraulic conductivity in an aquifer with
a uniform far-field will serve to illustrate the behavior of the complex potential along the
boundary of an inhomogeneity. We denote by D, and D, the domains inside and outside
the boundary of the inhomogeneity, which is a cylinder with radius R, and choose the
origin of the z plane at the center of the cylinder. The hydraulic conductivities in D;
and D, are k, and k, and the far-field is a uniform flow in the z direction of discharge

1 2
Q0. The complex potentials Q2 and 2, valid in Dy and D; are, respectively:

1 2k, 1
Q-—Q,,ok_{_klz-i-‘po (35.10)
and
2 k—k R?] k|
N=-Qx [z+ m7] + I_-l-‘t'a (35.11)

We will demonstrate that these functions fulfill the two conditions (35.3) and (35.5) along
1 2 :
|z| = R. Denoting  as 2+ and  as Q- for z = Re'®, we obtain

+ 2"7! . . 1
Qt = —-Qo———(Rcosf + iRsinb) + & (35.12)
k+ k



Sec. 35  Modeling Areal Inhomogeneities 415
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Figure 6.5 A cylindrical inhomogeneity.
and
o k—k _ k1
- i0 1 -8 o
0 = ng[Re +‘—-"“—~k+klRe ]+kl¢n
2k . 2k, . k!
=—-Qxo [mRCﬂSQ-thRSlno] + Ed’o (35.13)

And it follows that &+ /&~ = k;/k and ¥+ — ¥~ = 0 so that both the conditions of
continuity of head and continuity of flow are satisfied.

The First-Order Line-Doublet

Consider a line-doublet with strength A extending from z = §,, 10 z = §,,4. We define
the dimensionless local variable Z,, as

z = %(6:'“ + 6Hl+ I)
%(6m+l - 61:1)

Zom = 2(2,6m, bms1) = (35.14)

The complex potential for a line-doublet is given in (25.73) with Z,,, replacing Z:

A(Zm) Zm -1
—_— ]n —

Q== "z

+ip(Zn) (35.15)

We limit ourselves for the time being to a line-doublet with linear strength distribution
and refer to such doublets as being of the first order. If A,, and A,,4, represent the
strengths at the nodes 6,, and é,,4,, then A(Z,,) may be written as

A(Zm) = '\mf(zm) + f\m-Hg(Zm) (35]6)
where f(Z,,) and g(Z,,) are influence functions:

f(Zw) = _%(Zm =1) 9(Zw) = %(Zm +1) (35.17)
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We define the functions F(Z,,,) and G'(Zm) as follows:

F(Zn) = f(zm)l + ! + a(Z,n)

z"‘ ; (35.18)
G(Zn)=9(Zm)In Z. 41 + (Zm)
and represent {2 as
1
= '2';_"; [AmF(Zm) + '\m+IG{Zm)] (35.19)

We saw in Sec. 25 that the complex potential (35.15) must be of order 1/Z,, near infinity,
and that the coefficients of the polynomial p(Z,,) are determined from this condition.
We further saw that the order of p(Z,,,) is one less than the order of ), i.e., zero for this
case. p(Z,,) is split into two functions in the present formulation, a and b, which reduce
to constants. As In[(Z,, — 1)/(Z., + 1)] approaches —22Z,.! + O(Z,3) for Z,, — oo, it
follows from (35.17) and (35.18) that

a(Zy)=~1 HZn) =1 (35.20)
With these values for @ and b, both F' and G vanish at infinity and become
Zm—1

F(Zmn)=—3(Zm —1)In =1

Z : (35.21)
I +1

G(Zpn)= 3Zm+ l}ln Z—-—

Far-Field Expansions

A far-field expansion is used for the functions (35.21) for large values of |Z,,| (e.g.,
|Z,| > 3); in this way the accumulation of numerical inaccuracies in the evaluation of
the functions is avoided. The expansion about 1/Z,, = 0 of the logarithmic terms in
(35.21) is

Zm -1 1-1/Z,, N Zout
R R FY /P S Y G5:22)
so that the expansions of F' and G become:
Z 27+1
F= 223“ sz_l (35.23)
and
00 Z 2j+1

G=- Z 2} ; ____2;'_ ; (35.24)

j=1
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Behavior at a Node

The boundary of the inhomogeneity is modeled by a string of line-doublets, and it
will be necessary to evaluate the potential at the nodes. We examine the contributions
at z = b,, of two elements that have the node 6,, in common. If we denote the potential
due to these two elements as §2°, then

1
Q.(z) = mi‘)‘m—lp(zm—l) + ’\mG(Zm-—l) + f\m Fl(zm) + ’\m-l-IG(Zm)l (3525)

For convenience, we express Z,,_, and Z,, in terms of z — é,,, as follows:

z = %(ém + bm-—l) - o:
L= P = ~— +1
l %(‘Sm —bm-1) Om = Oin—1
~ 1Buut1 + ) 5 (9220
Z", - z 3 m+1 m/) 2 ~ — Oy ~1

%(611'1-{—] - 6!11) h 6m+l - 61;;

We observe from (35.21) and (35.26) that F(Z,,,) and G(Z,,) approach —1 and +1,
respectively, for z — 8,,. Using (35.26), 2* may be written as follows, in the limit for

2 — byt

) 1 =0 2= by
Q.{b:n) = 5‘:};{'\m+l - /\m._]) + — lim '\m { [-"-"L + l] In —b

2WL z2—bin b = Oy 2=bm-
z—bn e bm-l—l
—_— _— 27
+ [ ém+l - 6:ln * l] In z - bm } (35 )

Since the limit for z — 0 of zIn z is zero, (35.27) reduces 1o

- _ 1 . 1 bm - bﬂl‘i‘l
Q (6"1) = 27 (Am-}l = ’\m—l) + '2_"7/\": In

e bm - 6:!:—-1

(35.28)

We must remember that the branch cuts of the line-doublets fall along the boundary of
the inhomogeneity; that is where the jump in the potential occurs. The branch cut of
the logarithmic term in (35.28) is taken accordingly (see Figure 6.6), and we define the
a“gle 6]m—l,nﬂ—l as

ém - 6m+|

Bm—l.,m-l-l = arg 3 (35.29)

m 6"1—[

The values of 8,_, .., and 6,,_, .., on either side of the cut are obtained with the
aid of Figure 6.6 as

8:;—I,m+l = ﬁ +m {35 30)
a;a—l,m+l = ﬁ -
where the angle [ is defined as

)6 = arg(é,,,ﬂ - 6!:1) - arg(ﬁm - ém—]) -m< ﬁ S m (35-31)
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Figure 6.6 Branch cut for In[(z — §,,,41)/(z — ém—1)).

The latter inequality implies that the arguments of é,,4+, — 6,, and &,,, — 8,,—| must be
measured in the same sense with respect to the r axis. The angle 3 is the difference in
orientation of elements m — 1 and m and is positive for the case shown in Figure 6.6.

The System of Equations

The line-doublets are included as part of the function U, which is now represented as
U=Uyu+U,+Ug + C (35.32)

where Uy represents the contribution of all line-doublets:

N, m,

U= AAa(z,8i-1,85,8,41) (35.33)

r=1 j=1

The number N; represents the number of inhomogeneities. The hydraulic conductivity

in the " inhomogeneity is k,. The boundary of the ™ inhomogeneity consists of m,

line-doublets, and the function Agp(z, 6;_1, 6;, 6;41) represents the coefficient function
r r T

of the jump A; at node j of inhomogeneity r. It is noted that §,, 4, = 6, since each
T T r
string of line-doublets is closed (see Figure 6.7), and that &g = 6,,,:
r T

Om, +1 =§1 éﬂ=¢2mr (r=12...,Ny) (35.34)

r

The function Ag(z,8;-1,8;,6;41) contains the contribution of elements j — 1 and j to
T T r
the coefficient function of A; so that, by (35.19),
r

1
Aas(z,65-1,65,8541) = ’*{m [6z;-0+ Fz))| } (35.35)
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&

r‘”l

Figure 6.7 The boundary of an inhomogencity.

where
2= 3841 +9))

(35.36)
%(§j+1 —9))

ZJ':

The conditions (35.8) may now be written for each inhomogeneity. The left-hand side
of the equation represents the jump ®* — &~ at a node, and the right-hand side equals
a factor times &, the potential just outside the node, i.e., at 8,:

r

N, m,
Am A" = Uwi(8,,) + Us(dp) + > z:\jAd_b(é;uéj~l,‘2j‘2j+l) +Ci+ V)
s=1 j=1
r=1,2,...,N; m=1,2,...,m,;) (35.37)

where \,, equals the jump ®* — @~ at 6, and A* is the inverse of the factor in (35.9):

m
™

At =— (35.38)

The value of Agp at z = &} equals the contribution of the coefficient function of A; at
node 4, and is obtained by the use of (35.28), (35.29), and (35.30) as

L ) 1 _
Adb(ej |ej‘—h€;|éj+l)= ﬂ m—1,m+l1 (3539)

Equations (35.37) represent M equations, where

N,
M= Zm,. (35.40)
r=1
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that are added to the n,, + ny, + 1 equations determined earlier. The system of equations
may be solved for the n,, +n;, + 1 + M unknowns, which includes the M constants A;.
L

Problem 35.1

Adapt SLWL to handle a single inhomogeneity in the hydraulic conductivity. Model a
cylindrical inhomogeneity centered at z = 0 and of radius R in a field of uniform flow
of discharge Q.o using 18 line-doublets. Use k* = 10k~, Q.0 = k"H, R = 2H, and
¢o = 10H at z = 0, and compare your results to the exact solution given by (35.10) and
(35.11). Your plot should look similar to the one displayed in Figure 6.8; the contour in-
terval is 0.2H, the solid curves correspond to the exact solution, and the dotted ones to the
approximate solution.

Figure 68 Piczometric contours for a circular inhomogeneity with k* = 10k~.

36 LEAKY OR DRAINING OBJECTS

Leaky or draining objects in aquifers may be either natural or man-made. An example
of a leaky object is a thin slurry wall, constructed in order to divert flow. Draining
objects may be highly permeable thin zonés in an aquifer, such as cracks filled with
highly porous matenal. If the objects are wide, they may be modeled as inhomogeneities
in the hydraulic conductivity as explained in Sec. 35; if the objects are narrow, they
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may be more efficiently modeled by the use of strings of line-doublets or line-dipoles as
explained below, or by using the special analytic elements discussed in Sec. 39.

The Boundary Condition Along a Leaky Object

An example of a thin slurry wall is given in Figure 6.9(a), where a U-shaped wall is
shown in plan view. Because the slurry wall resists the flow through it, there will be a
difference in head across the wall. We first consider the case that the slurry wall has a
finite width b* and hydraulic conductivity k*, where k* < k. If the aquifer is unconfined
then the flow Q,, through the slurry wall is obtained from the Dupuit-formula (see Figure
6.9[b)):

3k1(6) - (97))
Qn= be
where Q, is positive if pointing from the + side of the wall to the — side. The above
equation may be expressed in terms of the jump @+ — @~ of the potential across the
wall as follows:

(36.1)

k k*
$kl@*) = (97))= o (@F - @7) (36.2)

Qn = kb

- -7
IR

(a) (b) (c)

Figure 6.9 A slurry wall.

For convenience, we neglect the width of the slurry wall insofar as the flow in the aquifer
is concerned; (36.2) is applied across a line representing the slurry wall. If the aquifer
is confined, then the expression for Q,, becomes (see Figure 6.9(c]):

.H + _ -
Q.= e —e) (36.3)
which may be expressed in terms of the jump in potential:
K +_ gy K p &
Qn= kb_kH(qb —-¢7)= ;b—,(d’ -®7) (36.4)
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which is identical to the equation for the case that the aquifer is unconfined, compare
(36.2). It may be noted that the rightmost expression in (36.4) also applies to the case
that the flow is confined at one side of the wall and unconfined at the other side.

The Boundary Condition Along a Draining Object

Consider a narrow crack with transmissivity T', as shown in Figure 6.10, and with end
points A and B. We first imagine that the crack has a certain width b*, and may be
viewed as an inhomogeneity with high hydraulic conductivity. The difference in the
stream function on either side of the crack, then, equals the amount flowing in the crack
as follows:

Ut -9 = -Q, (36.5)

Figure 6.10 A narrow crack.

This equation is obtained from (19.12) where reference is made to Figure 3.3 in which
points B and D would correspond to points on the boundary of the crack. Equation
(36.5) still holds true if we neglect the width of the crack, keeping its transmissivity the
same. If we assume that there is no flow through the end points A and B of the crack
then

»

Pt =¥ ) =¥t -¥)g=0 (36.6)

If the hydraulic conductivity and width of the crack are k* and b*, then é, may be
expressed as

Q.=——b"— (36.7)
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where d®/ds is the tangential component of the gradient of the potential just outside the
crack. If Q, represents the tangential discharge just outside the crack, i.e., Q, = —d®/ds,
(36.5) and (36.7) may be combined as follows:

k _
Q,= “L-T'(‘” -¥7) (36.8)

It may be noted that the width of the crack, b*, is used to compute its transmissivity
k*b*, but is neglected geometrically; the approximation implies that the effect of the
crack width on the flow outside the crack is considered unimportant.

Modeling Thin Leaky Objects by Using Line-Doublets

Line-doublets cause the potential to jump but the normal component of discharge to be
continuous across the element, and therefore may be used to model the leaky objects. The
condition (36.2) is applied at a number of control points equal to the number of unknown
coefficients . For the sake of brevity we will describe the system of equations in words
rather than using symbols, and assume that first-order line-doublets are used. The left-
hand side of the equation at a control point then represents the unknown coefficients A
multiplied by k*/kb* and the right-hand side, Q,,, is the normal component of the gradient
of the potential. Thus, in order to apply the condition (36.2), the coefficient functions
Awi, A, and Ay, must be differentiated and their contribution to Q, determined. As
before, the right-hand side contains all unknown coefficients, and each control point
contributes one equation to the system.

The contributions of two adjoining first-order line-doublets to Q,, are infinite at
their common node. If the control points are to be chosen at the nodes, therefore, the
contribution of the two adjoining line-doublets to Q, must be approximated in some
way. Haitjema [1977] applied line-doublets to model the moving interface between two
fluids using a method proposed by De Josselin de Jong [1960]. Haitjema computed the
contribution of the adjoining elements AB and BC to Q,, at node B in Figure 6.11 by
replacing the two elements by the three elements AB’, B'B”, and B"C as shown. The
approximation appeared to be satisfactory.

Figure 6.11 Computation of @, at a nodal point.
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An alternative approach that eliminates the need for estimating @Q,, is to use higher
order elements as discussed in Sec. 38, joined by the small circular elements presented
in Sec. 41. He [1987] implemented this approach in a computer program and obtained
excellent agreement with exact solutions. If the walls are straight, then the double-root
elements discussed in Sec. 39 can be used. These have no nodal points so that the control
points can be chosen anywhere on the elements.

Modeling Thin Im;iermoable Walls Using Line-Doublets

A thin impermeable object is a special case of a leaky object and may be modeled by
the use of line-doublets. The hydraulic conductivity of an impermeable wall is zero, and
(36.2) becomes

Qn=0 (36.9)

Or, since Q,, = —d¥ /ds, this may be written as
¥ = constant (36.10)

This boundary condition is usually applied by requiring that the difference in value of
W at any point of the object minus the value of ¥ at one of the end points, ¥ 4, is zero:

U-¥,=0 (36.11)

The equations thus are obtained by subtracting two equations for the imaginary parts of
the complex potential evaluated at two different points. Equation (36.11) applies only
if there is no infiltration and if no branch cuts intersect the element. Equation (36.9) is
always applicable and therefore is usually preferable over (36.11).

Modeling Narrow Draining Objects Using Line-Dipoles

The stream function jumps but the potential is continuous across a line-dipole, which
therefore may be used to model draining objects with boundary conditions (36.8). Since
the complex potential for a line-dipole differs from that for a line-doublet only by a
factor of i, the complex potential for a line-dipole is readily obtained from that for a
line-doublet. If p; and p;, are the end points of a first-order line-dipole, and if x; and
;41 represent its strengths at p; and p;,, then the potential for a line-dipole is obtained
from (35.19) as follows:

1
Q= [ F(Z)) + 1jnG(Z))] (36.12)

where

2= Yo + p:
Z;= .M (36.13)
3(Pi+1 — pj)
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and the functions F' and G are given by (35.18).

The internal boundary conditions (36.8) yield equations for each control point with
the jump u at the left-hand side of the equation and the tangential component of the
derivative of the potential at the right-hand side. The remarks made for the leaky objects
regarding the singularities of the discharge vector at the nodal points apply to draining
objects also.

Modeling Narrow Ideal Drains

If the resistance of the crack or drain is zero, i.e., if the factor 1/k* in (36.8) becomes
zero, the intemnal boundary condition simplifies to

Q,=0 (36.14)

which may be replaced by the condition

P-®,4=0 (36.15)

where ® 4 represents the value of the potential at an end point A of the drain.

37 VARIABLE INFILTRATION

There are many sources of infiltration into groundwater, rainfall being the most com-
mon one. The actual rate of infiltration reaching the groundwater varies: it not only
depends upon the average rainfall but also on such factors as evaporation, surface runoff,
vegetation, and the type of soil. The rate of infiltration therefore varies from place to
place, and a desirable refinement of the model discussed above would be the capability
to incorporate a rate of infiltration that varies with position. The area-sink is useful for
modeling such a variable rate of infiltration, and is a distribution of sinks over an area,
just as a line-sink is a distribution of sinks along a line. We will discuss in this section
how the potential for an area-sink is determined and consider several applications.

Infiltration Through River- and Lake-Bottoms

Rivers and lakes usually have deposits along their bottoms, which often are less permeable
than the aquifer undemeath. If the river bottom is above the groundwater table, the
leakage through the bottom is downward and independent of the flow in the aquifer (see
Figure 6.12(a]), assuming that the pressure below the river bottom is atmospheric. We
measure elevations with respect to the aquifer base and denote the elevation of points
in the aquifer just below the river boitom as Hj, the head in the river as ¢*, and the
resistance of the river bottom as c. The rate of infiltration N* then may be expressed as
follows:

¢* — H,
C

N*=

37.1)
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which is indeed independent of the head ¢ in the aquifer. If ¢ is greater than Hj, the
leakage depends upon the head in the aquifer, and

N=2 ¢ (372)

c

see Figure 6.12(b).
e N® _/-—— B -N* N* iy
-~ e — —

¥ ¥ 3 "-//\ TN —

—_— — *
——y——— —— .,__._-—---“'_'—r__-__-_-_-"""-——-—-__-_

(a) (b)

Figure 6.12 Interaction between a river and an aquifer.

The Potential for an Area-Sink

The potential for an area-sink may be obtained by integrating the potential for a sink
over an area. This integration is cumbersome, and may be carried out analytically for
only a few cases; we elect to determine the desired function by an altemnative procedure
as follows.

Statement of the Problem

Consider the contour C enclosing a domain D¥; s and n are defined along and
normal to C, with n pointing inward (see Figure 6.13). If we use the symbol -y to denote
the generally variable distribution strength, then the problem may be posed as follows:
a potential @ is to be determined such that it fulfills the differential equation

V=4 zinD?* (37.3)
inside the domain D+, and the differential equation
V$=0 zinD" (37.4)

in the domain D, which is the exterior of the contour C.
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Figure 6.13 A general area-sink.

Decomposition of the Potential. We will solve the problem by writing the
potential ® as a sum of two functions:

e=0+¢ (37.5)

Vb=y zinD* (37.6)
0 zinD- 37.7)

Ve =0 (37.8)

except, possibly, along C.
i
The function ® may be any suitable solution to (37.6); an example is the case
that both  and  are polynomials. The function @ by itself violates the conditions of

continuity of both pressure and flow across C; the function :1) is used to eliminate these
discontinuities. In order that the pressure, and therefore the head and the potential, are

continuous across C, the function ® must jump as follows:

bt — b = (@t -0 )= -0 (31.9)

representing this jump as A, we have

[
I

|
[

(37.10)
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If é,. represents the normal component of the discharge vector due to ®, then
continuity of flow implies that

Qt-Qr=- [é:: —é;] -0t @37.1)

e
This expression represents —a, the production that must be generated by & along the
contour C in order to maintain continuity of flow, and (37.11) may be written as

§=Qt (37.12)
We represent the harmonic function &' as the real part of a complex potential §2:
d=RO (37.13)

and determine f! as a boundary integral.

The Complex Potential .IE) as a Boundary Integral. It follows from (37.10)

and (37.12) that 2 may be obtained as a combination of distributed doublets (density )
and distributed sinks (density 5). This complex potential may therefore be written as the
following complex contour-integral (compare [25.72] and [25.2]):

[
e 1 A(6)
i 2w Joz—6

dé + L f a(6) In(z — 8)ds : (37.14)
21’!’ '

Using (25.70) to express o(8)ds in the second integral as —dj and applying partial
integration to the second term, we obtain

LAY O NP VAR U O )
= 2m'fgz-5‘” 27 MO Gz = ) hjﬁz_édé (37.15)

It is seen from (37.12), continuity of flow, and the property that (:?,*“ is positive if pointing
into D*, that the total inflow into the contour C is equal to the total discharge of the
area sink:

. f&dn—f"—"ds:/ ydzdy = Qo (37.16)
f c ds D+

The discharge, é{., of the area-sink is generally not zero, and therefore the jump in ¥,
u, will decrease along the contour; j: = ¥+ — ¥~ is double-valued at the starting point

of integration, z;. If we choose ¥+ — W~ as zero at z, then u will decrease to —Qp
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when the integration is completed, as is seen from the second integral in (37.16). The
second term in (37.15) now may be evaluated, and we obtain:

1 A{é) 20 45— p(b)

Qo
T 2mi cz—16 2,,- ln(z 2;) (3717

Q=-

We will limit ourselves to the case that the boundary C is a polygon of n segments with
comer points zJ (U =12,...,n). The complex potential Q then is the sum of potentials

e €
for line-doublets with strength ), line-dipoles of strength fi and a well of discharge Qo
at z;.

An Area-Sink of Constant Strength Bounded by a Polygon
The vertices at faj, J =12,...,n, of the polygon are numbered in such a way
that the side between vertices 2, and 2, is the longest one and D* lies to the left with
respect to the vector pointing from 2 jto z j+1. We denote the length and orientation of
the first side as L, and a, (see Figure 6.14)
2 — z) = L™ (37.18)
For convenience, we introduce a complex variable  such that

(=E+in=(z - zo)e~*™ (37.19)

where 50 is defined as

20= % i (37.20)
o

5
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The values of ¢ at the comer points of the polygon are denoted as (;,
G=Gj— 2™ (G=12,...,n) (37.21)

and the real and imaginary parts of ¢ are obtained from (37.19) as follows:

€ + in =[(z — Zo) + i(y — Yo))[cos a; — isinay ]

=(z — Zo)cos @y + (y — Yo) sinay — il(z — Zo) sinay — (y — Yo) cOs 1]
(37.22)

We restrict ourselves for the time being to the case that -y is constant, and choose the
potential ti» as

b lag2_ 1 e e 0

® = 37€ = 37l(z - Zo)cos s + (¥ — yo)sinau] (37.23)

so that
V2P = o (37.24)

The components (:?( and C:?., of the discharge vector are obtained from (37.23) as

Q¢ = —€ f?,, =0 . (3725

We introduce the length L; and orientation o; of side j between the vertices Z; and
e
Zi+1s

zig—2j=Lie™  (j=1,2,...,n) (37.26)
where f‘:,,+| is equal to Z1,
Sl =21 (37.27)

It follows from (37.21) that the orientation of the corresponding side in the ¢ plane with
respect to the £ axis is a; — a;:

Gar— G =Lie"®~™  (j=1,2,...,n) (37.28)
where

Cn41=C1 (37.29)
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The component é,. normal to side j then may be written as follows (see Figure 6.15),
J

én = —ég cos(aj —ay —m/2) - é,, sin(a; — a; — 7/2)
I (37.30)

= —Qgsin(a; — aj) + Qy cos(a; — @) = 7€ sin(a; — ay)
According to (37.10) and (37.12) the line-doublet distribution f\ and the line-sink distri-
J
bution 3 for side j become
]

A=—@=—lqg? (37.31)
j

and
o= t'?: =€sin(a; — ay) (37.32)
|

Figure 6.15 The component (:?,. for side j.
J

We will write the complex potentials for the j line-doublet and line-dipole in
terms of local complex variables Z;, defined as

€ ~
2= 3G +25) (=31 + )

Z;i=X;+iY; = = y =
! ! ! %(Zj.n —ZJ') %(Cj+l _Cj)

(37.33)

e
In order to express the distributions A and & in terms of Z. j» we solve (37.33) for ¢:
J 3

¢=3(Gir = GZ; + 3G +G5) (37.34)
Y; equals 0 along the element, and we obtain
§€=3&n —E)Z;+5En +6)  (Y;=0) (37.35)
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n=3Mjn —m)Z; + mjn+m)  (Y;=0) (37.36)
We may now continue the strengths i and & analytically such that these functions reduce
i j

o (37.31) and (37.32) along the clement (Y; = 0). This gives for A
J

A== 110~ )7 + H G + &)’ (37.37)
or
A== §r6in — )€1 = EXZ ~ D+ 2eia1 +EXZ; + D] - 116
(37.38)
and we obtain for é’
=73 —6)Z; + 1(&541 + &) sin(aj — a1) (37.39)

According 1o (25.70), o = —dp/ds along the element. Z; is real along the element

and it follows from (37.33) that dZ; = (2/L;)dze~*® = 2ds/L;. Defining the dipole

distribution /2 as an analytic function that is real along the element and satisfies (25.70),
j

we may write

) dji

e j

= e — 37.40
? L; dZ; ( )

L}

We will choose the function ji such that it is zero at { =,
0

i, -5
=m
=

so that integration of (37.40) gives, with (37.39),

(37.41)

Z; .
p=-3L; ] 1 Lysin(aj — 1) [€j41 — €25 + En +E)] dZ; + i (3742)
J —

where fcj represents the value of fz at node j:

s = [f‘] = (37.43)
Evaluation of (37.42) yields
e 7Ljsin(a; —a1) o ' 2oL
’;- S(E,-_H _£J) {[(E;-l-l EJ)ZJ +(£J+l +EJ)] 4{1} + u;j (37.44



Sec. 37  Variable Infiltration 433
With

LJ' Siﬂ(ﬂj - 0‘1) =ENji41— 1 {3745)
this may be written as

!j‘ = =101 = 1) (G —ENZE = D+ 2Em +ENZ; + D] + 415 (37.46)

€
The complex potential SJ] due to side j may now be written as follows:

e 1 e Z; -1
Q=— .
= o (3\ t,::.}ln Z, 41 + f’(Z‘,) (37.47)

where the function P(Z;) is such that Q is of order Z;' near infinity; P(Z,) is the
j ] J
far-field correction for element j. The complex function 31- ijt is obtained from (37.37)
1

. j
and (37.46), which yields, writing §; 1 = & + i(nj+1 — 1;) as {41 — s

3

\tiji = = 5y(G41 =G (Ej1 —ENZE = D) +2(Ej 1 +E)NZ; + DI - 1€ +ip; (37.48)
]

A recursive relation for the constants ﬁ ; is obtained by using that fzj.,.l equals the value
of /i at node (j41, where Z; = 1, which gives with (37.46)
j

B = WD) = =37 En + &M —n)+i; G221 (37.49)
2
With (37.41),

fu=0 (37.50)

equation (37.49) may be used recursively to delermine all values ji;.
An expression for the complex potential Q may now be obtained from (37.17) by
replacing the two integrals by a sum over all functions Q

ZQ+—-ln( =2) (37.51)

J=l

where 2, replaces 2, and f)u is the total discharge of the area-sink, equal to the product
of the strength + and the area A:

Qo =14 (31.52)
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The function (37.51) represents the complex potential valid outside the area sink; the

potential valid inside the area sink is obtained by adding the function @, (37.23), to the
real part of (37.51).

Equipotentials for a square area-sink are shown in Figure 6.16 as an illustration. It
may be noted that the far-field of an area-sink approaches that of a well of discharge YA.
This is illustrated in Figure 6.17 where equipotentials are shown for a square area-source
with a well at its center, capturing all of the water produced by the area-source: the
system has little effect outside the square.

Figure 6.16 Equipotentials for an area-sink.

Figure 6.17 Equipotentials for an area-source with a well capturing all of its water.

Efficient application of area-sinks in a computer program requires some further
examination of the functions presented above. The reader not interested in following
the corresponding mathematical elaborations is encouraged to proceed to the subsection
entitled applications of area-sinks.



Sec. 37  Variable Infiltration 435

The Complex Potential 3 as a Function of (.  For reasons of computational
efficiency, we express the n functions (37.47) in terms of a single variable (. We observe
from (37.33) that

(-G C—Gi+ _ € =GXE = Gi+n)

Zi+l=s —2—22— Z,— = Z2-1=
’ 3Gn-¢) 7 3Gn-¢) 7 G —GP
(37.53)
We introduce n complex functions f( as
]
€ 1 e e
X=-(A+ip) (37.54)
i 73 j
and define n constants f*j as
e le
‘ Uj = ;j.lj (3755)
so that (compare [37.49] and [37.50])
=0
. ) (37.56)
Vj 2(&3 +£j I)(Tb qj—l)+"j—l (J > l)
The complex potential Sc?. (37.47), may now be written in terms of { as
j
c C CJ+|
Q= | 37.57
J Zm (0 "To¢ -G +?(0] ( )

where p(C) = (Zm/'y)P[Z (()] An expression for the function x(C) is obtained from
(37. 48) (37.53), (37. 54) and (37.55) after some elaboration:

f= =1 |8 U= G+ o + EC — c,)+£2]+w, (37.58)
J

G+1 =G

This function is a polynomial of order 2:

x=al+al+c (37.59)
P | 3 i
where the coefficients c,,, (m =0, 1,2) are obtained from (37.58) as
J

IEJ+| '—éj e = £;+l EJ
C;H “‘CJ i CJ+| _CJ

5?:: : LG+ 36 600G~ 26 + i (37.60)
J

7= o
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The coefficients of the polynomials p(() are obtained from the condition that f! is of
j j

order (™! near infinity. Writing

( C_p+1 CJ+!/C Cj+1 Cj
=] =In(l = 22=) —In(1 — = 37.61
e L ey U S B G B
and expanding the two logarilhms about (~! =0 we obtain
oSGt _ 1 [Cju]m o 1 [Cj]m
—_— —— + —_— ==
=G m ; m | ¢
=- Z Gho¢ ¢ "'—-0 (37.62)
m=| mcm
The far-field expansion of the function (37.57) now may be determined:
& e G~ 6" G ve -1
1} "Zm ot + ch + Co] ; mem + 2:«:‘?(0 ¢ =0 (3763)

We write the first term as the sum of a polynomial of order one and a series that vanishes
at (~' = 0; this gives

£ Y
5}= ~ o [?(CJ-I—I =G+ icz(CH.r C}) + fl((j+t ~¢5)
+lfv(o+ii e (e ) (37.64)
2mi 2r

=1’
where

b = — i - G - Frait - G - me =G (37.65)

In order that the function (37.64) vanishes at infinity the polynomial p({) must be equal
to the polynomial inside the brackets in (37.64): ’

ﬁ?(() = ?IC + % (37.66)

where

a = f‘z((j+l = () =—3En — &) (37.67)

% % 2(CGar — C§)+§I(Cj+l_c,i)

%(EJH E} = $Eipmier — &mj + 360541 — 3&7m;)

I'I

(37.68)
where use is made of (37.60).
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The complex potential (37.51) may now be written as follows:

_ C CJ+| I
=5m Z x(Q)In —1— =G 2 ln(z 1) ) ngf(O (37.69)
We observe from (3?.67) and (37.68) that
Zgl =3 Er—§)=0 (37.70)
j=1 j=1

and

Zgﬁ——Z{(eﬁ. )+ (im0 — &) + 3Emin — Gamy)]} BTN
=1

The first two terms between parentheses vanish after summation and the last term between
paremheses represents the cross-product of the vectors (;,7;) and (€j41,7;+1). Hence,
2({,1;”, &;+1m;) equals the shaded area in Figure 6.18 and (37.71) becomes

n

Y ag=-3iA (37.72)
Fl

=1

Figure 6.18 The area of the polygon.

With (37.59), (37.66), (37.70), and (37.72), the complex potential (37.69) becomes

(“'C_Hl
¢—=¢ 2

where the constants c,, are given by (37.60). The far-field expansion is obtained by the
J

R 2
= — n 2 —2)) - —A 1.1
Q .Z(f__-c + a1 + o) In 2 =25 In(z - 21) (31.73)

2w £
1=1

use of (37.64); we note that the terms of order higher than ¢! cancel as a result of the
choice of p(():
J

m(™™ + 24 Inz-2) ('—0 (37.74)
2w

o L)

I

|
(=
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The potential $ due to the area sink is obtained as the real part of the complex potential
{3? 73) for all points outside the polygon. For any point inside the polygon, the function

® = 17€? must be added to the real part of (37.73). The imaginary part of the latter
complex potential has physical meaning only outside the polygon, where it represents
the stream function. It is possible to represent the potential for the area-sink, including

the function <i>, as the real part of a complex function defined for all z. Consider the
function

¥ = C 1
=I_ Z ,+ (37.75)

J=

Because the polygon is closed, the real part of the sum of logarithms vanishes and the
imaginary part equals 2i for ¢ inside the polygon and O for { outside the polygon, as is
illustrated in Figure 6.19. For any point inside the polygon shown, the imaginary part of
each logarithm equals a positive angle and the sum of these angles is 2x. For the point
shown outside the polygon, however, n — 2 of the angles are positive but two of them
are negative and equal in magnitude to the sum of all the others, so that the algebraic
sum of the angles is zero. The logarithm equals 2w inside the polygon and vanishes

outside; (37.75) represents the potential ':’e. which may now be added to the complex
potential (37.73):

T v 3
=53 (o +al +ao+4€)In C( C’C“ i - 50 - 24 | @796

8, +0,+03+0,+05+05=27 0, +0, +05+ 6= —(6,+0;)

Figure 6.19 Behavior of the imaginary part of the sum of logarithms inside and outside the
polygon.
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The Discharge Function.  The contribution of the function ‘i' to the components
of the discharge vector (Q=, Q,) is obtained upon differentiation of (37.23) which gives

i

Q: =—v€cosa é, = —4€sina, (37.77)

The contribution of !’e? to the components Q. and Q, may be obtained by complex
differentiation:

W=Q,-wz'Q,=—— B (37.78)

This gives with (37.73) and (37.19)

V-1 (=Gn
W= 2mi ;[(2?(+?1)iﬂ =6

2 . 4 1
+ (e +?’<+f°)(c-,c,-+1 c—(,-)] iy (37.79)

The far-field expansion for W is obtained by differentiating (37.74),

WLl =SS mbag ' -2 (0,2 0 (3780

The components Q. and Q,, finally, are found from

Q:=Qr+éz = —qy§cosa; + RW

: . . (37.81)
Q,=Qy+Q, =—9€sina; — SW

The Behavior of fl and W Near the Corner Points

We observe from (37.73) and (37.79) that neither Q nor lr:V is analytic at the corner
points of the polygon. However, the singularities are removable, as will be shown below.

Let n functions i?‘(() (U =1,2,...,n) be defined as follows:
1

C (_H-l

37.82)
= ¢

F(O= (c)
]

2
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and let ¢; be a corer point other than (;. Then the terms that are singular at (; are

Fl and F The functions ¥ , and x are polynomials of the second order and may
11— j -1
be written as

X ©= x (c,)+ x "(GXE - c,)+' X "(c,)(c G (37.83)

=

and

x(o x(c,)+x(cj)(c c,)+;i”(cj)(c—c,-)’ (37.84)

where the primes stand for differentiation with respect to (. It follows from (37.58) that

x (@) -x ()= -3 +iv; = X; (37.85)
j=1
jii"((:j) =i"(cj} = —Ej = i; (3786)
- F
(7] ,=_'EJ EJ] €y ,=_£j+|-£j ) 87
j}fl (CJ) C "CJ I. 7}( (Cj) C__j+| —Cj (37.87)

The sum of }r"‘l and ﬁ‘ thus may be written as
1= ]

¢ R (—Gj ¢ —Ci+

J,f'l(C)+ f'(C)— IXJ +X,(C ¢ [ln( o +In =G
‘Y f; &3 1 2 C CJ 37
41rzC, G- 1(( &) lnC Gi—1 0759
v £J+l {r 1 ¢ - CJ+I
A ren

The last two terms vanish in the limit for { — ¢; and the singular logarithms between
the brackets cancel so that

G =G

e FoCy= 1%
jfl(cj}_i- FJ(CJ) zwix_) In G- G

(37.89)
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It is to be noted in evaluating the logarithm that the branch cuts of all logarithmic terms

fall along the polygon; refer to Sec. 35, (35.28) through (35.31). The value of §2 at node
¢; now may be written as

é((j)= -2’7? [(Cg(_, + CICJ + Co) In Czﬂ-l]
I'T:;‘Jll
m#j
Y = (s
+5 i( {,+w,]lnc v
14 3
- o ln(z_Ir z;) -+ 4,,‘4 (37.90)

A study of the singularity at (; requues some specaal attention. The functions that

contain tenns that are singular at {, are F,(O and F,.(C ) and the jump in the stream
function, J, is discontinuous at ¢y. It follows from (37.56) and (37.58) that

f((cl) =-1¢ (37.91)
and from (37.58) that
):f(c.m) = =365 — 3Ent1 + E)Gatt = Cu) + i (37.92)
or, using (37.56) to eliminate v,,,
X)) = =360 — 1€ — 60— 3 Z(&,“ +&)mj41 — 1)) (37.93)

=1
This may be written as
X(Cnﬂ) =380 -1 Z(E;ﬁ'hﬂ §imj) — %Z(Eﬂ}nl =&im)  (37.94)
j=

The second term vanishes and the third one equals —iA (see Figure 6.18) so that, with
b1 =G,

X(ns1) = —1€ —iA (37.95)
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The derivatives of x(¢) and X(C) at ¢; are equal and we obtain
1 n

FO+FPO= shI-16+C- | E ? §+2
41=2 ?“ ~G'in g ?
Rt
+--(-—:A)lné g"‘ (37.96)

The singular logarithms in the first term cancel, and the last term has a singularity at
¢ = (, that cancels with the term yA/(27)In(z — 21) in expression (37.73) for Q. It
follows from (37.19) that the latter term may be written as

vA e ._7A YA,
> In(z — z) = > In(¢ -G+ o] (37.97)

and the function {2 at (; becomes

QAC) = CJ+I _ Cl G
e = § :(czc. +aG+a)n St g
YA . 3‘7 :
+§A In(¢; — ¢n) + _2‘."1' 1oy + a.ﬂ (37.98)

'I“he singularities of the discharge function at ; also are removable; this is seen
by differentiating (37.88) and (37.96). It is left as an exercise to determine the values of

e
W at Cj,j= 1,2,... .

Problem 37.1 .
Determine expressions for W at the comer points of the polygon, and demonstrate that
the singularities are removable.

Applications of Area-Sinks

The potential for an area-sink presented above may be used to model given infiltration
from rainfall, or through river and lake bottoms above the groundwater table. For such
cases the distribution strength + is given, and the potentials for the area-sinks are simply
added to the given potential V. If the area-sinks are used to model infiltration through
river or lake bottoms where the head in the aquifer is higher than the lake bottom,
equations of the form (37.2) are applied at the centers of the area-sinks, providing one
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equation for each unknown strength ~y. For cases where the aquifer is confined, equation
(37.2) may be written in terms of the potential & = kH¢ — kH*:

__kH¢* - 3kH?-@
=TT= kHc

If the aquifer is unconfined and becomes confined below the river bottom, the transition
in aquifer thickness causes the potential to jump along the river banks. This jump may
be taken into account by adding strings of line-doublets along the river bank. If the
decrease in aquifer thickness is small relative to the thickness, an approximate solution
may be obtained by approximating the aquifer thickness below the river as the head ¢.
With this approximation, the use of line-doublets along the river bank is not necessary,
but the conditions at the control points become nonlinear. We write the head ¢ as the
sum of an average value and a deviation €:

(37.99)

b=d+¢ (37.100)

The potential becomes
1.2 _ 1072 4 97 2
® = 3k¢" = 3k(9 +2¢c +€) (37.101)
If € is small, we may neglect the term €2 and obtain
i S
E=—=—75 37.102
o 3P ( )
Using (37.100) and (37.102), the condition (37.2) may be approximated as

. _ 1 _ . __ 17
¢ —g-ec_¢ -3¢0 & (37.103)

The problem is solved iteratively:  is first estimated, and then updated after each
iteration until the desired accuracy is reached.

Example 37.1: Modeling Flow in the Aquifers Underneath Grey Cloud Island.
As an example of the modeling with area-sinks, we will consider the flow in the aquifer
system underneath Grey Cloud Island, an island in the Mississippi river in Minnesota,
about 10 miles downstream from St. Paul. The study was sponsored by the J. L. Shiely
Company in Minnesota, with the objective to determine the impact on the aquifer system
of lowering the bottom of a quarry on the island. A map of the area is given in Figure
6.20, which shows the main rivers in the neighborhood of the island.

We will consider this problem mainly to illustrate the use of area-sinks, and give
only a brief summary of the geologic features. The system consists of two aquifers
that act as a single hydraulic unit, and which have approximately the same hydraulic
conductivity. The upper aquifer is unconfined and consists mainly of highly fractured
dolomite with sandy layers, and the lower one is a sandstone aquifer with a thickness of
100 feet. The hydraulic conductivity of the upper aquifer is taken as 46 feet per day, and
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Figure 6.20 The area near Grey Cloud Island.
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that of the lower one as 59 feet per day. The lower boundary of the aquifer is bedrock
at an elevation of 495 feet above mean sea level. There is an average infiltration into
the aquifer system of 0.34 x 103 feet per day. The rivers are not in direct contact with
the aquifers; there is some resistance to flow caused by deposits on the river bottoms.

The pumping rate of the quarry is much more than the total amount of infiltration
from rainfall on the island; the quarry draws water either from the rivers, or from the
recharge area on the other side of the rivers bounding the island. The high quality of
the water pumped from the quarry, however, indicates that most of the pumped water
flows undemeath the rivers and is supplied from the recharge area. Although the main
interest is to make accurate predictions for the aquifers undemeath the island, it will be
necessary to include the recharge areas in the model, at least in an approximate fashion.

The model aquifer system is infinite in extent, and the functions included in the
model are that for uniform flow (see [34.5]), rainfall (see [34.4]), wells (see [34.7))
line-sinks (see [34.15]), and area-sinks. The conditions apglied along the bottoms of the
rivers and lakes are of the form (37.103). The model aquifer is infinite in extent, but
features such as rivers and lakes are included only so far as they influence the piezometric
coniours in the area of interest. The computer program used (called SLAEM for Single
Layer Analytic Element Model) is highly interactive; data are entered by the use of a
digitizer, marking the comer points of the area-sinks used to model the river and lake
bottoms by pressing a pen onto a map positioned on the digitizer, and the results are
obtained in the form of contour maps and plots of streamlines. An estimate is made of
the size of the area to be modeled, and elements are entered inside this area. The size
of the area then is increased in steps until the effect of the additional elements on the
area of interest becomes negligible. The elements entered into the program are shown
in Figure 6.21. It may be noted that the elements are smaller in the neighborhood of
the island, i.e., in the area where detail is important. The infiltration from rainfall varies
somewhat due to differences in top soils, and a few large area-sinks with given strength
are added to account for this; the latter elements are omitted from the layout in Figure
6.21 to avoid confusion.

Data available for tuning the model are few, and not all of them are reliable.
The points where heads are known are shown on the map in Figure 6.22. The predicted
contours are shown in Figure 6.23; it is seen from these contours that mounds are formed
between the rivers, controlling to a large extent the amount of water entering the aquifer
system below the island.

The model being analytic, contour maps may be generated for any part of the
aquifer system. A map showing both piezometric contours and the data points is given
in Figure 6.24; points where the deviations are over 20 feet are marked with a star.
Predicted contours for the aquifers undemeath the island are shown in Figure 6.25 (the
solid curves), along with the contours that apply to the case that the quarry bottom is
lowered (the dotted contours). It is of interest to note that there is some resistance
between the quarry bottom and the main aquifer; the magnitude of this resistance is
chosen such that the discharge from the quarry as predicted from the model matches the
discharge actually pumped from the quarry. It appears that the discharge to be pumped
from the quarry with a lowered bottom is about twice that pumped at present.
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Mississippi River

Minnesota River

Figure 621 Layout of the wells, rivers, and lakes: the small circles are wells and the quadrilat-
erals along the rivers are area-sinks (area-sources used for infiltration from rainfall

are not shown).

Figure 6.22 Layout showing points where groundwater levels are known.
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Figure 6.23 Predicted contours for the area shown in Figure 6.21.

880

Figure 6.24 Contour map with observed piczometric levels.
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Figure 6.25 Piezometric contours in the main aquifer below Grey Cloud Island for both the
present conditions (solid curves) and the conditions with the lowered quarry bottom
(dotted curves).

The quarry draws water both from the recharge area and from the Mississippi river.
This is illustrated in Figures 6.26(a) and (b), which apply to the flow prior to lowering
the quarry bottom. A discharge streamline crossing the river is shown in Figure 6.26(a)
and a cross-sectional view along this discharge streamline is shown in Figure 6.26(b).
The elevations of the streamlines in the latter figure were computed by the use of the
procedure outlined in Sec. 27, which is implemented in SLAEM. Note that the vertical
scale in Figure 6.26(b) is exaggerated by a factor of 5.

The example given above may serve to illustrate the use of a simple analytic ele-
ment model. Additional features, such as inhomogeneities in the hydraulic conductivity,
often need to be included, as we will see in an example of a case of a two-layer aquifer
problem discussed in Sec. 43. The model used in the above example contains elements
of constant strength only. For some cases it may be desirable to use elements of higher
order, where the density distribution varies within the element. Such elements are dis-
cussed in Sec. 38. Aquifers such as the one discussed in the present example often
exhibit, besides a continuous system of minor fractures, some large isolated fractures or
solution channels. We will discuss in Sec. 39 how such thin isolated features may be
modeled by the use of special analytic elements.
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(a)

(b)

Figure 6.26 Cross-sectional view (b) of streamlines in the vertical plane through the discharge
sireamlines shown in (a).

38 ELEMENTS OF ORDER HIGHER THAN ONE

All linear elements discussed so far are characterized by a jump in either the potential or
the stream function across the element, where the jump is a polynomial in terms of the
local dimensionless variable Z. We identify the order of the element with the order of this
polynomial. Thus, the line-doublet discussed in Sec. 35 is of the first order because the
jump in the potential varies linearly along the element, see (35.16). By the same token,
we refer to the line-sink presented in Sec. 25 as a line-sink of order one because the
jump in the stream function varies linearly along the element (see [25.25] and [25.26)),
even though the density distribution o is a constant. This anomaly in nomenclature is
the result of the difference in order between the rate of infiltration ¢ and the jump in the
stream function; the former is the derivative of the latter. By analogy with the line-sink,
we refer to an area-sink of constant density distribution -y as an area-sink of order 1.
We derived the complex potentials for the various elements in sufficiently general
terms that density distributions of various forms and orders may be readily obtained.
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Rather than presenting in this section scores of functions for higher order density dis-
tributions, we will select a few examples and emphasize the procedure rather than the
results. The reader may then obtain the complex potential for an element of desired
density distribution by following a similar procedure.

The Second-Order Line-Sink

The second-order line-sink has a density distribution that varies linearly between the

value & at the starting point % and the value & at the end point % of the element. The
complex potential (25.6) for a line-sink of length L and density distribution o,

Yo 12 1 )
Q= -2'; ln[i(z - z)(Z - A)]ELM (38.1)
-1
is written in terms of the dimensionless variables Z and A defined by (25.4),
a2 1,2
Z=X+iY=z—--§(lez] A:A.+t‘A;=6—i(-ﬂ (38.2)
1 1,2 )
3(z—2) 3(z—2)
The density distribution ¢ may be written in terms of A as
o=1G-0A+ 30+ (383)

This density distribution is the sum of one that varies linearly and a constant one. The
complex potential may thus be written as the sum of two complex potentials:

Q=0,+Q, " (384)

where the first one is due to the variable term in (38.3)
L +1 L +1
Q=g j (6 - DAINZ - A)MA + £ f G -NAW[LE - n]da  (38.5)
-1 =1

and the second complex potential is obtained from (25.8) by replacing o by %(é + gr).

_(@+d)L

Q
? 8n

{(Z+1DIEZ +1)=(Z - DInZ - ) +2I[4G - 2)] -2} (38:6)

The second integral in (38.5) vanishes. Writing (& —0)A as —(& — 6)(Z — A)+ (5 — 0)Z
and dA as —d(Z — A) in (38.5), we obtain

L2 1 %!
—(o —0) (Z = A)In(Z - A)d(Z — A)
™ Z+1
L 2 Z-1
——(—-0)Z In(Z — A)d(Z — A) (38.7)
8x Z41

Ql=
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Writing (Z — A)In(Z — A)d(Z — A) as § In(Z — A)?d(Z — A)? and integrating, we get

U= 26 -DIE - 10 - D= Y2+ P IZ + D) +2Z

(38.8)
-Z[(Z-DIZ - 1) = (Z+ DIn(Z + 1)) +2}
Combining terms, this simplifies to
=L _Hlz-nni=!
Q= l(nr{a o) [(Z 1)In 771 +2Z] (38.9)
The complex potential is obtained by adding the term (38.6) to (38.9),
_ L 2 1 2 Z-1
Q= 16«{ (@-0) [(z =Din 5 +2Z]
+2(0 +){(Z+DINZ +1) = (Z - DIn(Z - 1) (38.10)

+2In[4G - 2) —2}}

An examination of the behavior of the function 2, is left as an exercise for the reader.

Problem 38.1
Prove that the function 2, is of order 1/Z near infinity and determine a far-field expansion

for this function. Exmninemebehaviorofbothﬂandecarlhcpoims;andi.

Second-order line-sinks may be used either by themselves, or may be combined
in strings in the same way as was done for line-doublets in Sec. 35; the strengths o,

then, are associated with the nodal points z; of the string. For example, if a line-sink is

. . . 1 1 2 2 .
the j™ element in the string, then z = z;, 0 = 0}, z = 2j41, and 0 = 0;4). Especially

when used in strings, second-order line-sinks are economical; a string of n second-order
line-sinks has n + 1 degrees of freedom as compared to the n degrees of freedom of a
string of n first-order line-sinks. The string of second-order line-sinks has the advantage
that the strength distribution is continuous at the nodes.

The Second-Order Line-Doublet

The line-doublet of the first order used for modeling inhomogeneities (see Sec. 35) does
not always yield accurate results. For example, if the hydraulic conductivity inside the
inhomogeneity is much lower than outside (e.g., if k*/k~ = 100), a higher accuracy for
a given number of degrees of freedom is obtained by using second-order line-doublets.
A detailed discussion of the reasons for this gain in accuracy is given by Strack and
Haitjema [1981(b)]; here it will suffice to present plots of piezometric contours for
modeling a circular inhomogeneity in a confined aquifer with 28 line-doublets of the first
order (Figure 6.27) and of the second order (Figure 6.28). The solid piezometric contours
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Figure 6.27 Piczometric contours obtained from the exact solution (solid curves) and by the use
of first-order line-doublets (dotted curves).

were obtained from an exact solution; the dotted piezometric contours were obtained by
the use of the computer program SLAEM.
The general complex potential for a line-doublet is given by (25.73)
A2y, Z-1
Q=——In—+1 .

i nz+1+tp(Z) (38.11)
The complex potential for the second-order line-doublet is obtained by adding a term 2°
to the complex potential (35.19) that contributes to the strengths A with a second-order
polynomial that vanishes at the end points of the element:

1 Zm — 1

. _ _ " y* 2 _
Q= -5\, [{zm Din 2=

+ p'(Zm)] (38.12)

where )%, represents the jump in the real part of * at the center of the m'™" element.

The function p*(Z,,) is a polynomial chosen such that Q* is of order 1/Z,, near infinity.

Since the logarithm behaves near infinity as —2/Z, + O(1/23,), it follows that p*(Zm)

is of order one, and (38.12) may be written as
1

«_ __~ \* 2 _
Q= -, [(zm I)In

Zm—1

Zn+1

+ 2Zm] (38.13)
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\
[

Figure 6.28 Piczometric contours obtained from the exact solution (solid curves) and by the use
of second-order line-doublets (doited curves).

The far-field expansion of (38.13) is obtained by expanding the logarithmic term
according to (35.22):

1 — —-2j+142 oo —2
2 =-5—N, —2§ ,Z +2z,,. (38.14)

or
1 - 1 1 -
0 =— —_— | ZZUH 38.15
mi "'{;[2.”1 -1 } R

Functions of the form (38.13) are added to the line-doublets of linear density

distribution presented in Sec. 35. The value f\,,, of A at the center of the element,
Zm =0, is equal to the sum of A}, and :—'!(/\m + A1)

c

’\m = f\:n + %{’\m + ’\m-l-l) (38.16)
so that (38.13) may be written as:

Q. = 2 ’\!NF‘(ZH‘!) - 'A F-(Zm} I'H+|F-(Z"l) (38-17)




454 Regional Aquifer Modeling Using the Analytic Element Method  Chap. 6

where

Zm—1

- _ 2 _
F (Zm)"(zm l)ll‘l Zm+l

+2Zn (38.18)

The complete complex potential for a second-order line-doublet is obtained by adding
(38.17) to the complex potential (35.19) for a first-order line-doublet:

l c
= 5= {AnlF(Zm) + }F"(Zn)) = MnF"(Zm) + Am+1[G(Zm) + 5F*(Zm)] }

(38.19)
The condition (35.8) is applied at the nodes, which yields a set of equations similar to
(35.37), with A, now defined as (compare[35.35]):

1
A“"’(Z‘éj""éj‘éj“}:a {%[G(gj_ﬂi- %F‘(?j_ﬂ-f' F(%j}'ﬁ' %F'(gj)]}

(38.20)
It may be noted that the value of Adb((sj,éj_|,6j,6j+l) may still be computed by the
use of (35.28) since F*(=1) = F*(+1) = 0. An additional set of equations is obtained
by applying the boundary condition (35.8) at the center of each element, where the jump

in potential equals A,.

The improvement resulting from this addition is evident by comparing the dotted
piezometric contours in Figure 6.28 with those in Figure 6.27. It may be noted that
the improvement obtained in this way is much more than is achieved by doubling the
number of first-order line-doublets.

It is possible to write the density distributions of a string of elements in such a
way that the derivatives of the distributions up to any given order are continuous at the
nodes. For example, in Strack [1982(a)] density distributions are presented of order 5 for
which the distribution along with its first- and second-order derivatives are continuous.
These functions have the disadvantage, however, of being complex, particularly in view
of implementation in a computer program, and will not be discussed here.

The Second-Order Triangular Area-Sink

We will discuss a second-order area-sink as a final example of a second-order element.
The area-sink is bounded by a triangle with vertices at r:&., fr;, and 33. where the side
between 2, and 2, is the longest one. The density distribution varies linearly between
the values %1. rjr;. and '?3 at the nodes with corresponding indices.

The triangle is transformed into a triangle in the ¢ plane by the transformation

(=[z-3G +2+z))e™™™ (38.21)
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where a, is the angle between the first side and the z axis (see Figure 6.29). The reader
may verify that the density distribution may be written as follows:

vy=a)§ +an+a3 (38.22)
where
o = Nim —m)+ ‘?z(ﬂ;A— m) + %3(m — m) (38.23)
= NE -8+ %:(5;; &)+ - &) (38.24)
N&am — &m) + 1o (Em — Eim) + Y3(Eam — &m)
24 (38.25)
and A is the area of the triangle,
A= 3 [&m - &m) + (Em — &) + Em — Em)) (38.26)
‘, <] (]
3
I‘T
E‘_v £
bl
& fl

Figure 6.29 Mapping the area-sink onto the ¢ plane.
The function ® introduced in Sec. 37 (compare [37.5]) is chosen as follows:
®= (a1’ + tan’ + Jas? (38.27)
This function satisfies the Poisson equation Vzii) = v, with v given by (38.22). The

third term corresponds to an area-sink of the first order, and we may use the solution

1 «
determined in Sec. 37 to incorporate that term. We write ¢ and Q as the sum of two
parts each:

@ =0 +dy Q=0+ (38.28)
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where
& =la€ + Lo’ @o=Lase? (38.29)

The complex potential icl‘ is determined in much the same way as was done in Sec. 37;
we will discuss the derivation below, leaving out some of the details of the algebraic
manipulations.

The Complex Potential a

We will follow the steps outlined in Sec. 37, and refer back to equations used for
the derivation for the case of constant density distribution. It is to be understood that
the symbols and functions in this section are somewhat different from those in Sec. 37;
it is left to the reader to substitute the proper symbols and functions without this being

mentioned in the text. We first determine the components of the discharge vector ég
i i
and Q; due to ®*:
Q:=-ja€ Q) =-ja’ (38.30)

and the component normal to side j is found by the use of (37.30),

C:?; - %a.fzsin(aj - ay) — %amzcos(aj —ap) (38.31)
j .

e
An expression for the doublet strength \* is obtained by the use of the first equality in
2

(37.31), replacing ® by ®* (see [38.29]),
3= —0" = -1, - Loy’ (38.32)

]

and the strength &* is found from the first equality in (37.32), using (38.31),
]

o* = 1a,€%sin(aj — ay) — Laxn* cos(aj — o) (38.33)

-

These functions may be expressed in terms of the local complex variable Z; by the use
of (37.35) and (37.36),

JJ\ =— o[} - E)Z; + D+ 6]

- sa2[5mj —iNZ; + D+ 7‘.'_,'13 (38.34)
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and
o' = Jaf36n —6NZ + D +&] sin(a; — o)

—3a2[3@in —NZ; + D) + ’b‘]1 cos(a; — 1) (38.35)
Integration of (37.40) gives with (38.35), after some elaboration,
it == e — )[4 = EP(Z; + 1)
]
+3Ein — §)6(Z; + 1 + 36(Z; + 1)
+ 3a2&01 — &[4 — ) (Z; + 1)
+ 3@jp1 — i (Z; + 1)’ + 3n3(Z; + 1)
+ f‘; (38.36)

where fx; represents the value of fx‘ at vertex j, where Z; = —1. A recursive relation
. . Jj
for the value of x” at vertex j + 1 is found from (38.36) by substituting +1 for Z;,
]

301 == Yai@i — mNE 41 + 660 +E))
+ Loy = )i Hmmin + 0D+ G2 D
(38.37)
where
g =0 (38.38)

An expression for the strength 5_\‘ + ip* is obtained from (38.34) and (38.36) which
J J
yields, after elaboration,

3\ +ifi* = 2Gm - G~ tla 1 — ) —iaaminn — ;) NZ; + 1)’
7

=@ — §)65 — a1 — 00025 + 1)?
@& —ia?)(Z; + D} - tai€] — o] + ik
(38.39)
This complex density distribution may be written in terms of ¢ by the use of (37.53) as

follows:

e . €4 1 .

§ i b~ = 6 — i K6 - 6

- 3Gt — i — &) — iar@mer — 1)) — G

=31 — GPME — iaP)C — &)} — dai€] — jaam; + it}
(38.40)
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In view of (38.37) we may write fx; as

i = ait; + art, (38.41)
where expressions for T j and :2r ; are obtained from (38.37) and (38.38) with n; =
+1=0 F=0 (38.42)
12=0  T2=3& - &omt (38.43)
‘:'3 = —-(fb f?z)(i; + 66+ 'fz
fi= L& - )R +mm+m) + & — & (38.44)

We may now add the density distribution due to the constant strength a3 to the function
(38.40) and obtain the following for the total density distribution (compare [37.60]):

where

—_ar 0=
A% o

oW
p%

oW wgn wg-
1!

A +ifi= Z“’“ [c;(’ + czC2 + ctC + Co] (38.45)
i m=1
‘!:3 - l(&}+l _5_1)
i \ G+ =G
2
2 _ ifMin T
7 6(CJ+1 *(j)
,},: 0 (38.46)
= 1IN — £) - 6(Gn - )
Z(Cj+1 —(,)2 J\Si+1 TS5 SASYR Y J
%éﬁ?—c—f&(ﬂﬂl ;) — [1;((j+1 — ¢5))
i+1 — &
g
_lﬁ“_‘!*_g-fc.[c.(f. — &) = 26:((; _.c.}] — g2
Z(Cj+l_c_i)2 7 155\85+1 Jj SALYR ) J 25;
'E?H—_c? Gi[¢imier — n3) = 205(G1 — G +3
i+
'f}-l-l EJ _ Ej (38.48)

CJ+| - CJ
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_%0 = %(—E—Ji‘*_:c%j Cf- [¢ii1 = &) = 361 = )]
€6 — 46 +i7;
§‘0= —éﬁ—_"’ G ¢imier = m3) = 305041 — )]
3G — du} + it
b= S EEGG G+ G - JE i, 084)

where 7; is identical 1o the variable ¥; introduced in Sec. 37,
‘.I"J' = UJ; (3850)

The density distribution may now be expressed in terms of the three strengths 5 e
Writing (38.23) through (38.26) as

m e

Ay = Z br‘]"r (38.51)

the function (38.45) becomes
/\ . b n 3 m 2 m m 38_52
+w Z'r Z [;.:;c + ¢ +J¢1C+fo] (38.52)

We may now introduce for each side three functions i,(() (r=1,2,3) as follows:

3 3
_ ™o lm o3 m g i v
=30, [fs( + +81C+Co] =Y dut (38.53)

J m=l

where the constants d,, are
J

,_,, Zb (38.54)

m=l
m m A
with ¢, given by (38.46) through (38.49) and b, obtained from (38.23) through (38.26)
i
and (38.51). The functions i, do not depend upon the values of f;,. and the density
]
distribution (38.52) may be expressed in terms of these functions as

A +ip= Z 'wrx,(o (38.55)

i r=1
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The complex potential !El may be written in a form similar to (37.57):
j

3
o 1 C—GCi+r ¢ ] 8.56
b= 535 [ Om < 450 (38356)

7

r=1

Expressions for the functions f;..(() are obtained from the far-field expansion of (38.56)
j
(compare [37.62]),
pr= t}ra(CjH =G+ (G — Cj)[%‘}rl((jﬂ +¢)+ ‘}rZ]C
b]
-%ﬁmhrwh+gmﬁﬂ—qumgH—g} (38.57)

It is left as an exercise for the reader to determine the far-field expansion for S?I following
1
the procedure outlined in Sec. 37 (compare [37.63)).
The complete complex potential 2 is obtained by the use of (37.51) and (38.56)

(Qa

3
Q=E!}+ —;ln(z—zn)

[

. (38.58)
C CJ+| € %)' _¢
Zwibxm y4+MMzn)

As for the area-sink of order 1, the potential is obtained for all points outside the triangle
as the real part of §2. For points inside the triangle, the potential is found from

®=d+0=RA+ L€ + Lo + Las€? (38.59)
or, using (38.51),
; 13 le 3, 2e 3 7¢ 2
®=RO+ € Z [br'TrE + b, 7em” + beYr€ ] (38.60)
r=1

Formally, the potential <i> may be obtained from (compare [37.75]):

P Sl B C‘] (38.61)

(-G (-G (-G

. 3
i 1 3 2 3 3. 2 c — C?
®= 2_ Z r'Tr& + br'Trff + br.frf ] [l“

r=1
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and a complex potential {2 may be introduced (compare [37.76)) as

CJC+I +Pr}

27
r= J’l

Q= Zwr Z {[%r(© + L6, + by + 5,69 In
]

(38.62)

Qu ln(z - z.)

with a real part equal to the potential @ for all points in the plane.

Problem 38.2
Determine the far-field expansion of the complex potentiai £2 in (38.58).

Problem 38.3
Determine an expression for the discharge function W.

Numerical Implementation
All coefficients involved in the functions x,.(() and p,.(() are independent of the

values of 1, and therefore may be computed al lhe begmmng of the execution of the
program and stored for further use. If the values of -y, are unknown, the complex potential
(38.62) may be used to generate the coefficients of the unknowns at the control points.
Once the values of "i,. have been determined, an increase in computational efficiency is
obtained by interchanging the order of the summations in (38.62); the time-consuming
computations of the logarithmic terms then need be performed three times per element
rather than nine times, taking advantage of the independence of the latter terms of the
index r.

39 ANALYTIC ELEMENTS FOR THIN ISOLATED FEATURES

There are a number of thin straight isolated features that may occur in an aquifer. Ex-
amples of such features are narrow canals or drainage ditches, drains, cracks or narrow
highly permeable gravel pockets, slurry walls, and sheet pilings. These features have in
common that high flow rates occur near the end points; it is important to include this
singular behavior in the function used to model the feature.

We discussed in Sec. 31 the complex potential for flow toward a finite canal (see
[31.34]), and for flow around an impermeable barrier (see [31.38]). It is possible to
generalize these complex potentials to a set of two functions that contain the proper
singular behavior near the tips of the element and possess degrees of freedom that can
be used to meet boundary conditions at a number of control points on the element.
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We will limit ourselves to the case that the element is straight, and refer to the
analytic elements as a double-root doublet and a double-root dipole. These two double-
root elements will be présented below, followed by a discussion of their application to
various groundwater flow problems.

The Double-Root Dipole

Let the end points of the element in the physical plane z = z + iy be denoted as z and
% and let Z be defined, as before, as

12
_z—%(z+z)

z
1G-2)

(39.1)

see Figure 6.30. The function x = x(Z) that maps the exterior of the element in the Z
plane onto the exterior of the unit circle in the x plane was determined in Sec. 31 (see
[31.33]), and has the form

X=Z+\V(Z-1)Z+1) (39.2)

with its inverse

1
Z=3x+-) (39.3)
X
O (]
: L
Y "
Als Al X .

Figure 6.30 Transformation of the element into a circle.

The complex potential for a line-dipole is defined such that its real part is continuous
and its imaginary part discontinuous across the element. If we represent this complex
potential as 2 = & + i\, then the conditions are

(39.4)

t_o =0
-1<X<l1 Y=0 {¢ }

Ut — 0T = pu(X)
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where 4 is the density distribution of the line-dipole. Furthermore, the complex potential
must be analytic everywhere outside the element including infinity; it must behave near
infinity as

Z—o00o N— % +0(Z27% (39.5)

where A is a constant and O stands for “order of.” In addition, we desire to create a
complex potential with a singular behavior near the tips of the element, similar to that of
the complex potentials derived in Sec. 31 for a thin canal and a thin impermeable object.
These singularities have the form of square roots, and enter into the complex potential
through the mapping function x = x(Z). Hence the desired complex potential may be
obtained as a function that is analytic for all x with |x| > 1 and meets the conditions
(39.4) and (39.5). For this purpose we first write the latter two conditions in terms of
x- Points on opposite sides of the slot are mapped onto points of the unit circle in the
x plane that are each other’s complex conjugate. This is seen from (39.2) as follows:

-1<X<1 Y=0* {:::gf::::} xt=X+iV1-X2 (39.6)
and

=0
_1<X<1 Y=0" {”g(z“) }x'=X—i\/I—X2 (39.7)
arg(Z — )= -7

The condition (39.4) may now be written in terms of x as

+t_0)= +) — Tt =
l<X<1  y=o RO -0)=RAKT-2ANHI=0 (39.8)
IO - 27) =30 - AxHI = p"(xH)

where
) = p(X6h) (39.9)
These conditions will be met if £2(x) is chosen such that
Q00 =200 (39.10)

The real parts of Q(x) and Q(X) will then be equal but their imaginary parts will be
opposite in sign. We see from (39.3) that the condition (39.5) implies that

X — 00 Q=?xf-+ou/x’) (39.11)

Consider the following function:

1
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This function fulfills the conditions (39.10) and (39.11) and is analytic for all x except
x = 0 which lies inside the unit circle, i.e., outside the region of interest. This function
therefore meets all requirements, and a complex potential for a double-root dipole with
n degrees of freedom may be written as

Q=3 ejf;00= > %’; (Sa; =0) (39.13)

j:l J'l

where a; are real constants. This function yields the following expression for p*(x*):

. = 1 1
W00=8)_a; [m‘ - a‘i‘] (3919
J:

where x+ may be written as e* and x~ as e=** (x* and x~ both are points on the unit
circle) so that (39.14) becomes

p00=9Y a;le™ -e) =9 ~2i ) a;sin(j0)| = -2 " a;sin(j8) (39.15)
i=1 j=1 j=1

Further degrees of freedom may be obtained by adding Laurent expansions about a
selected number of poles at points 6., (r = 1,2,... ,m), located inside the unit circle
and therefore outside the flow domain. Consider the functions Fj(x, 6;) and G;(x, ér)
defined as follows:

Fj(x, &) = LI 5 (6] <D (39.16)

] x| T (x _ 5,)1 (x —-_6-'_)3 T .

and

&
(x - 6r)j x - 3.-)3.
Both functions fulfill conditions of the form (39.10) and (39.11) and are analytic for all

x outside the unit circle and thus for all 2 in the flow domain. The complete complex
potential thus may be written as

Gj(x, 6-) =1 [ ] (6l < 1) (39.17)

=3 0,500+ 33 [0 +eGis)]  6918)
j=1 r=1 j=1

where m, is the number of terms in the Laurent expansions about 6, and 5,, and where
the coefficients a;, ?,-. and c; are real:
r

9a;=0 G=1,2...,m) Sb,=8¢,=0 (@=12..,m) (919
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Using (39.13), (39.16), and (39.17) the complex potential becomes

m m, 6 m,
Z =+ ZZ [(x I3 )3 (x _Br)j} (39.20)

Jxl r=1 j=1

where
Bj=b; +ic; (39.21)
If the analytic element is used to model a feature from which a total amount Qo of

water is being pumped, then a term Qo/(27) In x must be added to the complex potential
(compare [31.23]) and we obtain

m me 6
Z +3.3 ﬂj + 2 X (39.22)
= X = (X 6"}J x = &) 2w ’

It is left as an exercise for the reader to write an expression for u*(x*).

Problem 39.1
Determine an expression for u*(x*) =¥+ — ¥~ using the complex potential (39.22).

The Discharge Function

Many applications require an expression for the discharge function, which may be
obtained by the use of the chain rule:

dQ  dQdy dZ

=L T TR Zd (39.23)
It follows from (39.3) and (39.1) that
dy _ 1 1 2x? dZ 2
—_— = — = (39.24)
dZ g -2 x¥-1 dz  2_)

and we obtain the following for (39.23), after differentiation of (39.22) with respect to
Xs

W= Ja;_ ii Jﬁ: Jl?i‘sr Q. 42
e Xt &= 5P T =it | " 2mx

r=1 j=1 z_z)(x_l)

(39.25)
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It is possible to eliminate the function x from the complex potential and the discharge
function, but it is more efficient for numerical applications to retain x as a reference

parameter.
The Double-Root Doublet

The only difference between a double-root doublet and a double-root dipole is that the
real part of the complex potential jumps across the element rather than the imaginary
part. The complex potential thus is obtained by dividing the right-hand side in (39.20)
by 1:

m me [ Bsr B;br
Q= Z ;;ZI (x — 6, )j (x _zr)j (39.26)

The discharge function for the double-root doublet is obtained by dividing (39.25)
by i, with Qo = 0:

ja; m m, Jﬁ; J:@; 4X2
=1 X! ;JZ, (x — 6)J+1 (X"é )i+ {%_;)(Xz_l)

(39.27)
The two complex potentials (39.22) and (39.26) may be used to model the various aquifer
features mentioned earlier in this chapter. We will discuss such applications .below.

W=

o -

Applications of Double-Root Elements

The unknown constants a;, b;, and c; in the complex potentials for double-root elements
may be determined from conditions applied at control points on the elements. We will
refer to the first Laurent expansions in (39.22) and (39.26) as the central expansions and
to the remaining ones as the expansions about poles. The central expansion behaves
quite differently from the expansions about poles, depending upon the distance between
the poles and the boundary (the unit circle). The former expansions are equally effective
along the entire boundary, whereas the latter ones affect the behavior of the potential
primarily along the section of the boundary close to the poles. This effect is the more
pronounced the closer the poles are to the boundary. The combination of all expansions
therefore provides us with a complex potential that is useful for dealing with both local
influences as caused by a neighboring element that mainly affects a small section of the
element, and global effects due to uniform flow or elements that are far away.
Implementation of the double-root elements amounts to adding a number of com-
plex potentials of the form (39.22) and (39.26) to those for wells, line-sinks, area-sinks,
line-doublets, uniform flow, and global infiltration. For each element the number of
control points is set equal to the chosen number of degrees of freedom, and boundary
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conditions are applied at each control point according to the type of element. If the
element is a straight leaky wall the boundary conditions are of the form (36.4), and the
complex potential used to model the wall is that for a double-root doublet, see (39.26).
It is important to note that the application of this boundary condition requires that the
discharge function W be programmed for each function in the model. For the special
case that the wall is impermeable the boundary condition (36.4) is replaced by either
(36.9) or (36.11).

AN

D | (&

&>

Figure 631 Flow in the vertical plane between thin leaky layers. The factor k* /(kb*) equals
40.

Although the elements are intended primarily for use in a regional aquifer model,
they may be used equally well to model two-dimensional flow in the vertical plane. As
an example, consider the patterns of streamlines shown in Figures 6.31 and 6.32, where
flow in the vertical plane is depicted between closely-spaced thin horizontal layers. For
both cases, the flow domain is bounded by two impermeable parallel vertical walls
which may be considered as axes of symmetry in a pattern of layers that repeats itself ad
infinitum. For the case of Figure 6.31 the layers are leaky, i.e., the boundary conditions
are of the form (36.4); for the case of Figure 6.32 the layers are impermeable and the
boundary conditions are of the form (36.11). The vertical walls have 14 degrees of
freedom: the central expansions are of order 6 and account for 6 degrees of freedom.
There are 5 function pairs Fj and G; (m =5 in [39.18]), corresponding to 8 poles of .
order 1 (m, = 1), two of which lie on the real axis. Since G; does not contribute to
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expansions about points on the real axis (G; = 0 if 36, = 0), these 5 function pairs
correspond 10 2 + 2 * 3 = 8 degrees of freedom. The other elements all have 10 degrees
of freedom with 3 function pairs F; and G; accounting for 4 degrees of freedom and
a central polynomial of order 6. All poles are spaced uniformly in the x plane and are
a distance 0.5 from the origin. The distribution of poles both in the z and x planes is
shown in Figure 6.33. Note that the poles in the physical plane are not part of the flow
domain but lie on a different sheet of a Riemann surface; for a discussion on Riemann
surfaces, see Von Koppenfels and Stallmann [1959] or Strack [1972, 1973].

It may be noted that the boundary conditions along narrow cracks are rather similar
to those along thin layers, except that Q,, is replaced by Q, and ®+ — &~ by ¥+ —¥~.
The plot in Figure 6.31 therefore may also be interpreted as flow with a system of narrow
cracks with the curves representing equipotentials rather than streamlines, and the two
vertical walls equipotential boundaries.

=

=

Figure 632 Flow in the vertical plane between thin impermeable layers.

=

Problem 39.2
Figure 6.31 corresponds to flow with leaky walls characterized by kb*/(k*) = 40 (com-
pare [36.4]). Interpreting this figure as flow with a system of narrow cracks, determine the
transmissivity of the cracks, k*b®, in terms of the hydraulic conductivity of the aquifer.

It may be noted that the formulation presented here does not allow for the possibility
that the cracks intersect each other. Intersecting cracks may be modeled by adding a
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Figure 633 The distribution of poles in the z and x planes used to generate flow patiems in
Figure 6.31 and Figure 6.32.

special term to the analytic elements for each of the intersecting cracks. A discussion of
intersecting cracks is beyond the scope of this text; the interested reader is referred to
Strack [1982(a)] .

Thin ideal drains may be modeled by the use of the double-root dipoles (39.20); the
condition applied at the control points is of the form (36.15). If water is being pumped
from the drains, a logarithmic term is added to the potential (see [39.22]) to account for
the pumpage. The additional condition corresponding to the unknown discharge Qg is
that the potential ¢ 4 in (36.15) be equal to the value of the potential maintained along
the drain.

An example of such a case is illustrated in Figure 6.34 where piezometric contours
are shown for infiltration in an unconfined aquifer through a number of straight ditches.
The infiltrated water is captured by a set of wells that are spaced in such a way that
the travel times from the ditches to the wells vary, so that an average water quality is
obtained. Such systems are used, for example, in the Netherlands to recover water with
a chloride content that is the average of that of the river water infiltrated in the ditches,
which has a much higher chloride content in the summer than in the winter (see Huisman
and Olsthoomn [1983]). The number of degrees of freedom used for modeling each canal
is 10; the central polynomial is of order 6, and there are 3 function pairs F; and G;
accounting for 4 degrees of freedom.

40 TIP ELEMENTS

The double-root elements discussed in Sec. 39 have square-root singularities at their end
points. The singular behavior of the complex potential near the tips of the elements is
built into the function in order to obtain a better approximation of the high flow rates
occurring near the end point of the feature modeled by the element. The double-root
elements are useful for modeling straight isolated features with two end points, but are
not suitable for stringing together. We will construct in this section an element that has a
square-root singularity at one end point and at the other one behaves as the line-doublets
and line-dipoles (see Secs. 35 and 36). The tip elements may be used as the first and
last elements of strings of line-dipoles or line-doublets. These elements were used by
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Figure 634 Piczometric contours for flow from ditches toward drains in an unconfined aquifer.

Strack [1982(a)] in combination with fifth order line-doublets to model flow in cracks.
Characteristic for the tip elements is the single square-root singularity; we therefore refer
to these elements as single-root elements.

The Single-Root Line-Dipole

The complex potential for a single-root line-dipole suitable for modeling the tip of a
crack or the end point of a drain is determined in a transformed domain as follows (see

Figure 6.35). The element extends from the tip % to 7 and has an orientation a and a
length L,

Z-z=Le® (40.1)
We apply the transformation
z—2
X1 =1+ = 5 (40.2)
zZ—2

to map the element onto the segment

0<n <l w=0 (40.3)
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Figure 6.35 The tip element in the z, 3, and { planes.

in the x, plane of Figure 6.35(b). We establish the range of definition of arg y; such
that it is continuous throughout the slotted domain, i.e., with the branch cut along the
positive real axis:

O<argy, <27 (40.4)

The transformation

C=E+in=Vxi (40.5)

maps the slotted x; plane onto the upper half plane 3¢ > 0 shown in Figure 6.35(c).
The + side of the element is mapped onto the interval 33 =0, 0 < £ < | and the — side
onto the interval 7 =0, —1 < £ < 0. The range of definition of arg  is obtained from
(40.4) and (40.5) as

O<arg(<m (40.6)
We examine the complex potential €2, for a line-dipole along the interval
-1<¢€<1 n=0 (40.7)
with an analytic density distribution u(¢) (compare [25.52]),

KO,
= In C+l+ q(¢) (40.8)

where p(() and ¢(() are polynomials with real coefficients, so that
=0 Su)=0 Sg)=0 (40.9)

The coefticients of g(¢) may be expressed in terms of those of u(() by requiring that Q,
vanish at infinity. The density distribution u(¢) must be such that the real part ®, of
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0, is continuous and the imaginary part ¥, is discontinuous across the element in the 2z
plane:

oF-® =0 V¥ #0 (40.10)

We separate the real and imaginary part of the logarithm in (40.8) and obtain
©,(()+ W) =5 #(O [ ‘C ‘ + ﬂ] +9(0) 40.11)

where
0 =arg(( — 1) —arg(C+ 1) (40.12)
The variable ( is restricted to I¢ > 0 and the argument 6 is taken accordingly:
0<f<r (40.13)
Along the element, 8 equals 7 and we obtain for the real part of {2,

u(&)

7=0 —1<{<1 = ‘+q(€) (40.14)

IE +1
and for the imaginary part

n=0  -1<€<1 B©=52 @0as)

Opposite points at the + and — sides of the element in the physical plane are mapped
onto points (* and ¢~ of the £ axis that lie symmetrically with respect to the origin (see
Figure 6.35):

£+ = —6_‘ 1]+ = 'q_ =0 (40.16)
The condition that ® is continuous across the element thus implies that

TG [aded | _m=gh | ¢+ -

1 et
2 £ +1 2 +q(€™) — g(=€™) (40.17)

+ -
ot -o T

In

It follows that the functions p(£) and q(£) must fulfill the following conditions:

@ =-p(=§  q)=q(=5 (40.18)

Both conditions are met if u(¢) and ¢(¢) are polynomials of the form

pQO =3B )= dm(®" (40.19)
m=0

m=0
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where B,, and d,, are real:
3B, =0 Qd, =0 (m=0,1,2,...,n) (40.20)

With (40.5) this may be written as

B=VXi Y Bmx?  q=) dmx{ 4021)
m=0 m=0
and the complex potential (40.8) becomes
kB (Xl) -1
vXiin \/._ 1t “(x1) (40.22)
where
pO=Y Bax?® )= dmxi" (40.23)
m=0 m=0

An expression for the jump in ¥, across the element is obtained by the use of (40.15),
(40.16), and (40.18):

Ut — 07 = L[u(€h) - p(=€h)] = p€*) = yrip'(n) (40.24)

which indeed possesses a square-root singularity at the tip of the element. Both &, and
W, are continuous along the 7, axis outside the element as may be verified by the use
of (40.22).

Expressions for the coefficients d,, in terms of B,, are obtained by expanding
the complex potential (40.8) about infinity, requiring that all terms in the expansion of
order higher than (™! vanish. The first term in (40.8) yields an expansion of the form
(compare [35.22])

ﬂ(C) 2Am—3)+2 —
c+1 2;:;23 (Am=3 (¢ — o0) (40.25)

which contains even powers of ¢ only, with the highest power being 2n. The polynomial
q(¢) also is of order 2n and has even powers, so that the d,,, can indeed be chosen such
that all terms in (40.25) of order higher than (' vanish.

Problem 40.1
Prove that ®, and W, are continuous outside the element.

Application

The tip elements discussed above were used by Strack [1982(a)] to model flow
through fissures in a permeable medium. The cracks were modeled by using line-dipoles
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with polynomial density distributions of order 5. Tip elements of order 3 (n = 3in
[40.21]) were joined to the line-doublets at either end of the cracks. The approximate
solution to the problem of a single crack in a field of uniform flow, obtained by using
two tip elements and a third line-dipole in between, was nearly indistinguishable from
the exact solution.

The tip elements are particularly useful if the feature is not straight but modeled
by a string of elements that have different orientations.

The Single-Root Line-Doublet

The complex potential for a single-root line-doublet is obtained from that for the single-
root line-dipole simply by division by a factor of i and by replacing u* by A* and ¢* by
P

A'()n)

-1,
Vxiin ‘/_ l—tp(x:) (40.26)

where \* and p* are formally equal to u* and ¢°.

Problem 40.2
Determine the coefficients in the polynomial ¢*(x:) for the case that n = 1.

41 CURVILINEAR ELEMENTS

The complex potentials for line-dipoles and line-doublets were derived in Sec. 25 for
straight elements. The restriction to straight elements is not necessary and complex
potentials for curvilinear elements may be determined without much difficulty. The need
for curvilinear elements is limited in regional aquifer modeling, but there are applications
where the use of such elements is desirable.

In this section we will briefly discuss how curvilinear analytic elements may be
constructed and present the complex potential for a circular line-dipole as an example.
Circular analytic elements are useful for joining straight elements in modeling leaky
walls and cracks. In this way a complex potential may be obtained whose derivative
is finite at the nodal points, which is a desirable property because the derivative occurs
in the boundary condition. He [1987] modeled leaky walls by combining single-root
line-doublets, curvilinear line-doublets and straight line-doublets, and obtained excellent
agreement with an exact solution for flow in an aquifer with a leaky wall consisting of
two noncollinear finite straight segments.

The Complex Potential for a General Line-Dipole

The complex potential (25.52) for a straight line-dipole is written in terms of a dimen-
sionless variable Z. The derivation given between equations (25.43) and (25.52) may
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be carried out without reference to such a dimensionless variable and without specifying
the shape of the element. Such a derivation yields

u(z) -2
Q=-—i?ln T +4(2) 41.1)

zZ—=2Z

where z and 3. are the end points of the curvilinear element (see Figure 6.36[a]). We
separate the logarithm into its real and imaginary parts and obtain

2
Q=4 [ln Anid e z't?] +q(2) 412)
m Z—-2z
where
0 = arg(z — ) — arg(z — 2) (41.3)

(a) (b)

Figure 6.36 A curvilinear element.

As opposed 10 the case of a straight element, the angle 6 will vary along the element,
see Figure 6.36(b). The jump in 8, 6% — 68—, however, will be constant and equal to 2x
along the element, as is seen from Figure 6.36(b),

6t —6-=2n (41.4)
The jump in complex potential across the element thus may be written as follows:
QY - Q =iu(z.) (41.5)

where 2. represents an arbitrary point on the element. For a dipole distribution this jump
must be purely imaginary, so that the function p(z) must be real for z = z,,

Su(ze) =0 (41.6)

The construction of a curvilinear analytic element, therefore, amounts to determin-
ing a density distribution x(z) that is real along the element. The function ¢(z), then,
is used to remove any singularities that may have been introduced outside the element
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through the function u(z). Curvilinear analytic elements may, for example, be con-
structed along segments of streamlines of any flow net. Along such streamlines there
exists a function (namely the complex potential 2* used to generate the flow net) that has
a constant imaginary part. The function ;2 may thus be obtained as a polynomial in terms
of a variable Z = * — iW¥; where Vg is the value of ¥* along the streamline selected
from the flow net. Since Z will be both real and analytic along the element, representing
@ as a polynomial in terms of Z with real coefficients meets the requirement (41.6).
Depending on the flow net selected, the variable Z may have singularities outside the
element. The analytic element may be constructed in this way only if the singularities
may be removed by the use of the function g(z); the complex potential finally obtained
must be analytic everywhere outside the element, including infinity.

Certain analytic elements may be constructed by the use of conformal mapping:
the curve is transformed into a straight line along the real axis and the function pu(z)
written in terms of the new variable, which is real along the element. We will follow
the latter procedure for the case that the curve is a circular arc.

Mapping a Circular Element on a Straight Line

The analytic element lies on the circular arc between points z and % shown in Figure
6.37(a). The radius is R, z. is the complex coordinate of the center of the circular arc,
and z = § denotes the point located on the circle diametrically opposite to z.. The angle

at point z = § spanning the arc from ztoZis B and the line through Z and 7 is oriented
at an angle 4 with respect to the x axis. It may be noted that the angle 3 need not be
positive; we define § such that it is positive if the center of the circle lies at the positive
side of the element (as in Figure 6.37[a]), and negative if the center of the circle lies at
the negative side of the element.
The transformation (see Sec. 30)
z—6

= —iy
Z R e 41.7)

maps the circle in the z plane onto a circle of radius § in the Z plane. It follows from
(41.7) that z = é corresponds to Z = 0, and it may be seen by inspection of Figure
6.37(a) that

ze — 6 = 2Re'O-7/D (41.8)

so that z = z. corresponds to Z = —1, as follows from (41.7). Consider the transformation
1 .
(=cot? [E"} 41.9)

In order to investigate how the element is mapped by this transformation we represent
Z corresponding to a point ¢ of the circle by the use of Figure 6.37(b) as

Z =sinfe~*° (41.10)
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% 1
Y 8
/) ;
Ly
(a) (b) (©)
Figure 6.37 The element in the z, Z, and ( planes.
Substitution of this expression for Z in (41.9) yields
£if )
c=coc§[_ —i]:cmgcmo @L.1m
sin@

so that the element is mapped onto the real axis. At end points 1 and 2 the angle 8
equals the respective values 6, and 6, with

h=3+4 6,=3-4 41.12)

(XE]

and the corresponding values for {; and (; are obtained from (41.11) as
g,=co:§coa(g+§)=-i G=cotfco —£)=1 41.13)
Infinity, z = co and Z = oo, corresponds in the ( plane to (., with
(oo = —icot§ (41.14)
as follows from (41.9) by taking the limit for Z — oo.

The Complex Potential

The variable ( is real along the element; a density distribution that is real along the
element may be obtained by writing it as a polynomial in terms of ¢ with real coefficients:

wQ =Y anC™  San=0 (41.15)

m=0
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Substitution of this expression for p(({) in (41.1) yields,
2

1 « my Z—2
Q=E2amc In— + q(2) (41.16)
m=0 zZ—=2

where ( may be expressed in terms of z by the use of (41.9) and (41.7),

2Re™
<=°°“‘§[z*5 _t] 41.17)

It follows that the polynomial (41.15) may be viewed as the sum of the first n terms of
a Laurent expansion about z = §. Since the logarithm is analytic at z = §, the singular
behavior of the first term in (41.16) in turn may be expressed as a Laurent expansion
about z = 4. The function g(z) is chosen such that it cancels the n singular terms in the
Laurent expansion.

For the present case the analysis is best carried out entirely in terms of (. The
reader may verify by the use of (41.17) that

2
=z —enS! (41.18)
2—1  C+1

so that (41.16) may be written entirely in terms of { as

1 | <& -1
Q= {Zamcm [ln g — + —aﬂ] + q'{o} @1.19)

m=0

where
q9°(¢) = 2mq[2(Q)] (41.20)
Infinity in the 2 plane corresponds to ( = —icot -‘21 In order that the complex potential
vanishes at infinity in the z plane, it must be zero at { = —icot %’:
¢(=-icotd Q=0 41.21)

The complex potential must be analytic at z = §. This point corresponds to { = co and
the latter condition will be satisfied if {2 has an expansion about infinity of the following
form:

Q=m+ﬂ+%+_,, ¢ — o0 (41.22)
¢ ¢
where ¢, cy,..., are complex constants. The condition (41.22) implies with (41.19)

that ¢*(¢) may be written as follows:

n-—1

QO=-iBY an(™+co+ Y bi¢!  (3;=0) 41.23)

m=0 j=1



Sec. 41  Curvilinear Elements 479

where the real coefficients b; are to be determined from the condition (41.22). The con-
stant cp is chosen such that (41.21) is fulfilled; substitution of the expression for ¢y ob-
tained from (41.19), (41.21), and (41.22) in (41.19) yields, with In (oo — 1)/((oo + 1) =
—1f3 (see Figure 6.37[c]), and (41.23),

1 = m ¢—1 - - - m
0= 5;{Zam{ ln-—+t,82am(-—1colg-)

m=0 (+1 m=0

n—-1 (41.24)
+) b [C’ —(=icot 4y }

j=1

Expressions for the real coefficients b; in terms of a; may be obtained from the
condition (41.22) in the usual manner.

An expression for the jump Q* — Q™ is obtained from (41.24), where the logarithm
jumps by an amount 277 across the element:

QY -Q =it —0) = }:amg'ﬂ (41.25)

m=0

It may be noted that the behavior of this jump in the z plane is affected by the transfor-
mation ¢ = {(z). Using (41.11), ¥* — ¥~ may be expressed in terms of the angle 4 as
follows:

'IH_-;[;‘:iam [cot 4 core]” (41.26)

m=0

Choosing a linearly varying density distribution in the ¢ plane, n = 1, the density
distribution in the z plane is nonlinear:

Ut — ¥ =gy +acotdcotd 41.27)

The element presented above may be used to join two straight line-dipoles that
enclose an angle 3. The density distribution may then be chosen in such a way that the
discharge function is finite at the nodal points, thus obtaining an approximation that is
better than that obtained by omitting the circular element; the singularity in the discharge
function at the nodal points of strings of straight elements can be removed only if the
elements have the same inclinations. Detournay [1985] applied the above elements in an
approximate method for solving problems involving a free surface.

Problem 41.1
Determine the coefficients b; in (41.24) for the case that n = 1. Express the constants

ag and a, in terms of  at the center of the element and du/ds at points z and fz where s
is measured along the arc, in terms of the real constants ao and a,.



42 ANALYTIC ELEMENTS FOR CLOSED BOUNDARIES

We saw in Sec. 40 how analytic elements can be constructed for straight isolated thin
aquifer features. In this section we will generalize the approach to analytic elements for
isolated features with boundaries B of any shape. We refer to such elements as analytic
elements for closed boundaries. We call the elements one-sided if the flow in the interior
of B need not be modeled. One-sided elements are useful, for example, for modeling
impermeable objects or fully penetrating lakes. We call the elements two-sided if the
flow both outside and inside B must be considered. Two-sided analytic elements are
useful, for example, for modeling inhomogeneities and closed leaky walls or narrow
drainage ditches with finite hydraulic conductivity.

One-sided analytic elements can be constructed by first mapping the exterior of B
onto the exterior of the unit circle C in the x plane. An analytic element with the desired
number of degrees of freedom is obtained as the sum of Laurent expansions about points
6m (m=1,2,...,n) inside the unit circle. These elements are analytic throughout the
flow domain because the points §,, lie outside the map of the flow domain onto the x
plane. The derivation of the analytic elements in Sec. 39 relies on this procedure.

Two-sided analytic elements are more difficult to determine because they must
meet a specific jump condition; unless special measures are taken, the analytic elements
will exhibit a singular behavior at points inside the flow domain.

We will present in this section a general procedure for deriving two-sided analytic
elements, and apply this procedure to the case that B is the elliptical boundary of an
inhomogeneity.

480 Regional Aquiter Modeling Using the Analytic Element Method  Chap. 6
|
|

Two-Sided Analytic Elements for Closed Boundaries

We will derive an analytic element for a boundary B that divides the z plane into domains
D+ and D, see Figure 6.38, for the case that the jump conditions are

Qn-Q:=0 @2.1)
and
et - =240 42.2)
The linear transformation
Z=Az+B 42.3)

where A and B are complex constants, maps the infinite z plane of Figure 6.39(a) onto
the infinite dimensionless Z plane of Figure 6.39(b); | A| has the dimension of [L~'] and
| B| is dimensionless. B, is the map of B onto the Z plane.

The function

x = x(2) (42.4)

maps the exterior of the boundary Bz onto the exterior of the unit circle C in the x
plane of Figure 6.39(c). The function x = x(Z) can be obtained either by the use
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Figure 6.38 A two-sided analylic element.

of the Schwarz-Christoffel transformation if Bz is a polygon, or by using an exisling
transformation, or by using an approximate method of conformal mapping (e.g., Gaier
[1964], Bisshopp [1983], Detournay [1985]). We will assume that the function (42.4) is
known. The objective is 1o determine a complex potential that fulfills condition (42.1)
exactly, and possesses degrees of freedom that make it possible to match condition (42.2)

o 1o
at a given number of control points. Consider a function Q = ® + i¥ = ((z) chosen

such that
zinD~ (II = Sl?(::) (42.5)
zon B le= vy (42.6)
zin Dt fII =i1Y (42.7)

where W is a constant. This complex potential fulfills (42.1) in view of (42.6) (it makes
the boundary B into a streamline) and creates a jump &+ — ¢~:

zon B Pt — @ = —P(2) (42.8)

L [:]

(a) (b) (c)

Figure 6.39 Mapping the boundary B of the element onto the Z and ) planes.
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I
We will construct the potential £ in such a way that it has singularities in D™, so that we

2 1
must add a potential §2 that cancels the singularities of (2. Hence, the complete complex
potential for the analytic element is of the form

1 2
zinD~ Q=Qz) + Qz) (42.9)
2
zin DY Q=i+ Q(2) (42.10)
2
The complex potential {2(2) is continuous across B so that the condition (42.1) is not

disturbed and (42.8) remains valid. Finally, we impose the condition that €(z) is of
order 1/z at infinity:

z—o00 Q2 — Alz+0(1/2) (42.11)

where A is a constant.

]
The complex potential {2(z) may be determined by the use of conformal mapping;
the method is applicable to any boundary B that can be mapped onto the unit circle.

1
The Function Q(z)

1 1
We choose a function {2 such that it fulfills the condition that ¥ = ¥, along the
unit circle C in the x plane,

x| =1 \i! =Yy - (42.12)

and introduce a function lllm as
flzm = gx“‘ + Ex""‘ (42.13)

where a is a complex constant,
a=a + ig; (42.14)

i .
The imaginary part of the function h,, is zero along C as is seen by substituting e'? for
X|

1 . . . 3
hn(e'®) = ae'™ + @e ™ = 2R(ae'™) (42.15)

1
We introduce functions f,, and gy such that

1 1
B = a1 fom + @29m (42.16)
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thus

! 1 1 1
m " + — m =1 " (42-11)
fm=x"+2m 9 [x l]
Another function that yields a constant imaginary part along C is the following

one, which has poles of the first order at points 6; and b;':

1 . b -5 1
H,, =% U —_ — (42.18)
X- 6m p?n X - b;,'
where 4, and b are complex constants,
Om = P-ueiﬂ'“ Pm > 1 (42.19)
b=0b,+1ib, (42.20)

n m m

1
The value of SH,, along the unit circle is obtained by substituting e*® for x in (42.18),
which yields, combining terms and using (42.19),

(b - b/p )t + b/p etom — b/p,,,e‘“’“

l
0 10, m
m(e )=e e%if — (Pm + l/Pm)e'w+n“‘} + eliam

(42.21)

Division of both numerator and denominator by e*®+2m) yields

b/p'“ + l/pru(b - b)p_‘(s )

]
g m m
He) = os@ = am) = (o + 1/ @22

and we obtain for the imaginary part, writing b as b, +1b,,

! ) by
SHu(e%) = -2 (42.23)

pﬂl

so that lhe imaginary part of H wn 18 constant along C, as asserted. We introduce functions
F + Gm such that

1 1 1
H,,=b,F,, + b2G (42.29)
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where

%‘ — eit!m I 1
m x - 6:!‘ Pg,. X b!n

! ; 1 1 1
Gp, =ie'™™ i
[’“‘5"‘ pfnx_,s;,'}

(42.25)

It may be noted that these funclions represent dipoles at x = 6,, and image dipoles at

X = 6,,. . onenled normal (Fm) and langenual (G,,,) to the circle.
1 1
We define Q as a sum of n functions f.,,, g,... and m, functions F,, and G,, as

follows:

"y,

1 " 1 1 1
= Z [gifm(X) + gzsl'm(x)] + Z [£| Fo(x) + EFG”‘(X) + @ (42.26)

m=1 m=l

The constant ®} is added to provide the capability of modeling a constant jump in the
1 1 1
potential. The functions f,, and g, are given by (42.17) and F,, and G,, by (42.25).
1
Each of these functions has singular points inside the flow domain: the functions f,

1 1

and _ér,,, are of order Z™ near infinity and the functions F',, and G,, have poles of the

first order at x = &, (these points lie outside the unit circle (see [42.19]) and therefore
2

correspond to points inside the flow domain). We will determine the function (2 such
that the above singularities are removable.

: 2
The Complex Potential

2
We write () as a sum of functions analogous to (42.26):

n

2 2 2 2
Q=% [glfm(Z) + 325,.(2)} +y [,t; 1Fm(Z) + b2Gm(2) 42.27)

m=|

m,

m=l|

2 2 2
where the functions f,, ;m, F,., and G,, are chosen such that the singularities of
1 1 1 1
fmy gm, F,., and G,, are removable. The function Q2 is defined as a constant inside

the inhomogeneity (see [42.7]) and lherefore the smgulamws of (42.26) inside the unit

circle are of no concemn. The functions f m and gm are analytic for all remaining Y,
except near infinity where

1 Cm
X—00 fm—=X"  Gm—iX (42.28)
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1
The singularities of the functions f,, and g, differ by a factor of i so that

2 2
Im =1tfm (42.29)

Infinity in the Z plane corresponds to infinity in the x plane in such a way that a
large circle in the Z plane corresponds to a large circle in the x plane. Therefore the
function x may be represented as follows for Z — oo:

x=2) Bz (42.30)
3=0

where the coefficients 3] are obtained by expanding the mapping function x = x(2)
about 1/Z = 0. Raising both sides of this equation to the power m, we obtain an
expansion of the form

X" =2 Bz @231)
=0

m
The coefficients 3; may be expressed in terms of the coefficients 3] by the use of an

2
algorithm employing a technique outlined in Appendix A. The function f,, is chosen
such that it cancels all terms in (42.31) of an order higher than Z~'. This yields

2 " .
fm == Eﬁjzm_J (42.32)

1=0

2 2 1 1

The functions F',, and G,, must remove the singularities of F,, and G,,. The

points é,, lie outside the unit circle (see [42.19]) and correspond to points in the flow

domain, whereas the points 6:] lie inside the unit circle and correspond to points outside
1 1

the flow domain; the singularities of F',, and G,, that need be removed are those at 6,,.

1 1
The coefficients of the singularities of G,,, differ from those of F',, by a factor of i so
that

2 2
Gm=1iFn (42.33)

We denote as d,, the point in the Z plane that corresponds to x = 6,,,
On = x(dm) (42.34)

The function x = x(Z) is analytic at d,,,; it may be expanded in a Taylor series about
that point:

X~ b = (Z = du) [X ) + X i) 7 _ g 4] (42.35)
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Because the mapping is conformal at Z = d,,,, the derivative of the mapping function is
unequal to zero there:

xX'(dn) #0 (42.36)

1
The function F, in (42.25) may thus be expanded about Z = d,,, as

ﬂl

! ia 1 1
Fn=e "‘{Z_dm[Bo+Bl(Z—d,n)+...]—Fm } (42.37)

where

n -1
(m)(Z dn) +.. ] (42.38)

Bo+ Bi(Z —dm) +... [ "(dm) +
For the present case we only need to compute the coefficients By and B; because the
poles at d,,, are of order 1. It follows that

1 B, = -\ x"(dm)

By= ——— PR D L
" X'(dm) TP

(42.39)

2

The functions F',, must cancel both the singular term and the constant in the expansion
|

of F,, about d,, so that

2 _ B .
Fp = —e'om [Z-—':fm -+ B1] (42.40)

The functions ;,,, and (z?m are obtained in terms of ;’m and Iz"'m by the use of
(42.29) and (42.33), so that all functiori are known. It may be noted that functions
exhibiting higher order poles at §,, and 6,,' may be added if necessary.

For numerical applications it is advisable to determine a far-field expansion and
expansions about the poles, to be used for large values of Z, and in the neighborhood of
the poles. The singular terms in these expansions are to be eliminated analytically, i.e.,
prior to numerical evaluation.

The complex potential presented so far exhibits a jump in potential across B while
having a continuous imaginary part. The analytic element can be used to model any
feature that requires such a jump condition, such as an inhomogeneity or a closed leaky
wall. A complex potential that exhibits a continuous potential and an imaginary part that
jumps across B is obtained simply by dividing the complex potential by a factor of i.

The analytic element presented in this section has the advantage over strings of
line-doublets and line-dipoles that all derivatives exist on either side of B, and that the
number of degrees of freedom is independent of the shape of B.

As an illustration, we will construct an analytic element for an elliptic inhomo-
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An Analytic Element for an Elliptic Inhomogeneity

If the boundary B is an ellipse, as shown in Figure 6.40(a), then the functions Z = Z(z),
Z = Z(x), and x = x(Z) are given by (31.2), (31.7), and (31.13) (compare Figures 5.4
and 5.5).

— . 2
Z= "2 pmia Z=%{x+3x~] x=Z2+JZ-nZ+n @241

The constants A, B, and « are given by (31.3) and (31.5):

Y¥=A2-B*’=A-B (42.42)

8, @

(a) (b) («©)

Figure 6.40 Mapping the exterior of the inhomogeneity onto the exterior of the unit circle.

Equation (42.30) becomes with (42.41):

2
X = [z+\/zz—q2] =Z[l+\/l— [%] ] 42.43)
The term between the brackets may be expanded in a Taylor series about Z~2 = (:
2 = .
L+4/1- [%] =S Bz (42.44)
=0

The coefficients 3] are obtained from expansions given in most mathematical handbooks
(e.g., Spiegel [1968]) and may be obtained from the following recursive relation:

i3
=2 Bi=-pt BT (=230 @)
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The expansion (42.31) about Z~! = 0 is obtained by raising the expansion (42.44) to the
power m and multiplying the result by Z™:

i m . o0 m .
m_ zm Z ng—ZJ - Zgjzm-h (Z — ) (42.46)
s -

m
As mentioned, the coefficients 3; may be determined by the use of an elementary
computer routine employing a technique outlined in Appendix A.
2

The function f,,, must cancel all terms in (42.46) that are of an order higher than
Z~'. Considering even and odd values of m separately, we obtain

2

2 r.om 3 r
fm=f2r =*’Zﬁjzzr_2j =_Z'Er—vzzv (r=0,1,2,...)
j=0 v=0

(42.47)
2

2 r.m . T om
fm‘_‘f]r+l = _Zﬁjzlr-hﬂ - _Z-ﬁr—uzzv+] (T‘=0,l‘2,...)
v=0

j=0
(42.48)
The point in the Z plane that corresponds to x = é,, is d,, with
2
dn=3bm+ ) bm=dm+ VB, -7 (42.49)

2
The function F',, is given by (42.40) with (42.39), which involves the first- and second-
order derivatives of x with respect to Z. The latter derivatives are obtained from (42.41)
as

X' = _Z_'.'_'_ vVZ -+ X" = _..:f._.,_ (42.50)
/Zz'_"__ 72 (Z2 - 72)3{2 :
so that '
+ /42, b
X'(dm) = G = (42.51)
V& - 12 bm — dm
and
" _72 "72
X (dm) = TP G = d) (42.52)
where use is made of (42.49). Combmmg these expressions with equations (42.39) for
the coefficients By and B, and using the result in (42.40), we obtain /
2 N e“'"‘ Jm d 4 72 /6
Fp, = 5. | Z -4, + 3 —d. ] (42.53)
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The functions _5,,. and E}’m are obtained from (42.29) and (42.32), (42.33) and (42.53),
so that all functions in the expression (42.27) for !gl are known The far-field expansion
of Q is obtained by combining each pair of functions fm and f,,,. writing the term x™

in f,,. in terms of Z by the use of(4246) Theconslam and all singular terms in the

expansion of fm will be canceled by f,,, Expansions of F about the poles at Z = d,,
should be used for evaluating (2 in the m:ghborhood of these poles; note that the singular

terms in this expansion will be cancelled by F,,,.

Applications

The complex potential for the analytic element is given by (42.9) and (42.10). The
only term in these expressions that needs yet be determined is the constant ¥, which

1 1
equals the constant value of ¥ generated by 0 along the ellipse. The contribution to
Wy of the first sum in (42.26) is zero and the contributions of the second sum are found
from (42.23) and (42.24) so that

Uo=-% ™ (42.54)

The complex potential has 2n + 2m, + 1 degrees of freedom: the real constants
ai, az, ,E’,‘l' :?;2. and ®;. Boundary conditions therefore are applied at 2n + 2m, + 1
control points chosen on the ellipse. The analytic elements may be added together to
model flow with a number of elliptic inhomogeneities, and may be combined with the
functions presented earlier in this chapter.

In Figure 6.41, a plot is shown of piezometric contours and streamlines for flow
in a confined aquifer with a uniform far field and seven elliptic inhomogeneities, each
with a hydraulic conductivity ten times higher than that of the remaining portion of the
aquifer. For each analytic element, the order n of the central polynomial is four, and
each element has four poles, so that m, = 4. Thus, each element has 2n+2m, +1=17
degrees of freedom. A detail of the plot is shown in Figure 6.42.

As an illustration, we will apply the analytic element to the case of an elliptic
inhomogeneity in a field of uniform flow. We will see that an exact solution is obtained
for that case.

We solve the problem by adding the complex potential 2, for uniform flow to the
analytic element. The complex potential (2, for uniform flow with discharge Qo inclined
at an angle § to the z axis is

Qg = —Qoze " + C, : (42.55)

where C, is an arbitrary complex constant, chosen such that the complex potential 2,
may be written in terms of Z as (compare [42.41])

Qg =—(a+ b)Qoe P~ Z + &, (42.56)
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Figure 6.42 Detail of the flow pattem shown in Figure 6.41.

where @ is a real constant. Addition of the complex potential for the analytic element
to (42.56) yields

1 2 .
zinD~™ Q=Q+0Q-(a+b)Qoe "P~MZ + &, 42.57)

2 )
zin DY Q=iV+ Q- (a+b)Qoe P 2Z + @, (42.58)
1
We will choose a function 2 with only three degrees of freedom:

b ! 1 1
= ‘lllfl(X)'f‘ tllzsln(x) + & = a [x + ;] + (llzi [x - ;] + 95 (42.59)
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so that

Yo=0 (42.60)

2
and (2 becomes, with (42.48) and (42.29),

2 2

Q=aifi+ tllzsu = —aiBoZ — iarfoZ 42.61)
where (see [42.45])
Bo=0 =2 (42.62)
so that
Q= —201Z - 2i0Z (42.63)

There-are three degrees of freedom and we choose the corresponding control points at
x =1, x =—1, and x = 1. The values for Z at these points are obtained from (42.41)
as Z=3(1+9)=A,Z=-3(1++%)=-Aand Z = i(1 - +*) = iB. Application of
the condition (35.4) at these three points yields with (42.57) through (42.61), and with

@+ — & = —dand (k* — k-)/k~ =v
~®; — 20, = v( 2011 - A) — (a + b)AQocos(B — ) + ®5 + Bg]  (42.64)
-G +2a, = u[——Z?I(l — A)+ (@ +b)AQocos(B — a) + B5 + ®g]  (42.65)
=95 +2a2 = v[-2a(1 - B) = (a + H)BQosin(3 ~ a) + 5 + &g]  (42.66)

Weusethat 1 - A=B,1 - B=A, (a+b)A=a, (a+b)B =b (see [42.42]) and solve
this system of three equations in three unknowns, which yields

eV _ avQpcos(f — a) _ Qo sin(f3 — a)
®=-1% 9078 T T T 20+ Av) il
where
+ _ —_—
sk k_" (42.68)

It is of interest to note that this solution is exact. The reader may verify this by
setting x = €'? in the expressions for 2, using (42.41) to express Z for points on the
ellipse as 3(e? +y?e~*%) = Acos + iBsin#.

Problem 42.1
Prove that the complex potential given by (42.57) and (42.58) with the constants given
by (42.67) and (42.68) is an exact solution for an elliptic inhomogeneity in a field of uni-
form flow. )
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Problem 42.2
Write a computer program to model a set of two elliptic inhomogeneities in a field of
uniform flow, with m, = 0.

Problem 42.3
Apply the technique outlined in equations (42.5) through (42.11) to solve the problem
of a well of discharge Q and located at z = 0, y = d in an infinite aquifer. The hydraulic
conductivity is k¥ in the upper half plane y > 0 and k™ in the lower half plane y < 0.
Demonstrate that the solution exactly meets the boundary conditions. (Solve the problem

i
by setting 2 equal to AlIn(z* + d?) + ®5 in y <0 and to zero in y > 0)

43 MODELING FLOW IN TWO AQUIFERS SEPARATED BY A THIN
LAYER

The analytic element method is not restricted to single aquifers; it may be applied
equally well to systems of one or more stacked aquifers separated by layers that are
either impermeable or leaky. In this section we will discuss the modeling of a system
of two aquifers separated by a horizontal thin discontinuous bed that extends throughout
the aquifer system. The separating bed is impermeable, but may locally be leaky. The
upper boundary of the aquifer system is a phreatic surface; the upper aquifer is always
unconfined and the lower one may either be confined or unconfined as shown in Figure
6.43. The analytic elements used in the model are the same as those presented in this
chapter, but the formulation of the problem and the application of boundary conditions
are different from the single-layer model.

We formulate the problem in terms of three potentials: a comprehensive potential

®, a potential :I" defined in the upper aquifer, and a potential d'n‘- defined in the lower
aquifer. The formulation of problems of flow in systems of two aquifers separated by a
thin impermeable layer by the use of the latter three potentials is discussed in Sec. 12; the
reader should be familiar with the material covered in that section before proceeding to
read the material presented below, which closely follows Strack and Haitjema [1981(a)]
and [1981(b)).

We will consider the case that the aquifer system consists of two layers with
different hydraulic conductivities, with the interface between these layers at the same
elevation as the separating bed. The latter elevation is represented as H and the hydraulic

]
conductivities in the upper and lower aquifers as I‘; and k:

]
0<z;<H k=k @3.1)
H<zy k=k 32)

Adhering to the notation used in Sec. 12, we represent the comprehensive potential in
d
the zone without separating bed as é' and in the zone with separating bed as ®, where
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section A A’
Figure 6.43 The aquifer system in plan view.
] u ] ]
®=1k(@-H?+kHo—kH® $>H (43.3)
s k2
® = 3k¢ ¢<H (43.4)
d u ]
o=0+® (43.5)
where the potentials in the upper and lower aquifers are given as
u u u
$ = k(¢ — H) (43.6)
and
[ | ] 2 ]
®=kH¢ — 3kH ¢ >H 43.7)
{ i ]
® =1k¢? ¢ <H 43.8)

The comprehensive potential is defined in the zone where the separating bed is absent as

s

=9 (43.9)
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and in the zone where the separating bed is present as

d
=9 (43.10)

s d
with ® and @ given by (43.3) through (43.8).
Formulation of the Problem

The problem is solved in four steps. First, the comprehensive potential is determined as
a function of position by solving a boundary value problem formulated in terms of this
potential. Second, the comprehensive potential is used to determine the heads along the

boundaries of the openings in the separating bed. Third, the potential <I> is determined
by solving the boundary-value problem in the upper aquifer, using the heads along the
boundaries of the openings as internal boundary conditions along with the other ones
specified for the upper aquifer. Fourth, the potential in the lower aquifer is obtained as
the difference between the potentials in the upper and lower aquifers.

Restriction is made at first to the case that the separating layer is impermeable;
zones where leakage occurs through this layer are treated toward the end of this section.

Homogeneous Hydraulic Conductivity

We will present the systems of equations for the unknown parameters in the functions

and @ for the case that the hydraulic conductivity is homogeneous throughout the aquifer
system.

The Comprehensive Potential

The comprehensive potential is separated into two functions U and V/, as was done
in Sec. 34 for the case of a single aquifer. U contains the functions with unknown
coefficients and V' those with known ones,

d=U+V 43.11)

These functions consist of a summation of analytic elements. For simplicity we consider
the case here that U contains only line-sinks; the addition of other elements and their
corresponding boundary conditions is straightforward and will not be discussed. We will
assume initially that n;, line-sinks are used to model creeks with given heads, and that
these creeks penetrate both aquifers. The heads in both the upper and lower aquifers
then are known at the centers of these line-sinks, and the corresponding values of the
comprehensive potential, ?.,. v=12,...,n,, may be computed by the use of (43.9)

and (43.10). This leads to the following n;, equations (compare [34.17]):

N,
v=)_ 0iAi (LG43, 25, 5] +CO+V [4@+2)]  @w=1,2,...,m,) @3.12)
=1
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where C, is a real constant. If the heads in both aquifers at some reference point z are
known and the corresponding value of ® is ?. then the condition at the reference point

1S
¢ =U(z20) + C1 + V(z0) (43.13)

The above system of n;, + 1 equations may be solved for the n;, + 1 unknowns a;
UG =12,...,m,) and C;. Afterward the comprehensive potential may be computed
for any point in the aquifer system. The head ¢, however, can be determined from the
comprehensive potential only inside the openings in the separating bed; this is done by
the use of (43.3) and (43.4).

The Potential in the Upper Aquifer

u u
The potential & is written as the sum of two functions U and ll:'.

u

d=U+V 43.14)

The comprehensive potential is used to determine the heads along the openings
in the separating layer. The boundary of each of these openings is discretized into a
number of straight line segments, treated as boundary segments with given heads and
modeled with line-sinks. We denote the number of line-sinks along the boundaries of
the openings as n,,.

The heads in the upper aquifer at the centers of the n;, line-sinks used to model
the creeks are known, and we represent the corresponding values of the potential in the
upper aquifer as %, (v=1,2,...,ny,). The conditions at the centers of these line-sinks

yield a system of n,;, equations:

u Tl u u u
?v = E ajAh [El(éu + %v), ‘Izj| ‘223] +Ci + V[%(‘lzv + gv)] w=12,...,n4)
3=l
(43.15)
where the ; represent the strengths of the line-sinks in the upper aquifer and C, is a
real constant. .
The values of @ at the centers of the line-sinks along the boundaries of the openings
u

are computed from the heads by the use of (43.6) and are represented as ¢, (v =
s+ 1,m +2,... ,ny, + ng). The corresponding n, equations are

u ntng - u
?u = oina[%(;-'v + gv}’ éjsij] + CI + V[%{%v + ;,)]
3=l
(V=ﬂh+ l:nls +2|--° 1y s +na) (43]6)
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u u
If the value of ® at z = zg is ‘ob. then the condition at this reference point becomes

=U(z0) + C1 + V(z0) @3.17)

The system of ny, +n,+ 1 equanons given by (43 15) lhrough (43.17) is solved for the
ny, + n, unknown strengths o ; and the constant C 1, so that Q can be determined at any

point of the upper aquifer. The potential in the lower aquifer, d>, is obtained from

! u
d=0-9 (43.18)

Heads are computed from the potentials by the use of equations (43.3) through (43.10).

A complication arises if some of the creeks do not intersect the separating layer;
in that case they occur in the upper aquifer only, and the heads in the lower aquifer
undemneath these line-sinks are unknown so that the values <b in (43.12) cannot be
determined a priori. Such cases are treated by the use of an iterative procedure as
follows. Let there be 71, line-sinks in the upper aquifer only. For the first iteration, the
heads at points in the lower aquifer undereath the centers of these line-sinks are set equal
to the heads in the upper aquifer (i.e., the creeks are assumed to be connected to both
aquifers). These line-sinks then are included in the equations (43.12), which together with
(43.13) are solved for the unknown coefficients in the expression for the comprehensive
potential. Second, the heads along the edges of the openings are determined, and the
number of equations in (43.15) is increased by n;, Solving these equations together with
(43.16) and (43.17) yields the unknown parameters in the upper potential. The solution
will be inaccurate: the heads at the control points on the boundaries of the openings
computed from the comprehensive potential and from the potential for the upper aquifer
will be different. For the second and further iterations, the line-sinks in the upper aquifer
are entered in the function V' of the comprehensive potential, treating the ny, strengths
o; as knowns. New values are obtained for the heads at the control points along the
boundaries of the openings, and the problem in the upper aquifer is solved again. The

iteration cycle is continued, computing the potentials ¢ and ® in tumn, until the heads
along the openings obtained from these two potentials are sufficiently close.

Inhomogeneous Hydraulic Conductivity

Inhomogeneities in the hydraulic conductivity are modeled in much the same way as for
the single-aquifer model. We will highlight the differences between the latter model and
the present one, rather than presenting a complete discussion of the approach, covering
two cases: (1) inhomogeneities lie only in the upper aquifer, and (2) they lie only in the
lower one.




Sec. 43 Modeling Flow in Two Aquifers Separated by a Thin Layer 497

Upper Aquifer
The conditions along the boundaries of the inhomogeneities in terms of the potential
@ are obtained from (35.4),

A=dt — - = *";-_*‘ & (43.19)

where A represents the jump in potential across the boundary of the inhomogeneity in the
upper aquifer, and the — refers to the exterior of the inhomogeneity. The boundaries of
the inhomogeneities are discretized as explained in Sec. 35, and line-doubleis are added
for each boundary section both to the comprehensive potential and to the potential for
the upper aquifer. An iterative procedure is applied, similar to the one used for line-sinks

u u {
in the upper aquifer. The jump A in @ is equal to the jump A in @ since @ is continuous,

A=A (43.20)

and for the first iteration the heads in the upper and lower aquifers are assumed to be
the same at the control points of the inhomogeneities. The line-doublets are added to the

system of equations for ¢, and the problem for :I; is solved using ¢ 1o compute the heads
at the control points on the boundaries of the openings, with the line-doublets included

in the system of equations for ®. For the second and further iterations, the heads in
the lower aquifer below the control points on the boundaries of the inhomogeneities are
taken from the results of the previous iteration. The iteration cycle is continued until the
heads along the boundaries of the openings meet some prescribed accuracy.

Lower Aquifer

Inhomogeneities in the lower aquifer are treated in a similar fashion. However,
the inhomogeneities now enter only in the comprehensive potential; they do not enter in
u

the expression for . The problem is solved iteratively, initially taking the heads in the
upper aquifer above the control points on the boundaries of the inhomogeneities equal
to those in the lower aquifer. For further iterations, the heads in the upper aquifer above
the latter control points are taken from the previous iteration.

Leakage Through the Separating Bed

Leakage through the thin layer that separates the two aquifers may be incorporated by
the use of area-sinks. Since, by continuity of flow, the amount of water leaking from
the upper aquifer must enter the lower one, and vice versa, the strengths 7y and '5; of the
area-sinks must be equal and opposite in sign:

3= @3.21)
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The leakage therefore does not affect the comprehensive potential and only enters in the

problem for flow in the upper aquifer. The leakage through the dividing layer is equal
to (compare [14.5]):

o
Q_—-

]
(¢ > H) (43.22)

u
7=
L

where c is the resistance of the clay layer and ¥ is positive if the leakage is from the upper
aquifer into the lower one. The potential in the upper aquifer is a quadratic function of

the head ; In order to obtain a system of linear equations, we linearize the potential ‘;
and apply an iterative procedure as explained below. We define F' as

F=¢-H (43.23)
and denote as F'* an estimate of F so that

F=F*"+¢ (43.24)

u
where we assume that ¢ is small with respect to F'. The potential ¢ may now be written
as

u u
® = k[(F*) +2F"c + €7 (43.25)
We neglect €2 with respect to the other terms between the brackets; the equation becomes
& ~ Lk[(F*) + 2F*¢] (43.26)

Solving this for e = F — F'* we obtain

®
— — }F" 4327
kF*

F-F*=

Using (43.23) to write :) as F'+ H, with F given by (43.27), and introducing a constant
®* such that

u

29"

F* = "
k

(43.28)

we obtain the following linearized expression for the head :S in terms of :Il':

bp=ad+b (43.29)
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where

b=H+ |2

2k 2k

—_—

(43.30)

l
Assuming at first that the lower aquifer is confined, the head ¢ may be expressed in
]
terms of @ by the use of (43.7) as follows:

Lo
¢=ad+b 43.31)

where

[~

H (43.32)

]
a=

b=

1
—
kH
The potential in the lower aquifer may be expressed as the difference between the com-
prehensive potential and the potential in the upper aquifer as follows:

! u

¢=0-¢ (43.33)

The leakage ; may now be expressed in terms of ¢ and 5 by the use of (43.22), (43.29),
(43.31), and (43.33) as follows:

5=Ad+Bo+C (43.34)
where
i+a a b—b !
A= = —= C= (¢ 2 H) (43.35)
[ [ c

If the lower aquifer is unconfined, the head below the separating layer equals the elevation
head, H, and the expression for 5 becomes

b — l
2B g<m (43.36)

=2

Using (43.29) the expressions for A, B, and C in (43.34) become for this case

b—H

1
A= B=0 C= Y (¢ < H) (43.37)

ERE-1

Leaky zones may be modeled by the use of area-sinks, which are added to the
expression for the potential ®. First, the comprehensive potential is determined as a
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function of position as explained above, noticing that the expression for the comprehen-

sive potential is not affected by the leakage. Second, an initial value for F* = ;‘ - H
is chosen, and conditions of the form (43.34) are applied at the control points of the
area-sinks, using computed values for ® at these points. A new value for F** is obtained

using the potential ®, which now may be evaluated at all control points, and a value

for t;; is computed to determine whether the flow in the lower aquifer below the control
points is confined or unconfined. The constants A, B, and C in (43.34) may now be
updated by the use of either (43.35) or (43.37). This procedure is set forth until a desired
accuracy is reached.

The Regional Effect of the Tennessee-Tombigbee Waterway

The analysis covered in this section is implemented for the case of an impermeable
separating bed in the computer program SYLENS written for the Nashville District of the
U.S. Army Corps of Engineers. Results obtained with the model are reported in Strack,
Haitjema and Melnyk [1980]. The following is extracted from the latter publication.

The model has been applied to simulate the impact of the divide-cut section of the
Tennessee-Tombigbee Waterway on the neighboring aquifer system. This waterway is
located in northeastern Mississippi and western-central Alabama, and connects the Ten-
nessee River with the Tombigbee River to facilitate southbound barge traffic to Mobile,
Alabama. The divide-cut section runs from Pickwick Lake, Tennessee, toward the Bay
Springs Reservoir, 40 km south of Pickwick Lake. The waterway alignment follows the
major creekbeds between Pickwick Lake and Bay Springs Reservoir.

Groundwater Regime

The groundwater flow in the area of the divide-cut section takes place primarily
in two formations: the Eutaw and the Gordo formations. The Eutaw formation contains
two members, both shown on the map of the areal geology reproduced in Figure 6.44.
The Gordo formation lies below the Eutaw except in the area to the east where the Eutaw
is absent. The creekbeds lie in alluvium deposits. The projected waterway is marked by
a black solid line running north-south through two of the major creekbeds.

A cross section through the aquifer system is sketched in Figure 6.45. The discon-
tinuous layer between the Eutaw and the Gordo aquifers is the McShan. Mississippian
rock forms the base of the Gordo.

The average flow in the Eutaw is controlled to a large extent by known conditions.
The aquifer body is fairly uniform and infiltration from rainfall is the main source of
recharge. Many creeks are connected to the Eutaw and provide a natural control of the
groundwater regime.

The flow in the Gordo aquifer is determined only to a limited extent by known
conditions. The aquifer body is nonuniform, with considerable variations in confined
thickness and hydraulic conductivity. Only a fraction of the creeks cut through the
separating McShan and into the Gordo, thus providing less natural control than in the
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Figure 6.45 The aquifer system in sectional view.

Eutaw. The recharge is less direct than in the Eutaw, and results from infiltration at the
outcrops and from leakage from the Eutaw in areas where the McShan is absent. Thus,
the groundwater regime in the Gordo is greatly affected by factors that are not known in
advance. The main two of these factors are (1) the locations of openings in the McShan,
and (2) the variations in hydraulic conductivity.

The draw-downs due to the waterway cut are expected to occur over larger distances
in the Gordo than in the Eutaw as a result of the lack of natural control in the former
aquifer. Therefore, the main thrust of the study has been toward obtaining insight in
the flow regime in the Gordo. However, the two aquifers interact hydraulically and the
entire system needs to be modeled as a unit.

The Model Aquifer System

The model aquifer system consists of two aquifers separated by a thin and discon-
tinuous aquiclude. The effect of the thin clay strata on the flow in the Eutaw is neglected;
this aquifer is modeled as a single unconfined aquifer. The McShan is approximated as
a horizontal aquiclude with openings and of infinitesimal thickness. The actual aquifer
bases dip at 1:200, but the flow is governed primarily by heads at creekbeds and outcrops,
rather than by the sloping beds. Thus, the beds may be taken to be horizontal without
introducing gross errors. .

Inhomogeneities in the hydraulic conductivity are included for the Gordo aquifer.
Creeks are modeled by using line-sinks. For the initial runs, the creeks are taken to
be effluent streams, i.e., the groundwater is assumed to flow toward the creeks. If the
model predicts some creeks to be influent rather than effluent streams, the conditions
along those creeks may be changed to account for the possibility that the groundwater
table is below the creekbeds. The creeks may be specified either to be connected to the
Eutaw or to both the Eutaw and the Gordo. Wells are incorporated in the model and
may be screened either in the Eutaw, or in the Gordo, or in both.

The layout of the creeks and openings as approximated in the model is given in
Figure 6.46(a). The solid lines represent creeks that are connected only to the Eutaw,
whereas creeks connected to both aquifers are reproduced as dashed lines. The five
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Figure 6.46 Layout of creeks (a) and cross section (b) of the model aquifer sysiem.

polygons along the eastern boundary correspond to openings in the McShan. A cross
section through the model aquifer system is sketched in Figure 6.46(b).

Review of the Modeling

The model predictions have evolved from a process of gradual refinement of input
data on the basis of experience gained during the course of the modeling. We will
discuss the main steps in this process to illustrate how the current view of the aquifer
configuration developed. The main effort of the modeling has been toward reproducing
the conditions that prevailed before excavation started; we will discuss only the modeling
of the latter conditions.

Modeling with Homogeneous Hydraulic Conductivity. The main parameters
adjusted during the initial stages of the modeling are the average hydraulic conductivity,
the average infiltration from rainfall, the openings in the dividing layer, and the creeks that
cut into the Gordo aquifer. Estimates of the average hydraulic conductivity were obtained
from several pumping tests and the average infiltration from rainfall was estimated from
field observations. The openings in the dividing layer shown in Figure 6.46 were known
to cut into the Gordo aquifer. Others were assumed to be connected to the Gordo during
a process of interactive modeling.

The piezometric levels produced for the Eutaw aquifer are proportional to the ratio
of rainfall () to hydraulic conductivity (k). It was attempted to select N/k such that
the piezometric levels in the Eutaw are below the soil surface at distances that maich
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observations. It appeared during the course of the modeling, however, that it was not
possible to obtain contour levels that fit well throughout the area modeled; the levels are
reproduced in Figure 6.47, which is to the same scale as the layout of Figure 6.46(a),
and corresponds to an infiltration rate of 11 inches per year and a hydraulic conductivity
of 7.78 feet per day, or a ratio of N/k of 3.23 « 10~%. It may be noted that the above
ratio for N/k was obtained without the benefit of the measured values for N and k, and
appeared afterward to be close to that estimated from field data.

Figure 6.47 Contour levels in the Eutaw for the input data of Figure 6.46(a). (Source: Strack,
Haitjema, and Melnyk [1980].)

The deviation between predicted and expected contour levels in the central portion
of the Eutaw indicated that the conditions in that area are different from those assumed
in the model.

Measured piezometric levels in the Gordo aquifer have led to estimated contour
levels represented as dashed-dotted curves in Figure 6.48. The shape of these contour
lines deviates significantly from those produced by the model and plotted as solid curves
in Figure 6.48. The bending of the dashed-dotted contours around the central area may
be explained by assuming that the two aquifers are connected in the central area. This
fits well with the high values predicted for piezometric levels in that area of the Eutaw.

On the basis of the above considerations, an opening in the separating layer was
assumed to exist in the central area and the size and position of this opening were adjusted
until the contour lines in the Gordo approximated those obtained from field observations.
The introduction of this opening into the model caused the piezometric levels in the Eutaw
to drop by about 20 feet and the contour lines in the Gordo approached those observed
(see Figure 6.49). The dashed-dotted lines in Figures 6.48 and 6.49 were obtained by
interpolation of data measured at the locations marked by stars in the figures.

Modeling with a Single Inhomogeneity in the Gordo. It appears from Figure
6.49 that an opening in the separating layer causes the predicted contours to bend in
much the same way as those obtained from field data. Thus, the bending of contours
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Figure 6.48 Contour levels in the Gordo for the input data of Figure 6.46(a). (Source: Strack,
Haitjema, and Melnyk [1980].)

\

Figure 6.49 Contour levels in the central portion of the Gordo with an opening in the dividing
layer. (Source: Strack, Haitjema, and Melnyk [1980).)

may be caused by recharge. There exists, however, an alternative explanation for the
curved shape of the contours. This explanation is that the transmissivity in the Gordo
would be high in an area that connects the eastern outcrop of the Gordo, a recharge
area, to the location where the sharp bend occurs in the observed 520 foot contour (see
Figure 6.49). The inhomogeneity with high transmissivity would act as a shortcut to
the recharge area, thus raising the levels and bending the contours around the tip of the
inhomogeneity.

A set of runs was made in order to investigate whether the inhomogeneity, without
recharge through an opening in the dividing layer, could lead to the observed contour
levels. The inhomogeneity was assumed to connect the recharge area to the area where
the contours bend, and to be highly permeable: 50 times as permeable as the remainder
of the Gordo. The contours obtained in this fashion indeed show the observed bending,
but the levels are too low. The results therefore indicate that there must be at least some
leakage from the Eutaw into the Gordo to cause the observed piezometric levels.
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Predictions Obtained for the Conditions Without the Waterway Present.
The measured contours discussed thus far could be matched by modeling either with
an opening in the dividing layer alone, or with a combination of an opening with an
inhomogeneity in the Gordo. There is evidence, however, in support of the latter sup-
position. The Gordo aquifer is known to be rather inhomogeneous in transmissivity, a
fact that is substantiated by the irregularities in a plot of the piezometric contours in the
Gordo determined by the United States Geological Survey.

A map prepared by the survey is reproduced in Figure 6.50. The map represents an
area that is considerably larger than that considered thus far, and the scale of the modeling
is increased accordingly. The bending contours discussed above appear at the left of the
map where they bend around the village of Holcut. The contours do not close, but bend
back toward the west in the areas to the north and south of Holcut. It has appeared from
modeling experiments that this shape of the contours can be obtained by assuming the
presence of a large inhomogeneity of high hydraulic conductivity that roughly covers the
area between Holcut, Midway and luka, and a smaller one near Bumnsville. It is further
seen from Figure 6.50 that the space between the contours increases in several areas. Such
widening of contours may be caused either by leakage or by a high transmissivity in the
areas of widening, or by a combination of both. It is inferred from the geology, however,
that the presence of inhomogeneities is the more likely cause for the anomalies in the
contours. Openings in the dividing layer therefore are included only where necessary
to obtain observed piezometric levels. The boundaries of the inhomogeneities and the
hydraulic conductivities were chosen such that the predicted contours roughly resemble
the observed ones. A diamond-shaped opening in the separating layer is introduced
in the central area near Holcut, in accordance with the supposition that a combination
of leakage and high transmissivity is responsible for the high piezometric levels in the
Gordo near Holcut.

Figure 6.51 Contour levels predicied for the Eutaw. (Source: Strack, Haitjema, and Melnyk
[1980].)
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Figure 6.52 Contour levels predicted for the Gordo.

The contours obtained for the above conditions are reproduced in Figure 6.51 and
Figures 6.52(a) and 6.52(b). The areas covered in Figures 6.51 and 6.52(a) correspond
to that represented in the map of the areal geology of Figure 6.44, whereas the scale of
Figure 6.52(b) matches that of Figure 6.50. The contour levels obtained for the Eutaw
are reproduced in Figure 6.51 where the straight lines represent creeks. The shaded
areas correspond to openings in the dividing layer. It is noted that the layout has been
changed somewhat from that used initially. The contour levels predicted for the Gordo are
reproduced in Figures 6.52(a) and (b), where the straight lines indicate creeks, the shaded
areas the openings in the dividing layer, and the areas surrounded by solid boundaries
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the inhomogeneities. The dashed-dotted lines correspond to the contours shown on the
map of Figure 6.50.

Uniform flows in both aquifers and some line-sinks were added for the final predic-
tions, in an attempt to simulate the effect of the aquifers surrounding the area modeled.
These were chosen to some extent on the basis of the geology and the topology and to
some extent by trial and error, and consist of long line elements that represent rivers,
and of uniform flows that correspond to gradients that are assumed to be present.

The model predictions reproduced in Figure 6.52 were judged to be sufficiently
realistic to conclude that the model could be used to predict the draw-downs caused by
the waterway. These predictions themselves, however, are of no particular interest for
the purposes of this text and will not be discussed.

It is of interest to note that an excavation was made near the small triangular
inhomogeneity shown in Figure 6.52. Large quantities of water had to be pumped in
order to leave the excavation dry, which provides evidence that the zone of high hydraulic
conductivity is indeed present.

The process of computer interactive modeling of the large aquifer system appeared
to be highly effective. The graphics make communication possible between experts of
entirely different backgrounds. This communication leads toward an insight into the
interaction between the various components of a complex system that may otherwise be
difficult to achieve.

The process requires very little initial field experimentation. Ideally, the field
experiments would be designed during the course of the modeling, thus limiting these to
a few critical ones. For example, a limited number of experiments would be sufficient to
prove or disprove the occurrence of inhomogeneities as assumed for the final predictions.

44 TRANSIENT EFFECTS, THREE-DIMENSIONAL EFFECTS,
AND COMPUTER PROGRAMS

This section contains some comments on the incorporation of transient effects and three-
dimensional effects in the analytic element method. We conclude this chapter with some
notes about the implementation of the analytic element method in computer models.

Transient Effects

As was shown in Sec. 16, transient and steady-state solutions may be superimposed
without violation of the differential equation. Thus, potentials for well functions of the
form (16.24) may be added to the analytic elements presented in this chapter, provided
that the density distributions of the analytic elements remain constant in time. This
implies that transient wells can be included as long as the transient effects on the analytic
elements can be neglected. Full generalization of the method to transient flow may
be realized by obtaining transient solutions for line-sinks, line-doublets, and area-sinks
by the use of the Theis solution, and superimposing these solutions to their steady-
state counterparts. Transient effects often are limited in extent, so that the transient
solutions might be added or removed dynamically, as the area of influence of the transient
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phenomena increases or decreases in time. Altemnatively, transient flow may be modeled
by the use of area-sinks as discussed by Haitjema and Strack [1985].

Three-dimensional Effects

Three-dimensional effects in regional aquifer systems are often of importance only in lim-
ited areas. Haitjema [1982, 1985] suggested a technique for including three-dimensional
effects in models of regional confined flow. The idea behind this technique is that three-
dimensional solutions valid for a confined aquifer of infinite extent can be superimposed
to a two-dimensional shallow-flow model. The three-dimensional solution correctly in-
corporates the vertical components of flow where necessary, but reduces with good
approximation to a two-dimensional solution at some distance away from the source of
the three-dimensional effect. This distance may be computed in the program for each
three-dimensional solution. For example, the potential for three-dimensional flow toward
a partially penetrating well in a confined aquifer (see Muskat [1937]) may be included
for confined flow to account for partially penetrating wells.

The superposition of potentials for two- and three-dimensional flow leads to an
efficient model that is truly three-dimensional only where necessary, but two-dimensional
elsewhere. It is beyond the scope of this text to discuss the various three-dimensional
solutions that are useful for incorporation in a shallow-flow model; reference is made to
Haitjema [1982, 1985] for further reading on the subject.

implementation in Computer Models

The analytic element method has been implemented in a variety of computer programs,
all written in FORTRAN. Most of these programs were written for a specific purpose, e.g.,
to test three-dimensional solutions, curvilinear elements, or elliptic inhomogeneities. The
usefulness of these programs is too limited to warrant description here. The computer
program SYLENS, discussed in the preceding section, was developed for the Nashville
District of the U.S. Army Corps of Engineers, specifically to simulate the flow in the
aquifer system near the Tennessee-Tombigbee Waterway. This program runs on a Perkin-
Elmer 3220 minicomputer with 1 Mb of memory and is written in Perkin-Elmer FORTRAN
V1. Because this program was designed for a specific purpose and is machine-dependent,
its usefulness for other applications is limited. It has been archived and is no longer in
use.

The computer program SLAEM is written in ANSI FORTRAN 77, is highly interactive,
and is as machine-independent as possible with present technology. It currently includes
all analytic elements discussed in this chapter with the exception of the single-root
elements (Sec. 40), the curvilinear elements (Sec. 41), and the analytic elements for closed
boundaries (Sec. 42); the latter three elements were tested either in other programs or in
special versions of SLAEM. The program does include transient wells, with the stipulation
that the effect of these wells on the other elements must be negligible. The program
was written originally in Perkin-Elmer FORTRAN VI on a Perkin-Elmer 3220, but has been
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rewritten in ANSI FORTRAN 77 and runs on the Perkin-Elmer, the IBM PC and compatibles
with 640 Kb of memory and with a mathematics co-processor, and on the 32000 and
68020 co-processor boards developed by Definicon Systems. These boards reside in the
IBM PC. The program uses about 500 Kb of memory, of which about 400 Kb is taken up
by the source code, not including space reserved for data storage in common blocks and
argument lists. Because of the large memory space available (up to 16 Megabytes), and
the speed (up to 25 Mhz), the versions running on the Difinicon systems’ co-processor
boards are currently the most powerful,

The program SLAEM supports extensive graphics capabilities; plots of piezometric
contours and of three-dimensional path lines displayed both in plan and in section can be
generated on all graphics devices supported by the GSS/GKS graphics development toolkit.
Data entry is possible through the use of a cross-hair; such data entry is useful, for
example, for entering starting points of path lines. Nearly all of the plots of streamlines
and piezometric contours in this book were generated on an Apple Laserwriter by the
use of SLAEM.

A difficulty in implementing the analytic element method in a computer program is
the variety of functions and aquifer features supported. In order to include new analytic
elements in the program without the need for major modification, a special modular
structure was designed. This structure is based on the concept of combining all routines
associated with a particular type of analytic element in a single module. Each module
contains all functions associated with the analytic element in question, a subroutine for
the entry of data, a subroutine for storing data in binary form on disk, subroutines for
data retrieval, a subroutine for ploiting layouts, a subroutine for communicating data to
the module for path line determination, and subroutines for generating contributions to
the system of equations. The modular structure makes it possible to implement a new
module in the program by adding or altering a limited number of stalements; installation
of a completed module typically requires about a day.

The system of equations is solved in SLAEM by the use of a method of transpose
elimination suggested by Wassyng [1982]. For solving a system of n equations in n
unknowns, this method requires }‘nz + 2n + 4 real elements to be stored, as compared
to n? + n real elements in Gaussian elimination; Wassyng's method is about four times
as efficient in terms of memory requirements as Gaussian elimination.

The computer program SLWL, discussed in detail in this text, is a scaled-down
version of SLAEM, and is contained on the diskette enclosed. I does not have the
modular structure of SLAEM to keep it limited both in size and complexity.






Chapter 7

Solving Problems
with Free Boundaries
by Conformal Mapping

This chapter deals exclusively with two-dimensional flow in the vertical plane z = z +iy,
where y points vertically upward. We have seen in Chapter 5 how conformal mapping
may be applied to solve boundary value problems for Laplace’s equation. The method
consists of mapping the upper half plane ¢ > 0 conformally onto both the regions R,
in the physical plane (2 plane) and Rg, in the complex potential plane (2 plane). As a
result, both 2 and Q are obtained as functions of the complex reference parameter (.

The procedure breaks down if one or more segments of the boundaries of R, and
Rq are not known a priori. Examples of such segments are a phreatic surface, whose
position in the z plane is unknown, and a seepage face. In the latter case the boundary
condition is that the pressure is zero along the boundary segment, This condition yields
a relation between & and y, but does not define a curve in the (2 plane that is known
a priori. We will refer to such problems as problems with free boundaries, thereby
indicating that the boundaries in either the z or the Q plane contain segments that are
free to adjust themselves geometrically to the boundary conditions.

Problems with free boundaries form an important class of groundwater flow prob-
lems, and various procedures for solving such problems for cases of two-dimensional
flow in the vertical plane have been suggested. Zhukovski [1920] was the first to pro-
pose a method of solution that is applicable to a limited class of problems with free
boundaries. The hodograph method, developed in the field of hydraulics by Helmholz
[1868] and Kirchhoff [1869], was adapted to groundwater flow by Hamel [1934] and
Davison [1936]. The hodograph method is applicable to a large class of groundwater
flow problems, and consists of using the discharge function W = —d(2/dz as an auxiliary
function. The benefit of the hodograph, which is the complex conjugate of W, is that

513
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the boundary in the hodograph plane is a combination of segments of straight lines and
circles for an important class of problems with free boundaries.

A second auxiliary function is needed, however, to solve problems by conformal
mapping. Classically, functions such as the complex potential and the function introduced
by Zhukovski have been used as second auxiliary functions, but these functions are not
generally applicable. Given a general boundary value problem with a known boundary
of the region Ry in the W plane, an appropriate second auxiliary function needs to be
determined. The reference function R = R((), introduced by Strack and Asgian [1978],
has the property that the region R g, in its plane is bounded by straight line segments for
any problem for which the boundary of Ry is known. The functions R and W form
a pair that we will call the pair of basic auxiliary functions. Given any problem with
free boundaries with a known boundary in the hodograph plane, a pair of other auxiliary
functions may be derived from R and W that will lead to an efficient method of solution.

Many solutions to problems with free boundaries have been determined since
Zhukovski solved the first one. It will not be attempted in this text to present a catalogue
of such solutions: these are adequately listed or described in such classical handbooks on
groundwater flow as Polubarinova-Kochina [1962], Muskat [1937], Aravin and Numerov
[1965], and Harr [1962]. Instead, we will present a general approach to solving a class
of problems with free boundaries, based on determining the appropriate set of auxiliary
functions beforehand, minimizing the necessary mathematical operations. The problems
solved in this chapter were selected with the purpose in mind of illustrating a procedure,
rather than for their significance in view of applications in practice.

This chapter is organized as follows. In Sec. 45 the boundary conditions are listed
that define the class of problems considered. The hodograph is discussed in Sec. 46,
along with the representation in the hodograph plane of the boundary conditions listed
in Sec. 45. The reference function is covered in a similar way in Sec. 47, along with a
procedure for selecting appropriate auxiliary functions. The remaining sections of this
chapter are devoted to solving boundary value problems, using various pairs of auxiliary
functions.

45 BOUNDARY TYPES

We will express seven types of boundary conditions in terms of the real and imaginary
parts of the pair of functions

z=2(¢) Q=) @5.1)
of the complex variable ¢ = £ + in, which is defined in the upper half plane 3¢ > 0.

We will refer to this variable as the reference parameter, and indicate derivatives with
respect to by primes:

ds
== @=— 45.2)
d¢
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The first type of boundary segment is a straight equipotential. Because this bound-
ary segment is straight, arg z’ is equal to a constant (a;), obtained from its inclination
with respect to the z axis. The potential is constant (® = @) along the segment, which
may be characterized as follows:

) =P arg2'(§)=a; (typel) (45.3)

The second type of boundary segment is a straight streamline. If the value of
arg 2'(£) along the segment is a; and the constant value of the stream function along the
streamline is ¥y, then

V=W arg2'(©)=ar (type 2) (45.4)

The third type of boundary segment is a straight seepage face, with the boundary
condition that the pressure is zero, or ¢ = Y, where Y is the elevation head with respect
to the reference level of ¢ (compare [17.28]). The reference level for the head is parallel
to the z axis; if the y coordinate of the reference level is y, then

y=Y +y, ‘ (45.5)

If the value of arg 2'(£) along the seepage face is a3 then this boundary segment may be
characterized in terms of the potential (compare [17.4]) as

D) =kBy(€) - kBy,  argz'(§)=a3  (type 3) (45.6)

The fourth type of boundary segment is a straight outflow face of a coastal aquifer,
as illustrated in Figure 7.1. The condition along a straight outflow face is that the pressure
in the salt water just outside the outflow face equals that in the fresh groundwater just
inside the outflow face,

Pr=pr9(p=Y)=p,=p,g(¢ps - Y) 45.7)

seepage face
“ay

outflow face

interface

Figure 7.1 A straight outflow face.
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where ¢, is the saltwater head. Solving (45.7) for ¢ we obtain

¢—-¢ Y"‘p! / (45.8)

Multiplication by kB\yields, using (45.5),

&= —k*By + (k*y, + kz—’qs,)B (45.9)
f
where the factor k* has the dimension of a hydkaulic conductivity and is defined by

k* = kP —PL (45.10)
Py

Denoting the value of arg 2’(£) along the outflow face as a4, we characterize this boundary
segment as

®(§) = —k*By(§) + (k*yr + k;—;‘ﬁa)B arg2'(§)=ay4  (type 4) @5.11)

The fifth type of boundary segment is a phreatic surface without infiltration or
evaporation. The boundary conditions are that the pressure is zero so that ® = kB(y—y,)
(compare [45.6]) and that the phreatic surface is a streamline so that ¥ = ¥, =constant.
Hence, the conditions along a phreatic surface are

®(€) = kBy© - kBy, (=%  (type S) @5.12)

The sixth type of boundary segment is a phreatic surface with an infiltration rate N.
In this case the stream function changes along the phreatic surface due to the infiltration
(see Figure 7.2). Streamlines start at the phreatic surface, and we consider a flow channel
bounded by the streamlines starting at points .A and C that are horizontally a distance
Az apart. The flow AQ through the channel equals the infiltration entering the aquifer
over a width Az,

AQ=NBAx (45.13)
It may be seen by comparison of Figure 7.2 with Figure 3.3 and from (19.12) that
Ve —-¥p=-AQ=-NBAzx (45.14)
Points A and B lie on the same streamline so that ¥z = ¥ 4 and

Ve —V,=A¥=-NBAz (45.15)



Sec. 45  Boundary Types 517

PointsAandCcmfespondtopoinlsonthe(axisindm(,‘planeasshowninﬁgm
7.2(b), and we may modify (45.15) as follows

AV Az
—=-NB— 45.16
Af AE ( )

Passing to the limit for A{ — 0 we obtain
V(€)= -NBz'(§) 45.17)

The second boundary condition is that the pressure is zero which leads to the first equation
in (45.12). The type 6 boundary segment thus may be characterized as

@) =kBy() —kBy, V' (§)=-NBz'(§) (type 6) (45.18)

(a) (b)
Figure 7.2 A phreatic surface with an infiltration rate N.

The seventh and final type of boundary segment is an interface between flowing
fresh and stationary salt groundwater. The condition that the pressures in the fresh and
salt water are equal leads to (45.9) and the condition that the interface is a streamline is
expressed as W = Wo. Hence, the conditions along a type 7 boundary segment are

4»(0=—k‘By(£)+(k‘y,+k;’—;¢,w VO=Vo  GypeD | (5.9

The above seven types of boundary segment together define the class of problems
considered in this chapter: we consider only those problems where any boundary segment
is one of the above types. We will see in the next two sections that each of the seven
types corresponds to either a straight line or a circular arc in the W plane and to a
straight line through the origin in the plane of the reference function R.
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Figure 7.3 The map of a straight equipotential onto the hodograph plane.

46 THE HODOGRAPH

The hodograph is the complex representation, Q. + iQ,, of the discharge vector. The
hodograph plane is a complex plane with Q, and Q, as axes. We will determine in this
section the maps of the seven types of boundary segment onto the hodograph plane. These
maps are obtained by plotting in the hodograph plane the discharge vector occurring at
points of the boundary segment.

Before determining the seven maps of the boundary types we first recall the rela-
tionships presented in Sec. 24 between the hodograph, the discharge function, and the
complex potential. :

Basic Equations

The hodograph Q. + iQ,, is the complex conjugate of the discharge function W,

W=Q.+iQ, T (46.1)
where (compare [24.2])
dQ
W= 4 (46.2)

The objective of the hodograph method is to establish z and 9 as functions of the
reference parameter (. Using the chain rule, (46.2) may be written as

_ 20
#(©)

Thus, the basic auxiliary function W provides one relationship between Q(¢) and 2(¢):
once W(() is determined by conformal mapping, the ratio of £2'(¢) and 2(¢) is known.

(46.3)

A Straight Equipotential

A straight equipotential is sketched in Figure 7.3(a). At any point of the equipotential, W
is perpendicular to the boundary segment, which therefore corresponds in the hodograph
plane to a segment of the straight line through the origin and inclined at an angle o +37/2
to the Q. axis, as shown in Figure 7.3(b).
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A Straight Streamline

A straight streamline is sketched in Figure 7.4(a). The specific discharge vector is tangent
to the streamline and therefore corresponds in the hodograph plane 10 a segment of a
straight line through the origin and inclined at an angle a; 4+, as shown in Figure 7.4(b).

[:] [#]

‘ 0,
Q!

—a a,+=x

‘y_
x
(a) (b)

Figure 7.4 The map of a straight streamline onto the hodograph plane.

A Straight Seepage Face

A straight seepage face is shown in Figure 7.5(a). We introduce a local coordinate s
pointing along the seepage face as shown in the figure, and observe that

dy = —sinasds (46.4)
It follows from the boundary condition (45.6) for type 3 and (46.4) that

dd d
Q.= —-— = —kB-Y = kBsina; (46.5)
ds ds
The component Q, thus points downward along the seepage face and is constant. As
shown in Figure 7.5(b), the seepage face corresponds to a segment of the straight line
through W = —ikB and normal to the seepage face.

A Straight Outflow Face

The boundary condition along an outflow face is rather similar to that along a seepage
face (compare [45.6] to [45.11]). The component Q, for this case is

do dy .
«=——=k"B—= = —k"Bsin 46.6
Q ds ds S ( )
which is a constant. The outflow face corresponds in the hodograph plane 10 a segment
of the straight line through W = ik*B and normal to the outflow face, as shown in
Figure 7.6.
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(a)

J4B' sin (ay+ )

Figure 7.6 mmofaﬂnighlunﬂowfweanoﬂuhodognphplnn.
A Phreatic Surface Without Infiltration or Evaporation

A phreatic surface without infiltration or evaporation is a streamline. The discharge
vector at any point of the phreatic surface therefore is tangent to the surface. We take
s to represent a local coordinate tangent to the phreatic surface and denote the angle
between the increment ds and the z axis as —a, as shown in Figure 7.7(a). It follows
that, along the phreatic surface,

dy =sinads 46.7)

We obtain an expression for the component Q, of the discharge vector tangent to the
phreatic surface from (45.12) and (46.7) as
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Q, = —kB%g = —kBsina = kB sin(—a) (46.8)
The discharge vector is inclined at an angle —a with respect to the z axis and its end
point is plotted as point Q in Figure 7.7(b). The lengths of ©Q and OS are kB sin(—a)
and kB so that the angles OQS and QSO are /2 and —a, respectively. Point Q
therefore lies on a circle through O and centered at the midpoint of OS; this circle is
the locus of end points of the discharge vectors that correspond to points of a phreatic
surface. This may be seen also by resolving Q, into components Q_ and Q, by the use
of Figure 7.7(a),

Q:=Q,cosa  Q,=-Q,sin(—a)=Q,sina (46.9)
It follows from (46.8) and (46.9) that
Qz =— kBsinacosa = —jkBsin(2a) (46.10)
Qy = - kBsin’ a = —1kB + 1kBcos(2a) (46.11)
Hence,
Q% +(@Qy + jkBY = (3kB)? (46.12)

which indeed is the equation for the circle shown in Figure 7.7(b).

O kB sin (—a) @
~—

S

(a) (1]

Figure 7.7 The map of a phreatic surface without infiltration or evaporation onto the hodograph
plane.

A Phreatic Surface with an Infiltration Rate N

A phreatic surface with an infiltration rate N is shown in Figure 7.8(a). We introduce at
a point of the phreatic surface the local coordinates s and n, tangent and normal to the



522 Solving Problems with Free Boundaries by Conformal Mapping ~ Chap. 7
phreatic surface as shown in Figure 7.8(a). The component —Q,, equals the projection

of the infiltration rate N onto the n axis, multiplied by the width B normal to the plane
of flow,

Q. =—-NBcosa (46.13)
The component Q, is the same as for the case without infiltration (compare [46.8]):
Q, = kBsin(-a) (46.14)
The components Q. and Q, may be expressed in terms of Qy and Q, as
Q:=Q,cosa — Qpsina Qy =Q,sina+ Qncosa (46.15)
Using (46.13) and (46.14), this becomes
Q. = —kBsinacosa + NBsinacosa = —3(k — N)Bsin(2a) (46.16)
and
Q, = —kBsin’a — NBcos’a = —j(k + N)B + 3(k — N)Bcos2a)  (46.17)
Using the relation sin’(2a) + cos?*(2a) = 1 we obtain
@ +[Q, + Lk + MB]” = [§(k - MB]’ . (46.18)

which represents the equation for a circle centered at Qz =0, @, = — 3(k + N)B and
of radius (k — N)B, as shown in Figure 7.8(b).

/l ]
NBcos (-a) /| NB

Q;=kB sin (—a)!

= 0,=NBcos (—a)

(@) (b)

Figure 7.8 Mnupohplumicnufaoewiﬂ:nhlﬁlumchomomehﬂognphpln.
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An Interface Between Fresh Groundwater
and Salt Groundwater at Rest

An interface between fresh groundwater and salt groundwater at rest is a streamline, as
shown in Figure 7.9(a). We denote the inclination of the interface as o and use (46.7)
and (45.19) to write the following expression for Q,:

Q, = k'B% =k*Bsina (46.19)

Using (46.9) to express Q. and Q, in terms of Q,, we obtain

Q: = 3k* BsinQ2a)

(46.20)
Q, = $k*B - 1k* Bcos(2a)

It follows that the locus of the end points Q of the discharge vector is a circle through
the origin, centered at Q. =0, Q, = 3k* B, and of radius 1k* B:

Q2 +(Qy - 3k*B)? = (3k*B)? (46.21)

This circle is shown in Figure 7.9(b).

@ B

k*B

112
l Z 0,

sall water at rest

) el
o k*Bsin (@)

(a) (h)

Figure 7.9 The map of an interface onto the hodograph plane.

Example 46.1: Unconfined Flow Toward a Drain

As an example, we will draw the boundary in the hodograph plane for the case of
unconfined flow over an impermeable base toward a horizontal drain. We considered
this problem in Sec. 24, where the solution was given without derivation (see Figure
3.40). The boundary of the flow domain is sketched in Figure 7.10(a). The boundary
segments are 1.4-2, a horizontal streamline (type 2), 2-3, a horizontal equipotential (type
1) and 3-1B, a phreatic surface (type 5). These segments correspond in the hodograph
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plane of Figure 7.10(b) to segments of the Q. axis, the Q, axis, and a circle. Point 1 is
at the intersection of the Q. axis and the circle and therefore corresponds to the origin.
At point 3 the phreatic surface is vertical so that this point corresponds to W = —ikB. At
point 2 both components of the discharge vector are infinite so that this point is mapped
onto W = co. The hodograph is the complex conjugate of an analytic function of 2. The
domain in the hodograph plane therefore lies on the opposite side with respect to the
boundary as the domain in the z plane does; the domain lies to the right with respect to
a point tracing the boundary in Figure 7.10(b) in the sequence 1.4-2-3-1B8. The domain
in the W plane is obtained from that in the W plane by reflection through the real axis.
Note that the orientation is preserved in the mapping from the z plane to the W plane;
W is an analytic function of z.

© (d)

Figure 7.10 Regions in the z, hodograph, W, and W =" planes for unconfined flow toward
a drain.

The conformal mapping of domains bounded by a combination of straight line
segments and circular arcs is much more complicated than the conformal mapping of
domains bounded exclusively by segments of straight lines. We have seen in Sec. 30,
however, that circular arcs passing through the origin are transformed into straight lines
by inversion. In addition, an inversion maps straight lines through the origin onto straight
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lines through the origin. Thus, if there exists a point 7; in the W plane that is common
10 all straight lines or circular arcs on which the boundary segments lie, then inversion of
the function W — 7; transforms the boundary in the W plane into a polygon of segments
of straight lines in the (W — 7;)~! plane. We denote this function as PJV, ie.,

1
W—T"

W= (46.22)
J
For the W plane of Figure 7.10(c) this common point is the origin, 7; = 0, and the

function W is
J

1
W=— 46.2
i W 46.23)

The domain in the W~' plane is sketched in Figure 7.10(d). The straight lines 1-2
and 2-3 remain straight lines, point 1 (W = 0) comesponds to W' = 0o, and point 2

(W'=00) 1o W~! = 0. Along the circular arc corresponding to the phreatic surface we
may write (compare [46.3])

1 1 2’ '+ 1y
_I———u-:—:w-—-»:—_ ..
TWEQ) T - QT 4w (46:24)
It follows from the boundary condition (45.12) along a phreatic surface that
woe AW T L 46.25)

kBy' ~ kBy xB

so that the free surface is mapped onto a line parallel to the RW ~! axis and a distance
1/(kB) below it.

The function W~=' = W~!({) may be obtained by mapping S¢ > 0 onto the
domain in the W' plane of Figure 7.10(d). This function by itself is not sufficient to
obtain a solution, however; we must determine a second auxiliary function in terms of
(. We choose this function with the aid of the reference function R, discussed in the
next section. The point W = 7; plays an important role in this process; we will refer to
such a point as a point of inversion.

47 THE REFERENCE FUNCTION

The reference function R is defined as a function of the reference parameter ¢ (whence
the name) as follows:

R=[2(Q)'W'() @.1)




526 Solving Problems with Free Boundaries by Conformal Mapping  Chap. 7

It has the property that its argument is a constant for any of the seven types of boundary
segments listed in Sec. 45. Formally, therefore, any problem with a boundary consisting
of any combination of these seven types may be solved by mapping the upper half plane
3¢ > 0 onto the regions in the W and R planes. In practice, however, the procedure
for solving general problems in this way is prohibitively complex, unless an approximate
procedure of conformal mapping is used (Detoumnay [1985]). There exist many problems
that may be solved with comparative ease using a pair of auxiliary functions determined
by the use of points of inversion W = 7; and the reference function, as explained below.
First, however, we will prove that arg R(() is indeed constant for any of the seven

boundary types.
Straight Boundary Segments

Along the four straight boundary segments the argument of 2'(£) is constant because the
segment is straight. All four straight segments correspond in the hodograph plane to
straight lines. Therefore, arg W’'(£) is constant along these segments, and

arg R(§) = 2arg 2'(§) + arg W’'(€) = constant  (types 1, 2, 3, 4) 41.2)

A Phreatic Surface

We will demonstrate that arg R() is constant along a phreatic surface with infiltration
rate N. A section AB of a phreatic surface along with its maps in the W and ¢ planes
is shown in Figure 7.11. The vector OQ inclined at an angle —a (a < 0) to the real
axis in the W plane represents the discharge vector at point Q (note that the W plane
is the complex conjugate of the hodograph so that OQ is not parallel to the tangent
to the phreatic surface at point Q, but to the reflection of this tangent through the z
axis). Consider an increment dz that is tangent to the phreatic surface at point Q. The
phreatic surface is mapped onto a circle in the W plane and therefore the corresponding
increment dW is tangent to the circle. Since both the angles —a and 3 shown in Figure
7.11(b) span the arc 0OQ, 3 equals —a, and

argdW = -2a 47.3)
Furthermore, dz is tangent to the phftalic surface at Q so that
argdz=a 474)
The orientation is preserved in conformal mapping, so that (see Figure 7.11[c])
argd( =argdf =7 (41.5)
It follows from the latter three equations that

argz'(§) =argdz —argd(=a —m (47.6)



Figure 7.11 Determination of arg R(£) along a phreatic surface with infiltration rate N.

arg W'(€) =argdW —argd( = —2a—m @7.7)
Hence,
arg R(§) =2arg2'(§) +argW'(§)=2a-2r—2a - =3« (47.8)
which is constant, as asserted. The above derivation remains valid if N = 0, so that

arg R(£) = constant (types 5, 6) (47.9)

An Interface

The proof that arg R is constant along an interface is similar to the one given above. A
section of an interface along with its maps in the W and ( planes is sketched in Figure
7.12. If the inclination of the interface at a point Q is a, then argdz and argdW are
equal to a and —2a, respectively. In this case arg d( is positive, given the increment dz
as shown in the figure, and

arg R=2arg2'(§) +argW'(€) =2a —2a =0 (47.10)
so that arg R(£) is indeed constant along an interface:

arg R(£) = constant  (type 7) 47.11)



528 Solving Problems with Free Boundaries by Conformal Mapping  Chap. 7

(]

Q salt water
at rest

k*B

Figure 7.12 Determination of arg R(£) along an interface.
Other Auxiliary Functions

If one or more points of inversion exist in the W plane, auxiliary functions other than
W and R may be used to solve the problem. We will consider separately the case that
there exists one point of inversion and the case that there exist two points of inversion.

One Point of Inversion

Let W = 7; denote the only point in the W plane that is common to all circles and
straight lines on which the boundary segments lie. The function

1
W=w—_m 47.12)

then transforms all of the boundary segments into segments of straight lines. The argu-
ment of the derivative I«‘IV' therefore will be piecewise constant along the £ axis:

arg ‘P}"{é) = constant (47.13)
It follows from (47.12) that

W'=—-—W (47.14)
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Substitution of this expression for W’ in the definition (47.1) of the reference function
gives

2
zl‘
=== ! 7.
R { W] VIV (47.15)

1
Both the arguments of W' and R are piecewise constant along the real axis 3¢ =0 and
it follows from (47.15) lhal there exists an auxiliary function T with a derivative T'
defined as

a‘

l];’ _"}/ =Z(-W + ) (47.16)

whose argument is piecewise constant along ¢ = 0. Using (46.3) the following expres-
smn is obtained for T’
/ Q' J '
’{"=z [“;;"'Tl] =0 +nz 47.17)

Since the argument of S:" = dil"/d( is piecewise constant along the boundary, the bound-
ary in the plane of the function };‘ is a polygon of segments of straight lines. It follows
from (47.17) that

T=9+mn2 (47.18)

where the constant of integration is taken as zero.
Problems where one point of inversion exists may thus be solved as follows. First,
the value of 7, is determined and the polygons drawn that form the boundaries in the W

and 2 + 7,z planes. Next, the upper half plane IS¢ > 0 is mapped onto the regions m
these planes, which gives the functions

= F}’(C) T=T© (47.19)

The function 2(() is obtained by integration of (47.16),

o / WOT'Od 47.20)

and 2 = () is found from (47.18),

QO = T -nxQ) 47.21)
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For the problem illustrated in Figure 7.10, one point of inversion exists, the origin
W = 0. The auxiliary functions to be used for this problem therefore are the functions

11/ =w-! 47.22)

and

3:‘ =1 (47.23)

It is left as an exercise for the reader to draw the boundary in the € plane and solve the
problem by conformal mapping. In this special case the boundaries in the W' and Q
planes are identical, except for position and scale, so that the reference parameter need
not be used.

Van Deemter [1949] solved problems with one point of inversion, using a general
function T = Q + iCz; he stated that C must be chosen such that the boundary in the

’.l;' plane is composed of segments of straight lines. Van Deemter did not have access to
the reference function; the constant C had to be found by trial and error.

Problem 47.1
Draw the boundary in the §2 plane for the flow problem illustrated in Figure 7.10(a). Deter-
mine §2 as a function of z by conformal mapping and compare your result with the solution
given in Sec. 24.

Problem 47.2
Solve the problem of confined interface flow in a coastal aquifer undemeath a horizon-
tal impermeable layer toward a horizontal sea bottom at the same level as the impermeable
layer. The discharge flowing toward the coast is Q m’/s, and sea level is ¢, m above the
sea bottom. The problem is illustrated in Figure 7.13.

yi

" 1%

fresh water salt water at rest

—>

interface

Figure 7.13 Confined interface flow toward the sea (Problem 47.2).

Problem 473
Solve the problem of unconfined interface flow in a coastal aquifer, approximating the
sea bottom by a horizontal slot with ¢ = (p,/ps)@,, as shown in Figure 7.14.
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phreatic surfuce

Q

fresh water sall water at rest

interface
Figure 7.14 Uncontfined interface flow toward the sea (Problem 47.3).

Problem 47.4
Solve problems 47.2 and 47.3 using the Dupuit-Forchheimer solution and compare your
results for the case that p, = 1.02p;.

Two Points of Inversion

In some cases the circles and straight lines on which the boundary segments lie in
the W plane have two points in common: W = 7, and W = 72. For such cases there
exist two functions PIV and l«zV.

1 1
e w129

W =
1

with the property that their boundaries are composed of segments of
straight lines. There exist, then, two auxiliary functions ’Jl" and T.;‘ defined as (com-

pare [47.18])

.T=Q+1’13 T;=Q+Tzz (47.25)

The functions

T=T© T=T1 (47.26)

may be determined by the use of the Schwarz-Christoffel transformation. The function
z = z(() is obtained by first subtracting {' from ’{‘ to eliminate (2 and then dividing the

result by 7 — 7:

- T - T©)

o —— @127)
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With z = z(¢) known, the function { = Q(() is obtained from (47.25):

Q= '{(C) —nz({) (47.28)

When applicable, this procedure has the advantage over using the function V!/(C} that

the integration of (47.20) is not necessary. In some cases the boundary in the z plane
is known. If a point of inversion exists, such problems may be solved by the use of
z = z(¢) and a single auxiliary function ’}{‘(( ).

Special cases of the function T and ’Iz‘ were introduced by Davison and Rosenhead

[1940], namely for 7, = —ik and 7, = —iN. List [1964] applied these functions to obtain
approximate solutions for unconfined flow toward horizontal drains.

No Points of Inversion

If there are no points of inversion, the boundary in the W plane cannot be trans-
formed into a polygon of straight line segments. For such cases, the function W = W(()
may be determined by integration of the differential equation of Schwarz, discussed in
some of the handbooks on conformal mapping (e.g., Von Koppenfels and Stallmann
[1959] and Nehari [1975]). The reference function may be determined in a straightfor-
ward manner (see Strack and Asgian [1978]); the function z = z(¢) may be obtained

from the relation
‘" _ /R(C)
2= _W(C) ~(47.29)

and the complex potential by integrating (46.3). The complexity of the above proce-
dure limits its practical applicability, and the author is aware of only three solutions to
problems without points of inversion. The first solution is that to the classical Dupuit
problem of flow through a dam with vertical faces, and was determined independently by
Hamel [1934] and Polubarinova-Kochina [1940]. The second solution applies to over-
land flow over an inclined bed and was determined by Wooding [1966]. The solutions
to the latter two problems were obtained without using the reference function. The third
solution is that of flow near the outflow face of a dam and was presented by Strack
and Asgian [1978], who introduced the reference function as the second basic auxiliary
function. Because of its limited practical significance, we will not present the procedure
for solving problems without points of inversion in this text, and refer the reader to the
afore mentioned references for details of the approach.

48 OUTFLOW FROM A LAYERED SLOPE

The first example of a problem with a free boundary is associated with a problem of piping
in an embankment consisting of horizontal sand layers separated by thin impermeable
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clay laminae (see Figure 7.15). If the flow rates in the sand layers exceed a certain critical
value, piping may occur just below the dividing layers. The high flow rates responsible
for the piping may be the result of interconnections with a deep artesian aquifer with
high pressures, as is illustrated in the figure. This problem was solved by Strack and
Curtis [1980]; the following analysis is taken largely from the latter publication.

Figure 7.15 Outflow from a layered slope.

Boundary Conditions

We consider a semi-infinite confined aquifer of thickness H that intersects the slope with
a seepage face of inclination a (see Figure 7.16). The discharge flowing per width B
is Q m/s. We choose the r axis to coincide with the aquifer base and the origin at the
intersection of this base with the seepage face.

/

Figure 7.16 The model aquifer. (Source: Strack and Cunis [1980).)

Two different cases of flow may occur: an unconfined case and a confined case. For
the unconfined case a phreatic surface occurs near the seepage face and the velocities are
finite throughout the flow domain. For the confined case the flow is everywhere confined
and infinite velocities occur at the intersection of the seepage face and the upper confining
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boundary. We will solve the problem only for the confined case but draw the boundary
in the hodograph plane for the unconfined case as an exercise.

The Hodograph for the Unconfined Case

The domains in the z and hodograph planes for the unconfined case are shown in Figures
7.17(a) and (b). The streamlines 1.4-2 and 3-1B correspond to two sections of the negative
Q: axis with point 1, z = oo, located at Q, = —Q/H, @, = 0. The phreatic surface
is mapped onto the circular arc 2-2* and the seepage face onto the straight line 2*-3
(compare Figure 7.5). The domain in the hodograph plane lies inside the curvilinear
triangle, and we observe from this that only finite flow rates occur in the flow domain.
The highest flow rate is at point 3. It is of interest to note that this flow rate is independent
of the value of Q; the components of the discharge vector at point 3 are

3

Q. = —kBuna Q,=0 (48.1)

w—— kB an (a)) —»

(a) (b)

Figure 7.17 The domains in the z and hodograph planes for the unconfined case. (Source:
Strack and Curtis [1980]).)

The unconfined case may occur only if point 1 lies between points 2 and 3 in the
hodograph plane, i.e., if

0<Q < kBHtana (48.2)
A special case occurs when
Q=kBHtana (48.3)

The entire aquifer for this case is saturated and the flow is uniform, as will be shown
next. Consider the complex potential

Q=kBztana (48.9)
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which has the real and imaginary parts
¢ = kBriana ¥ = kBylana (48.5)
Expressions for Q and Q, are obtained upon differentiation:
Q:=-kBtana Q,=0 (48.6)

which are constants; Q, = —Q/H as follows from (48.3). The boundary conditions that
y =0 and y = H are streamlines are fultilled, as follows from (48.5). y equals rtana
along the seepage face and it follows from the first equation in (48.5) that the boundary
condition that ¢ be kBy (compare [45.6]) is met along the seepage face, provided that
the reference level for the head coincides with the x axis. The complex potential (48.4)
thus represents the solution for the case that Q = kBH tana. It may be noted that for
this case W = —kBtan a, so that the entire flow domain corresponds to a single point
in the hodograph plane, point 3 in Figure 7.17(b). The flow net for this special case is
shown in Figure 7.18.
It appears that confined conditions occur if

Q@ > kBHuana (48.7)
We will solve the flow problem for the case that the > sign in (48.7) applies.

(]
2‘2t / -

?/, 1B
/

Figure 7.18 Flow net for the case that @ = kBH tan a. (Source: Strack and Cunis [1980).)

The Confined Case

The confined case involves a free boundary in the  plane: the seepage face. We will
solve the problem in steps as follows: (1) the boundary in the hodograph plane is drawn,
(2) the auxiliary function ‘1:‘ is chosen, to be used together with z((), (3) the boundary

in the ’II‘ plane is drawn, and (4) the functions il" = Tl"(() and z = 2(() are determined by
mapping the upper half plane 3¢ > 0 onto the regions in these planes.

The Hodograph

The domains in the z and hodograph planes are shown in Figures 7.19(a) and (b).
The streamlines 3-1B and 1.A-2 correspond to segments of the negative Q. axis, with
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point 1 (z = co) mapped onto (—Q/H,0). The seepage face is mapped onto the straight
line 2-3 and point 3 lies at the intersection of the two straight lines that form the boundary
in the hodograph plane. It is of interest to note that point 3 has the same position as for
the unconfined case. Point 2 also lies on both straight lines in the hodograph plane, and
therefore must be at infinity: the outflow velocity is infinite at point 2.

kB
b
kB sin () tan (a) :

Q/H

- .t ————

(a) (b)

Figure 7.19 The domains in the z and hodograph planes for the confined case. (Source: Strack
and Curtis [1980].)

Point 3 is a point of inversion. Since W at point 3, W3, equals
W3 = —kBtana (48.8)
it follows that

7 =—kBtana (48.9)

The Awxiliary Function ’j;'

An expression for the auxiliary function ’{‘ is obtained from (47.18) and (48.9) as
1;'=Q+1'|z=ﬂ—sztana (48.10)

Note that the use of the point of inversion for determining an auxiliary function does
not require that the boundary in the W plane contain circular arcs; this procedure is
based solely on the requirement that the boundary in the PIV plane consist of segments

of straight lines. _
We examine the values of i:‘ along the various boundary segments. Separation of

il" into real and imaginary parts yields

T=T|+i3:"2=d>—katana+i(ll'—kBylana) (48.11)
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Along the seepage face condition (45.6) applies. Using that y = ztana and y, = 0, it
follows that

y=zlana 0<y<H 3:‘1=0 (48.12)
We choose ¥ to be zero along the aquifer base, 18-3, and obtain with y =0
y=0 0<zr<o =0 ’Jl‘;=0 (48.13)
Along the upper boundary ¥ = Q and y = H, so that
y=H Hcota<z<oo ¥=Q T;=Q - kBHuna (48.14)

Near infinity, ¢ approaches the potential Qz/H for uniform flow. Hence, the real pan
1:‘1 behaves as

T — 00 ’{; — (Q - kBHuana)z/H (48.15)
In view of (48.7) the coefficient of z is positive, except for the special case shown in

Figure 7.18 so that 3:’1 approaches infinity at point 1. The domain in the T plane can
now be drawn, and is shown in Figure 7.20(b); it is the interior of the semi-finite strip

1A4-2-3-1B.
[z] T
[
2 L 2
y 0 1A n 1A
|
H <= Q- kBH wan (a)
Ty
o X IB 1 |B
3 N 3 "
/ -

(a) (b)

Figure 7.20 Thedouminsinlhezam‘i:‘plm.

Mapping 3¢ > 0 onto the Domains in the z and 3:" Planes

We choose the upper half plane 3¢ > 0 as shown in Figure 7.21, with point 1 at
¢ =00, point 2 at {; = —1, and point 3 at (3 = 1. We first apply the Schwarz-Christoffel
transformation (32.9) to map the upper half plane I¢ > 0 onto the domain in the z plane.
Noticing that ¢ equals the argument of z’(£) along segment 3-1, and that 7k, and 7k;
are the increments of arg 2'(£) as a point ( = £ passes points 2 and 3 so that

p=0 wk; = a mky=7"—a (48.16)
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we obtain, omitting point 1 from the transformation,

_H ¢ =) dg

where the lower bound of the integral is chosen at point 3 so that 2((3) = 0. We must
choose the arguments of ¢ — 1 and ¢ + 1 such that they are continuous inside J¢ > 0:

O<ag((-D<m O<arg(+1<m (48.18)

'\ -
1A 2 ‘ 1 1 3 1B
Figure 7.21 The domain in the ¢ plane.

A closed-form expression for the integral in (48.17) does not exist; it may be evaluated
either numerically or by expanding the integrand in series about the singular points and
about some regular points in such a way that the entire domain of interest is covered by
the combination of series. The series may then be integrated term by term.

The mapping of 3¢ > 0 onto the i‘l" plane is similar to that performed in Sec. 32;

see Figures 5.14(b) and (c) and (32.58). The transformation is
T

QFBHuna “s.19)

¢ = cosh
with the inverse
T= gii%mmcoshc = w In [C + \/cz_—l} (48.20)
Using (48.10) we obtain the following expression for the complex potential:
Q=Q—Twm [c+ \/(?Tl] +kBztana 48.21)

Two flow nets are shown in Figure 7.22 as an illustration, both corresponding to
a = 30°; Q equals 4k B H tan « for the case of Figure 7.22(a) and Q equals 15k B H tan
for that of Figure 7.22(b). Points on the streamlines were determined in 3¢ > 0 by the
use of the procedure discussed in Sec. 26; points on the equipotentials were determined
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(a) —

(b)

Figure 7.22 Flow nets for a = 30°, Q =4kBHana (a) and a = 300, Q = 15kBHana (b).
(Source: Strack and Cunis [1980).)

in a similar fashion. The corresponding points in the 2 plane were computed by the use
of (48.17), which was evaluated by integrating the expansions of the integrand about the
singular points term by term.

We will next derive an expression for the normal component of the specific
discharge vector along the seepage face. An expression for the discharge function
W = - /2" is obtained from (48.17) and (48.21) as

1 a
Q ¢-1]77
W=—|=-kB1 — - kB 48.22
[H ana Tl ana ( )
The specific discharge function is obtained by dividing this expression by B,
) w
w=g, —igy = B (48.23)

In order to compute the normal component g, of the specific discharge vector along the
seepage face we make the following substitution. We observe from Figure 7.21 that the
section —1 < £ < 1 of the real axis corresponds to the seepage face; we set

n=0 -1<£<1 ¢ = cos(20) 0<0<n/2 (48.24)
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—nik

N tan (a) sin (a)

Figure 723 Plot of —gqn/k along the outflow face for various values of Q/(kBH tana).
(Source: Strack and Curtis [1980].)

With this substitution, we obtain the following for |z| and |W + kBtan a| (see [48.17]
and [48.22]):

|z] = 24 f (tan \)2*/*= 14 (48.25)
T Jo
and
|W + kBtana| = {% — kB1tan cr] (tan ) ~2a/= (48.26)
we observe from Figure 7.19(b) that the component Q,, of the discharge vector equals
Q. =|W + kBriana| + kBsinatana (48.27)
so that
gn = ksinatana + [ﬁ% - klana] (tan ) ~22/7 (48.28)

The plot of g,/k along the seepage face shown in Figure 7.23 is obtained by letting 6
vary between 0 and 7/2 in (48.25) and (48.28).
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49 FLOW TOWARD A VERTICAL EMBANKMENT

As a second application of the hodograph method, we consider the case of unconfined
flow near a vertical embankment. The problem is illustrated in Figure 7.24; the aquifer
is infinitely thick and the upper boundary consists of the horizontal seepage face 1.A-
2, the vertical seepage face 2-3, and the phreatic surface 3-1B. It is assumed that the
groundwater leaving the seepage faces runs off, so that the pressure remains zero along
14-2-3. As opposed to the previous problem, part of the boundary of the flow domain is
not known a priori, so that two auxiliary functions need be used. We begin our analysis
by drawing the domain in the hodograph plane and by determining the point of inversion.

2 /7 1A

Figure 7.24 Flow toward a vertical embankment.

The Hodograph and the Function W= ‘]V(O

The domain in the hodograph plane is shown in Figure 7.25(b) and is obtained from the
boundary of the flow domain in Figure 7.25(a) as follows. The seepage face 1A4-2 is
an equipotential, because the pressure is zero and the face is horizontal. This seepage
face therefore is mapped onto the Q, axis with point 1 corresponding to the origin.
The vertical seepage face 2-3 is mapped in the hodgraph plane onto the straight line

y = —kB. The latter two segments (1.4-2 and 2-3) have point 2 in common, which
therefore is mapped onto infinity in the hodograph plane; point 2 is a singularity. The
boundary of the domain in the hodograph plane is completed by the circle 3-1, which
corresponds to the phreatic surface.

There is one point of inversion, W = —ik B, so that

T =B (49.1)
and the function l«‘lV (see [47.12]) becomes
1
W —ikB
The boundary of the domain in the I}/ plane is shown in Figure 7.25(c). The phreatic
surface corresponds to the straight line %l{/ = 1/(kB), the equipotential 1-2 to a section

l}f = (49.2)
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1 N .
3 1 '] 2
(c) ol (. )

Figure 7.25 Domains in the z, hodograph, Ir:( and ¢ planes.

of length 1/(kB) of the imaginary axis, and the seepage face 2-3 to the positive real
axis.
There is one point of inversion and we use the functions W and T as the auxiliary

functions. We choose the { plane as shown in Figure 7. 25(d) with poml Jat (=00
and points | and 2 at { = —1 and ( = 1, respectively. The mapping of 3¢ > 0 onto the
domain in the P%" plane is achieved by elementary modification of the function used to

map the upper half plane onto the ’{ plane of Figure 7.20(b),
(= cosh(kaVlV) (49.3)
An expression for the auxiliary function ’{‘ is obtained from (47.18) and (49.1) as
T =Z =+ ikBz (49.4)

This function is the one originally proposed by Zhukovski [1920], and is known as the
Zhukovski function Z.

The Zhukovski Function

Separation of the Zhukovski function into its real and imaginary parts gives
Z =X +iY =(® — kBy) + i(¥ + kBz) (49.5)
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We choose the origin of the z, y coordinate system at the bottom of the embankment
with the z axis coinciding with the seepage face 1-2 (see Figure 7.25[a]). Application
of the boundary condition (45.12) along the phreatic surface gives, with y, = 0 and the
¢ plane of Figure 7.25(d),

=0 -—oo<f<-1 X=0 (49.6)

The same condition applies along the two seepage faces 1.4-2 and 2-3 (compare [45.6])
so that

71=0 -1<f<o0 X=0 (49.7)

Hence, the real part of the Zhukovski function is zero along the entire boundary. If we
choose the value of ¥ to be zero along the phreatic surface, then Y equals zero at point
3,

Ya=0 (49.8)

so that point 3 corresponds to the origin of the Z plane. Near point 1B, x approaches
—oo and ¥ =0 so that Y approaches —oo there. Near point 1.4, = approaches +o0o0 and
¥ is positive so that Y approaches +o0o. The domain in the Z plane thus is the half plane
shown in Figure 7.26(a). The upper half plane ¢ > 0 is mapped onto the domain in the
Z plane by the use of the transformation of piecewise constant argument for polygons
that contain both the origin and infinity, see (33.5). Z approaches oo for ( = —1 and
the angle enclosed at infinity in the Z plane is 7 so that £§ = —1 and u, = —1. The
origin, Z = 0, corresponds to { = oo; this point is not included in the transformation.
The argument of Z along the rightmost section 2-3 of the £ axis is 7/2, so that ¢* = 7/2
and we obtain

_ Al
“Cti (49.9)

The solution may be conveniently expressed in terms of a complex variable w defined
as

w = 37kBW (49.10)

The domain in the w plane is the semi-infinite strip of width /2 shown in Figure 7.26(b),
and is obtained from that in the VIV plane in Figure 7.25(c) by multiplying all coordinates

by 7kB/2. Using (49.3), (49.9), and (49.10) we obtain

Al _ Al

1 + cosh(2w) ~ 2cosh?w @9.1)
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Figure 7.26 The domains in the Z and w planes.

()

Chap. 7

We determine the constant |A| from the condition that the phreatic surface is at a

given height Hy above the y axis at x = —L:
r=-L y=Hy

(49.12)

Using (49.5) and (49.11) and denoting the value of w corresponding to this point as wyq

we obtain, taking into account that ¥ = 0 along the phreatic surface,
~ikBL= %
Noticing from Figure 7.26(b) that
wp = A+im/2 A>0
where A is a positive number, we obtain with cosh(\ + iw/2) = isinh ),

|A| = 2k BL sinh? A

The Function z = z(w)
We obtain an expression for z by integrating (47.20), with Z replacing '{

2

2= - [Woz0d =~ [wiz=- 2o [wiz

where use is made of (49.10). With (49.11) and (49.15) this becomes

z=—%sinhzz\/wd[ lz }
T cosh” w

(49.13)

(49.14)

(49.15)

(49.16)

(49.17)
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Integrating by parts we obtain

z=-£sinh2,\ uz +-2-!£sinh’/\tanhw+(3‘ (49.18)
s cosh” w T

where C'is a constant of integration. Both z and w are zero at point 2 so that C is zero.
Writing (cosh’w)~" as 1 — tanh?(w) we obtain

z= —Z'TL sinh® Afw(1 — tanh? w) — tanhw) (49.19)

Application of the condition (49.12) yields, using (49.14), and writing
tanh(A + iw/2) as coth A,

—L+iHy= —3:;5 sinh? A [(A +i%)(1 — coth? A) — coth A] (49.20)

The real parts of this equation match and we obtain the following equation for A from
the imaginary part:

2L .,
Hy = - sinh® A [siuhz ) + coth A] (49.21)
or
Ho _22 1 ihen (49.22)
L T

Given Hy/L, the value for the parameter X is obtained by solving this equation numeri-
cally, for example, by the use of a Newton-Raphson procedure.

The Height of the Seepage Face

An expression for the elevation of the uppermost point of the seepage face, h,, is
obtained from (49.19) by taking the limit for w — oo (see Figures 7.24 and 7.26[b]). The
function tanhw approaches 1 for w — oo and the term between parentheses in (49.19)
approaches zero as w/ cosh?w for w — 0o. Hence, we obtain

2
hy = ?L sinh® A (49.23)

Points on the Phreatic Surface

The complex coordinates of points on the phreatic surface are obtained from (49.19)
by noticing that w may be written as p+im/2 (o > 0) there (see Figures 7.24 and 7.26[b]).
The resulting expression is (compare [49.20])
2= 2L Gon? [QJ’# + coth 9] (49.24)
m sinh® p
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Problem 49.1
Normalize z with respect to h, and compute points of z/h, on the phreatic surface for
—10 < z/h, < 0 with intervals of 5. Plot the phreatic surface.

Problem 49.2
Determine an expression for the total amount of flow through the vertical seepage face.

Problem 49.3
Compute the dimensionless specific discharge g: /k as a function of y/h, along the vertical
seepage face, and plot g; /k versus y/h,.

50 UNCONFINED FLOW WITH A SEMI-INFINITE IMPERMEABLE
LAMINA

As a third application of the hodograph method, we consider the case of flow in an
unconfined aquifer with a semi-infinite impermeable lamina. This problem was solved
by Strack [1981(b)] in order to validate the comprehensive potential approach discussed
in Sec. 12. The flow domain is sketched in Figure 7.27. The base of the aquifer system
is horizontal and impervious. The lamina is elevated at a distance H above the base of
the aquifer system and is sufficiently thin that it can be approximated as the semi-infinite
slot 1-2-3 of infinitesimal thickness. The phreatic surface 3-4-5 extends from z = +00
(point 3) to £ = —oo (point 5). The z axis points along the base toward point 1 and
the y axis points vertically upward. The origin lies vertically below the edge of the
lamina, point 2. Sufficiently far from the edge of the lamina the equipotentials may
with good approximation be taken as vertical. We define vertical planes A and B at
z=-L, € —H and at z = L, > H, and denote the heads in the three aquifers at these

u ]
planes as @,, ¢s, and ¢p:

u ]
z=-L, ¢=¢a z=Lpy =0 O=0¢ (50.1)
where the superscripts « and ! refer to the upper and lower aquifers. We further denote
u 1
the discharges flowing through these cross sections as Qq, Qb and Qs, taken positive as
shown in Figure 7.27. It follows from continuity of flow that
u !
Qa=Qb+ Qs (50.2)
The objective of the analysis is to determine an expression for the phreatic surface,
u |
to produce flow nets, and to establish a relationship between the heads ¢,, ¢b, ¢b, and
the discharges.

The Hodograph and the Function W= W)

The boundary of the region in the hodograph plane is shown in Figure 7.28(b) and was
constructed by tracing the boundary in the z plane of Figure 7.28(a) in the sequence
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A b L, > Ly =J]B
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Figure 7.27 Unconfined flow with a semi-finile impermeable lamina. (Source: Strack [1981(b)).)

1-2-3-4-S-5-6-1 while plotting the end points of the discharge vector in the hodograph

plane. At point 1, infinity, Q. equals ('Jb/H and Q, is zero. Tracing the lamina from
110 2, Q, remains zero and Q, positive, with Q. increasing 10 infinity upon reaching
point 2. Along 2-3, Q, is zero and Q, negative. The phreatic surface is mapped onto
the arc 3-4-S-5: point 3 is at the intersection of the Q. axis and the circle and therefore
lies at the origin. Tracing the phreatic surface from point 3 toward S, the discharge
vector first increases in magnitude, pointing downward and to the left, until a maximum
is reached and then decreases to zero at the stagnation point S. In moving from S toward
point 5, a similar behavior of the discharge vector is observed, but the vector now points
downward and to the right. Tracing the aquifer base from 5 via 6 to 1, the discharge

!
vector is horizontal and Q. increases from zero at 5 to Qu/H at 1, thus closing the
boundary in the hodograph plane.

B i £
—
S 4L::;I‘=3'
5 | 2 ;
i 6 x IH : |
(a)

aw~!

(b)

2[ 1 S w!

3) 1/(kB) MR Ts N
M N
4 H/Q, ; .
\\

s
&S___/ 3 ‘1 S s 6 | £ 3
5 -2
‘—-——-
(«©)

Figure 7.28  Flow domain and regions in the hodograph, W ™!, and ¢ planes (Source: Strack
[1981(b)].)

(d)
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We observe from the hodograph that there is one point of inversion: the origin.
Hence,

=0 (50.3)

v}/ =w-! (50.4)

The region in the W~! plane is shown in Figure 7.28(c). As a result of the inversion,
the circular arcs 3-4-S and S-5 are transformed into the two semi-infinite slots 3-4-S§
and S-5, lying a distance 1/(kB) below the real axis and with point S, Q. = Q, =0,
corresponding to W ! = co. The streamlines 1-2-3 and 5-6-1 are mapped together onto
the real axis with points 3 and 5, which were at the origin in the hodograph plane, mapped
onto W~! = co and point 2, which was at infinity in the hodograph plane, mapped onto
the origin, W—! =0

The ¢ plane is chosen as shown in Figure 7.28(d) with point 3 at infinity, point S
at (, = —s, point 5 at the origin and points 1 and 2 at { = 1 and ¢ = u, respectively.
Only three points can be chosen freely in the transformation (points 3, 5, and 1), and
therefore s and p represent parameters that are unknown at this stage of the analysis.

The function W ="' = W~(¢) is determined by application of the Schwarz-Christoffel
transformation. It is seen from Figure 7.28(c) that

wky = k) = ks = kg =0 wky=wks=m
wky =Thky = —7 ks =27 (50.5)

where 7k and wky correspond to the end points M and N of the slots 3-4-S and S-5.
The argument of dW ~'/d( equals — along the rightmost segment 2-3 of the £ axis so
that ¢ = —m. Denoting the points of the £ axis corresponding to points M and N as {
and £y, the Schwarz-Christoffel transformation (32.9) becomes

- —in [ (€= EMNC —&N)

= |Ale™* +C 50.6
A C(C +9)? % 20
where C is a complex constant. Expanding the integrand in terms of fractions we obtain
w= [ |24 2 ] C  (Sa;=%a;=%a3=0) (507
/[c+c+s T €+C  Qu=%n=%1=0 (07

where a,, a; and a3 are newly introduced real constants. Integration yields
w-‘=a.1nc+azln(c+s)—C'j:8+c (50.8)

The term a; In({ + s) contributes an amount a,7 to the imaginary part of W~ for { = ¢,
£ < —s and an amount zero for ¢ = £, £ > —s. Since the imaginary parts of W~! on
the two sides of s are equal, the term a; In({ + s) cannot be present, so that

;=0 (50.9)
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The imaginary part of W' must increase by an amount 1/(Bk) if ¢ passes point 5, the
origin, while moving in the positive § direction. The only term in (50.8) that creates
such a jump is the first one, and it follows that

@ =—— (50.10)

' 1
The function W~ equals H/Q, at point 1, ¢ = I. Applying this condition to (50.8), we
obtain, using (50.9) and (50.10),

££=_ B 4 (50.11)
1+s
Qs
so that
C=1£+lf-1:s (50.12)
Q,
Using (50.9), (50.10), and (50.12), (50.8) may be written in the following form:
1 (-1 H
-1 _ _ LS
W= r__'kBInC+a(+s+‘ (50.13)
b
where
a3
= .14
¢ 1+s (50.14)

The auxiliary function Tl‘ equals (2, as follows from (50.3) and (47.18). We deter-
mine this function by solving the boundary value problem in 3¢ > 0.

The Function 2 = £2(¢)

The boundary conditions in the ¢ plane are that the entire real axis is a streamline, and
that there is a source emitting a discharge Q, into ¢ > 0 at point 5, { =0, and a sink
1

removing a discharge Q, from 3¢ > 0 at point 1, { = 1. The complex potential that
meets these conditions is

]
Q=% lnC-f-%in((—l]-t—@o (50.15)

T
where @ is a real constant.
The Function z = 2(()

The function 2’ = 2’(() is obtained by the use of (46.3),
Z=-QOW () (50.16)
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Differentiation of (50.15) yields the following expression for £2'(¢):

] [ ]
:__% % 1 =Qb_Qa(+Qn/(Qb_Qu)
S e e T .

Using this expression and the expression (50.13) for W~ in (50.16), we obtain

1
v QaInC. Q InC _ Q-QuC+Qu/Gy-Qu)

H !
wkB (  mkB(-1 ° o« (i~ THO 018

Qs

The stagnation point is a finite point in the z plane, and therefore the singularity at = —s
of the third term in (50.18) must be a removable one. All other terms are analytic at
= —s and the condition that 2 is finite at { = —s will be fulfilled only if

Qa
[
Qb - Qn
It is of interest to note that point ¢ = —s is a stagnation point for the flow in I¢ > 0;
(50.19) and (50.17) imply that the derivative (', which equals minus the discharge vector
for flow in 3¢ > 0, vanishes at ( = —s. Combining (50.19) with (50.18) and integrating,
we obtain

=s (50.19)

1
=Dy H Q . :
2=-52 % In“¢ + AgIn¢ - - In(¢-1) - 1"ZM__ngzljl -0 +C +iCy (50.20)
where
1
po= -y, E?—a' (50.21)
™ m
Qs
The function Lix(1 — () is the dilogarithm (see Lewin [1958]), defined as
1-¢ _
Liy(1- ()= - ] L ; D 4t (50.22)
0

This function is discussed in some detail in Appendix B.
Determination of the Parameters in the Solution

In order to evaluate the various logarithms and the dilogarithm in (50.20), we must define
the ranges of values of the arguments of ¢, ( — 1, and 1 — (. Using that ¢ is defined
in 3¢ > 0 and that the arguments must be continuous for ¢ inside the upper half plane,
including the real axis, we obtain

O<ag(<m O<ag(-1D<7 -—w<ag(l-¢)<0 (50.23)
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The solution to the problem is given by the functions 2 = (¢) and z = 2(() in
(50.15) and (50.20), which together contain the five constants Ay, Cy, C2, ®p, and p
as unknowns. An expression for C; is obtained by requiring that y = 0 along boundary
segment 5-6-1, which corresponds to 7 =0, 0 < £ < 1. The argument of 1 — ( is zero
along this section so that the dilogarithm (50.22) is real there. All terms in (50.20) are
real along 5-6-1, except the third term, which has an imaginary part equal to —H, so
that

Cy=H (50.24)

Choosing the y axis as the reference level for the heads, the condition along the phreatic
surface becomes ® = kBy. It is shown in Appendix B that this condition is met if

Point 2, ¢ = u, corresponds to z = iH, so that
iH = 2(p) (50.26)

The mapping is not conformal at point 2; the derivative of the mapping function vanishes
there,

z'(p) =0 (50.27)
Equations (50.24) through (50.27) represent four equations for the five unknown con-
l
stants. The remaining condition is obtained by requiring that the head be ¢, at z = Ly:
1

z=Ly ®=kBg (50.28)

We apply this condition in an approximate fashion, taking into account that Ly > H.

The image in S¢ > 0 of the point z = Ly, then, will be on the segment 5-6-1 and close
to { = 1. Representing ( there as (, with

G=1+ee™ (0<e<k) (50.29)

we may approximate (50.20) as follows, noticing that all terms are nearly zero except
the third one and the constants,

z=Ly = -{rilne—iH-kC; +1C, (50.30)
or, using (50.24),

Ly~ -—%lne-{»Cl (50.31)
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The potential at { = (, may be approximated similarly (see [50.15]),

1
!
by = % Ine + @ (50.32)
We eliminate Ine from the latter two equations and solve for C:
H !
Cir = Ly + (@ — ®o) (50.33)
Qs

Using (50.24), (50.25), and (50.33), all constants may be eliminated from the
solution, with the exception of p and ®¢. The latter two constants are determined by
solving (50.26) and (50.27) by the use of a Newton-Raphson procedure.

Once all constants are determined, the phreatic surface may be plotted by computing
values of z from (50.20), letting ¢ vary along the negative real axis. A flow net may
be generated by first determining points of the net in 3¢ > 0, and then computing the
corresponding values of z. Such a flow net is shown in Figure 7.29 as an illustration.

]

Figure 7.29 Flow net for unconfined flow with a lamina. (Source: Strack [1981(b)].)

The solution presented above may be readily adapted to the case of interface flow
shown in Figure 7.30, which is obtained by rotating the domain in the 2 plane 180 degrees
about the origin. Replacing z in the above transformations by —z* = —(z* + iy*) and
k by k°, the function z*({) meets the condition that ® = —k*y*. With an appropriate
choice of the reference level, this condition corresponds to that along the interface.

Problem 50.1
Determine the function z'(¢), and write a computer program to determine the parameters
and Py, using the series expansion given in Appendix B to compute the dilogarithm.
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Figure 730 Interface flow with a lamina.

INTERFACE FLOW FROM AN EQUIPOTENTIAL TOWARD DRAINS

We will solve some problems of interface flow toward a drain in this section by an analysis
that follows Strack [1972]. An example of a coastal aquifer is shown in Figure 7.31(a),
where the lower boundary is an interface between flowing fresh water and salt water at
rest, and the upper boundary is a phreatic surface. We approximate the phreatic surface
by a single horizontal equipotential at the same elevation as the sea bottom (see Figure
7.31[b]), with a head equal to the average estimated elevation of the phreatic surface.
This approximation is crude, but may give an insight into the shape and position of the
interface in aquifers where the average elevation of the phreatic surface is controlled
by irrigation or pumping. We will examine, in particular, the effect of pumpage from
a horizontal drain with its axis normal to the plane of flow. Two cases will be treated
separately. For the first case the section of the aquifer where the pumping takes place is
sufficiently far from the coast that its influence may be neglected. For the second case
the presence of the coast is taken into account.

Flow from a Single Horizontal Equipotential Toward a Drain

Consider the case of flow from a single infinite equipotential with ¢ = ¢ toward a
drain located above an interface (see Figure 7.32[a]). The r axis coincides with the
equipotential, the head in the stationary salt water is ¢,, and all heads are measured with
respect to the x axis. The boundary in the hodograph plane is shown in Figure 7.32(b).
At the two points 1A and 2A (infinity) of the interface the discharge is zero: these points
are mapped onto the origin in the hodograph plane. Moving along the interface from
1A toward 2.4, the discharge vector first increases in magnitude, pointing upward and to
the right, then decreases to zero at point S vertically below the drain, increases again in
magnitude but now pointing upward and to the left, and finally decreases to zero at point
2A. Moving from 2B along the equipotential via point 3 toward point 1B, the discharge
vector first increases in magnitude, pointing downward, until a maximum is reached at
point 3 above the well, then decreases in magnitude to zero at point 18. The boundary
in the hodograph plane thus obtained is the slot 1-5-2-3-1; the domain is the exterior of
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Figure 731 Approximation of the upper boundary of a coastal aquifer.
the slot and contains infinity. Indeed, the drain lies inside the flow domain and infinite

values for the discharge vector occur at the center of the drain: the drain is mapped onto
infinity in the hodograph plane.

.____T_ _____ :“": _l:'____
1B 3 2B
oD
S
1A 2A

(a) (b)
Figure 732 Flow from a single horizontal equipotential toward a drain.

We observe from the boundary in the hodograph plane that there are two points of
inversion:

W=7=0 W=7=ik"B 51.1)
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We may therefore solve this flow problem without resorting to the use of the hodograph,
and use the two auxiliary functions (compare [47.25])

S:"=Q+'nz=ﬂ '12‘=Q+122=Q-—:'k'Bz (51.2)

We will solve the problem by determining the functions ’{ and 3;‘ in terms of ¢, using
the method of images.

The Complex Potential 2 = S¥(()

We choose the reference half plane shown in Figure 7.33(a). Point 1 corresponds
to infinity, point S to { = —s, point 2 to { =0, and point 3 to = 3. The center of the
drain, z = z4, corresponds to { = 6. The boundary conditions for the complex potential
are that the negative real axis is a streamline:

7=0 -—o00<E<0 Y=Y (51.3)
where W, is a constant, and that the positive real axis is the equipotential ¢ = ®o,

n=0 0<f<oo ®=kBopo=%o (51.4)

(a) (b)
Figure 7.33 Regions in the { and ¢'/2 planes.

As for the flow problem solved in Sec. 32 (see Figure 5.15), we determine the complex
potential by applying the method of images in the ('/? plane shown in Figure 7.33(b),
taking advantage of the normality of the streamline and equipotential boundaries in the
latter plane. The complex potential for flow from the equipotential 2-1B toward the drain
at ¢'/2 = 6'/? becomes

Q, @2-8ryg2 43"

0=
2 (2 - 3’!2)(0;2 +6172)

+ &0 + z'(gz (51.5)
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where Q is the discharge of the drain and ?2 is a real constant.

The Function 'i'; = 12“(()
Separation of the real and imaginary parts of the function 3;‘ given by (51.2) yields

3;'1 +z"12"2=¢>+k‘By+i(\I! — k*Bz) (51.6)
The boundary condition along an interface is given by (45.19):

7=0 —00<£<0 ‘b=—k‘By+(k‘y.-+k::—’¢,)B U= (51.7)
f

The reference level for ® coincides with the z axis so that y, = 0. We denote the
thickness of the freshwater zone at infinity as Hp; y in (51.7) approaches — Hy near
infinity. Since there is no flow at infinity (the effect of the drain, which draws all of
its water from the equipotential, is negligible there), the potential in the freshwater zone
equals P at infinity; (51.7) becomes, with y, =0 and y = — Hj,

1=0 £— -o00 ¢o—k‘BHo+kB-—¢, (51.8)

so that

kBs—'¢, =& — k* BH, (51.9)
f

and (51.7) may be written as
n=0 —-00<€<0 &=—k"By—k*"BHy + &, V=1, (51.10)

This boundary condition may be expressed in terms of the real part of T by the use of
(51.6) as

n=0 —00<EL0 ’1’1‘|=d>g—k‘BHo (51.11)
Along the equipotential 2-3-15 the potential equals ® and y = 0 so that

n=0 0<E<oo Ti=d (51.12)

The function z = z(() is analytic at the drain, and therefore the singular behavior
of T near ¢ = 4 is govemed by that of the complex potential. The real part of T is

constant along the entire real axis, with a jump occurring at ¢ = 0. Thus, the funcnon
T may be viewed as a complex potential for flow in ¢ > 0 with a vortex at ¢=0and
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a drain of discharge Q at ( = é. Placing an image drain at ¢ = & to ensure that !Ri: is
constant along the real axis, we obtain

_k*BH, Q. (-6 ,
T=— ”“CJ’zw"‘(_z*%“Q’ (51.13)

where Cz,‘z is a real constant. It is left as an exercise for the reader to verify that (51.13)
indeed fulfills the boundary conditions (51.11) and (51.12).

The Function z = 2(()

An expression for z as a function of ( is obtained from (51.2), (51.5), and (51.13):

ikBr=-T=2 1 CL 8N 3"
2 2m (2 3'/2)“1;2 +61/2)

1/2 _ s1/2y(1/2 1/2
QIH(C [ (Sl X )—¢n~i02

0 o — 5Py 4+ 57 : (51.14)

+‘l’o+i(|:'2

iln¢

k*BHy .
™

where ¢ — & is written as (¢'/2 — §'/2)(¢'/2 + 6'/2) and ¢ — & similarly. Eliminating the
logarithmic terms that cancel and introducing a new real constant C) we obtain, after
division by k* Bz,

tln
wk*B 12 4 5

=—Ljr~qlnc+ Cy GLI5)

where C) equals ((Il'z - (23'2)/(#'3)-

Thus far we have chosen only two parameters in the ( plane, whereas the trans-
formation contains three degrees of freedom. We use the third one by choosing

6] =1 (51.16)
so that 6 may be written as
b=e (O<a<m) (51.17)

By symmetry, the unit circle in the { plane will correspond to the vertical through the
drain (compare Figures 7.32[a] and 7.33[a]). Point 3 therefore corresponds to (=1,

&=1 (51.18)
and the condition that z = 0 at point 3 gives with (51.15) and (51.17)

Q . l+ein{2 Q . eia/2(1+e~ia/2)

0= M e tO = B 1+ et

+ C) (51.19)
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or
_ Q ,20’ = Qﬂ
C1=-7%B 2" kB S
so that (51.15) becomes
HO Q ) (Ifl + eia)‘! QO
= —— - 1.21
‘ w lnC+1rk‘B“n le'2+e"“ﬂ+21rk‘8 (512D
The parameter a is determined by requiring that z be z4 for { = § = €*™:
Hy . Q . 2eia/? Qa
=—— - - .22
2= —Trlat gt e s Y kB 51.22)

Denoting the distance between the drain and the z axis as h,, so that zg = —ih,, this
becomes

hy o ¢ a
e 4+ X Incos— 51.23
Hy = ki x %3 ) )
where the dimensionless constant ¢* is defined as
Q
*
= 24
¥ = % BH, (51.24)

Once an expression for a is obtained by solving (51.23) numerically, points of the
interface may be determined by setting ¢ equal to |(|e*™ in (51.21). Of particular interest
is the highest point of the interface, point S (see Figure 7.32[a]), where ( equals e'" (see
Figure 7.33[a]). Denoting the distance between the z axis and point S as h,, we obtain

Q ) eilrf2+eiaf2 QG

= —ih, = —i , _ 51.2
z=—ih iHo + rk’Btln eim/2 4 e—ia/2 * 27k*B (51.25)
or
h, q ein/4-ia/d 4 e~ ix/4tiafd  in/dgia/d g«
H 1->In [_e—iw/4+ia/4 T ein/a—ia/d g-in[dg—ials s (51.26)
which may be simplified to
LR B (51.27)
Hy B 4 ’

Instability of the Interface

If the discharge of the well exceeds some critical value, the salt water will start
flowing and the solution given above no longer applies. We will determine this critical
value, for which the interface is unstable and the salt water is about to start flowing
toward the well. The interface is unstable if it possesses a vertical tangent at some
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point; any increase in slope would cause salt water to be above fresh water, a situation
that cannot be maintained. Instability will occur first at point S with a cusp developing
as shown in Figure 7.34(a). The mapping is then no longer conformal at point S; the
boundary in the 2 plane encloses an angle of 2r whereas it encloses an angle of 7 at
point S in the ( plane: 2'(() is zero at { = e'™. An expression for z’({) is obtained from
(51.21) upon differentiation:

' _ HO Q ) 1 1 !
Z=—-——+ B' [CIIZ +ea/2 7+ e_,-qn] =i (51.28)

Figure 734 Unstable interface: cusp at point S.

Setting 2’ = 0 at { = '™ we obtain, combining the two terms between the brackets:

& Q [ e—iu/!_eiaﬂ ] 1 Ho Q

o
T * kB i(eie/2 4 e=ia/2)| 2i ~ 7  27k*B tan — (51.29)

0= 2i w  2nk*B "2

Hence, (see [51.24))
2

The value for h,, (hy)ei, corresponding to this unstable situation is obtained by com-
bining (51.27) with (51.30). Writing tan g as

l.ang:col =~ |cot (51.31)

a Ty

in (51.29) and solving for cot =32 we obtain

T—a 21?2
cot =—+ [-— +1 (51.32)
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where the positive root is chosen because cot 32 is positive. Using this in (51.27) the
following results:

. 2 .
(-’L’-) =1~»q—ln [3_+ [-—2;] +l] =l—1-arcsinh—2*_— (51.33)
Ho / i T q q w q

Equations (51.23) and (51.27) together give a relationship between q*, hs/Ho, and
hy/Ho. Curves of (Ho — h,)/Ho versus q* for various values of hy/H) are reproduced
in Figure 7.35. The dotted line which bounds the graph on the upper right represents
unstable conditions and is obtained from (51.33). It is seen from the graph that instability
occurs well before point S has reached the drain. This explains why sometimes wells in
coastal aquifers draw brackish water unexpectedly, particularly in view of the sensitivity
of the rise of the interface to the discharge: it is seen from the graph that the curves for
constant values of h/Hp become steep near the dotted line.

—h . 2
Hoh, i—-arcsinh-—_ |
Hy 3 2 4 q .
R )
5 S0
-f’ .
&7 hl.fH“=U.1
4 -3 -2 -l q*
1 2 1 2 i 4 5 6
2
L]
2 i S A b ___
: . rlr'
h
6 ‘s H,
e
1 -1.0 —_——’/\ .
5 A

Figure 7.35 The relation between the risc Ho — h, of the interface at S, the position of the
drain, h,, and the dimensionless discharge ¢°. (Source: Strack [1972].)

Flow Toward the Sea

The problem of interface flow toward the coast is illustrated in Figure 7.36(a): the flow
occurs from the horizontal equipotential 3-1B (® = ®,) toward the horizontal sea bottom
2-3. The domain in the ¢ plane is shown in Figure 7.36(b) and is the same as for
the previous problem, with point 2 corresponding now to the point of intersection of
the interface with the sea bottom, rather than infinity. The head is approximated to be
discontinuous at the coast, point 3, which is taken to be at the origin in the z plane and
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at ¢ = 1 in the ¢ plane. The head ¢, 3 along the sea bottom is expressed in terms of the
sea level ¢, by requiring that the pressure p; along 2-3 equals p, = p,@,:

$a=20, (51.34)
ps

(b)
Figure 7.36 Flow loward the sea.

The Complex Potential
The boundary conditions for Q2 = (() are (compare [51.3] and [51.4])

=0 —-00<€E<0 VY=V, (51.35)
n=0 0<£<I ¢=¢1,3=k32—"¢,=4».,-k'3110 (51.36)
!

n=0 1<f<o00 ¢=9 (51.37)

where use is made of (51.9). The flow problem is solved in the ¢'/2 plane of Figure
7.36(c). The jump in ¢ is accounted for by placing a vortex at ('/2 = 1 and an image
vortex at ('/2 = —1 to meet the boundary condition that the 3¢'/2 axis is a streamline.
The corresponding complex potential is

k*BH, 12 _
= OimS_—1

b= 241

+ & + i(?'z (51.38)

where Cli'g is a real constant.
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The Function Tz‘ = %"(()

The boundary conditions for the function ‘12" defined by (51.6), are as follows.
Along the interface, (51.11) applies:

=0 —00<§<0 '{|=‘I>o-—k'BHg (51.39)

Along the boundary equipotentials, y is equal to zero so that i;‘l equals ®; the conditions
for ’I;. along these segments are obtained from (51.36) and (51.37) as

n=0 0<¢<1 ’{.=d>o~—k'BHo (51.40)
n=0 1<f<o0 ’{|='1>o (51.41)

The function ’J; for this case is formally equal to the complex potential with a vortex at
¢ =1 that meets the above boundary conditions:

k*BH) .
— !

'1;‘ In(¢( — 1)+ %o + igz (51.42)

where Cz,‘; is a real constant.

The Function z = 2(()

The function z = z({) is obtained by the use of the definition (51.2) of '{ and
(51.38) and (51.42) as

ik‘Bz=Q—%"=—2@iln({”z+ D +i(C2— C2) (51.43)
or
= _2%'- In(¢'/? + D+C (51.44)

where C, is a new real constant, determined from the condition that z be zero at { = 1:
z

C, =2%ln2 (51.45)
Substitution of this expression for CIL'I in (51.44) yields

2Hy (2 +1

z=———In

™ 2

The solution given by (51.38) and (51.46) is found in Polubarinova-Kochina [1962]

along with some solutions to similar interface flow problems. The latter author derived
the solution by the use of the hodograph, rather than the auxiliary function 3;‘

(51.46)
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Problem 51.1
Derive an equation for the interface from (51.46). Using the dimensionless variables z/Ho
and Q/(k* BHo), draw the interface, three streamlines, and three equipotentials by using
the preceeding solution.

52 SUPERPOSITION; PROBLEMS WITH DRAINS

We determined two solutions in the previous section: one deals with flow from a single
horizontal equipotential toward a drain, the other with flow from a horizontal equipotential
toward the coast. It is the purpose of this section to demonstrate that such solutions may
be superimposed, provided that certain conditions are fulfilled. By superposition, the two
solutions may be combined to cover the case of flow from an equipotential toward both
the coast and a drain. The method of superposition is applicable irrespective of how the
solution was determined, but requires that each individual solution be given in the form
of the basic pair of functions Q = Q(¢) and z = 2(¢) of the same reference parameter
¢. An important application of superposition is the derivation of solutions to problems
with an arbitrary number of drains from the one valid for one drain. At the end of this
section a brief outline is given of a procedure for determining solutions with a single
drain using the hodograph method.

Superposition in the Upper Half Plane S¢ > 0

We will demonstrate that superposition is applicable to pairs of derivatives of the basic
functions 2 = Q(¢) and z = 2({) with respect to G; it then follows that superposition is
also applicable to the basic functions themselves. Consider the following two pairs of
functions, each written in terms of the same reference parameter (:

Q=00 2=z (2.1)

Q=) 2=z (52.2)

The real axis 3¢ = 0 is subdivided into segments, each corresponding to a boundary
segment in the physical plane of one of the seven types listed in Sec. 45. We will see
that if each of the above pairs fulfills the boundary conditions, then these conditions are
also satisfied by the pair

Y =a Q)+ 2 =a12](Q) + a223(() (52.3)
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where a, and a; are real multipliers,
Qa; =TVa; =0 (52.4)

It will be shown below that these functions fulfill the boundary conditions along two
typical types of boundary conditions; it is left to the reader to verify in a similar manner
that the conditions along the remaining five types of boundary segments are satisfied as
well.

Let the interval n = 0, o, < £ < 3, correspond to a phreatic surface with accre-
tion. The pairs (52.1) and (52.2) each fulfill the boundary conditions (45.18) along this

segment:

(€)= kBy;(€) !
=0 o <£< j i =1,2 525
i ar <§< B, {wj(£)=_Nij(0} G ) (52.5)
Hence, since a; and a; are real,
n=0 o, <£<p { m@:(ﬂ + az‘bf(-f) = kB[auylfﬁ) + az!a‘z(;f)] } (52.6)
a1 ¥, (§) + a2¥5(§) = —N Bla;z\(§) + a225(£)]
With (52.3), it follows that
') = kBY'(©®) }
=0 r $E< B , , 52.7
nEl aeSESP {W(£>=—NBx(-s) o

so that the pair of functions obtained by superposition meets the boundary conditions, as
asserted. It is important to note that the above proof is valid only if the values of a, and
[, are the same for the two independent solutions (52.1) and (52.2). The points a, and
B, occur as parameters in the conformal transformations used to obtain the solution, and
some of such parameters cannot be determined a priori, but depend upon the solution.
It is wrong to determine all such parameters independently in the solutions (52.1) and
(52.2); they must be kept as unknowns until the superposition is carried out.

As a second boundary type we consider a straight equipotential. If the correspond-
ing boundary segment in I( >0is n=0, a, < £ < ., then

n=0 @ <E<P  ®=0 agz@®=a (=12 (528
so that

a19)() + a2 83(6) =0

=0 e <ELBe ’ ’
! % <{<A {ﬂlg[azzu(f)+azzz(£)]=al+A1r

} (A=0o0r £1) (52.9)

The factor Am occurs because there may be values of a; and a; such that the sum
of a1)z{(€)| and a3]23(£)| is negative. Such values for the multipliers are usually not
allowed, and we require that

=0 @ <E<PBe a2+ az|8)] >0 (52.10)
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This condition is clearly always fulfilled if both a; and a, are positive.

The proofs that superposition is valid for the remaining boundary types are analo-
gous; for all straight boundaries, conditions of the form (52.10) appear.

Superposition may be applied to any number of pairs of functions that fulfill the
boundary conditions, and we may write in general,

VQO=Y ;%0 Q=) ¢z (52.11)
3=l 5=l
The functions £2(¢) and z(() are obtained upon integration:
AO=Y a0 +Ca  20=Y a;2()+C. (52.12)
=1 =1

where Cq and C, are complex constants of integration. The solution given by (52.12)
is such that the derivatives ©'(¢) and 2’(¢) fulfill the boundary conditions. This does
not necessarily imply, however, that (¢) and z(() fulfill their boundary conditions; they
satisfy these except for a constant of integration.

The functions Q(¢) and 2(¢{) contain a number of parameters, such as the real
numbers aj, the constants of integration, the positions of drains in 3¢ > 0, and Ppos-
sibly points on the real axis 7 = 0. The values of these constants must be determined
after superposition in such a way that all boundary conditions are fulfilled. It is worth
emphasizing once more that the values of the parameters in the solution should not be
determined prior to the superposition; the position of a drain in I¢ > 0, for example,
will change as a result of the addition of functions, and keeping such a position constant
in 3¢ > 0 will result in an undesired shift of the position of the drain in the physical
plane.

Application

As an illustration, we will modify the solution for interface flow from a horizontal
equipotential toward a drain, determined in Sec. 51, to include an arbitrary number of
drains. This solution has the form (compare [51.5] and [51.15]):

1/2 _ s1/2y 12 4 712
Q=09 g 0N HS ’+¢n+iclrz (52.13)

T2m 72 =8y 2 4 6112

1/2 4 5172
Moy J.?B“ ¢ +flﬁ+
m (243

C (52.14)

The value of Hy represents the thickness of the freshwater zone at infinity, Q the discharge
of the drain, and ¢ its position in 3¢ > 0. We wish to superimpose solutions of this form
to account for n wells, located at { = é; in 3¢ > 0 and of discharge Q; (j = 1,2,...n),
while keeping the thickness of the freshwater zone at infinity at Hy. This may be achieved
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by superimposing n solutions of the form (52.13) and (52.14), replacing Q by Q; and §
by é;, and taking Hp as zero for all solutions, except the first one. This yields

cuz lf2 cl/z+6‘ﬂ}

+ B0 +iC, (52.15)
; 2 - “’zxc'ﬂ+6"’) ‘
n 1/2
_ H{] Q" . CII2+6J
z=— = lnC+§ ik L +C, (52.16)

As for the case of a single drain, there is one degree of freedom that is not used and we
may choose

5 =e'™ (52.17)
The constant C; may be determined by requiring that 2 is zero for { = 1,
0=2(1) (52.18)

It is left as an exercise for the reader to demonstrate that the solution given by (52.15)
and (52.16) indeed meets the boundary conditions, and to set up a system of 2n — |
nonlinear real equations for the n — 1 complex constants §; and the real constant a;.
This system of equations may be solved generally with good results by the use of a
Newton-Raphson procedure for a system of nonlinear equations (see e.g., Carnahan et
al. [1969]).

Problem 52.1 )
Demonstrate that the solution given by (52.15) and (52.16) meets the boundary conditions.

Problem 52.2
Determine an expression for the constant C, in (52.16), using (52.18), and write a sys-
tem of 2n — 1 real equations for o and the 2n real and imaginary parts of the n complex
numbers §;.

The problem of flow from a horizontal equipotential toward the coast illustrated
in Figure 7.36(a) may be generalized to include drains in a similar fashion. Adding
m solutions of the form (52.13) and (52.14) with Hy = 0 to the functions (51.38) and
(51.46) yields

k* BH. 12 _ 12 _ 61/2 12 4 52

Q=2 C” Z n& X +0 )| g+iC

™ C’ +1 lez,_‘s )(C|f2+51;2) 1
(52.19)

1/2
(‘”4—1 ; Cl"2+6

z=—2—l + + C, 52.20
E:-rk -B"! C1;2+6I{2 (52.20)

where the constant C; may again be determined by the use of (52.18).
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The first terms in (52.19) and in (52.20) are responsible for the jump in potential at
the coastline. They represent a vortex at { = 1 and together meet the boundary conditions
along the interface and that @ is piecewise constant along the z axis. This remains true
if the voriex were located at a point other than { = 1 (point 3). We therefore may add
solutions of the form

A (- VJ!!Z

= 21
(7] - zm('ﬂ-ku;ﬂ (52.21)

z=-— 2% In¢'7? + v}"%) (52.22)

10 generate a solution that is valid for the case that the upper boundary consists of a
number of equipotentials with jumps in the potential occurring at the points { = v;. We
must realize in doing this, however, that Hj in the coefficient of the first terms in (52.20)
no longer represents the saturated thickness of the aquifer at infinity, but rather the jump
in potential between the sea bottom and the adjacent equipotential., We should therefore
replace k* BHj in (52.19) by A®,,

A®, =k*BHy (52.23)
and Hp in (52.20) accordingly,
_Ad,
Hy = =B (52.24)

As an illustration, streamlines are reproduced for two flow cases in Figure 7.37.

Problem 52.3
Write expressions for {2 and z applicable to the flow case reproduced in the lower half
of Figure 7.37, and express the coefficients of the vortex terms in the solution in terms of
the heads along the various sections of the upper boundary.

Problems with One Drain

The application of superposition as discussed above eliminates the need for applying the
hodograph method to problems involving more than a single drain; it suffices to solve
problems with a single drain. There are two types of such problems. The first type
of problem occurs if there is flow only if the drain operates. Such problems may be
solved by direct application of the methods outlined in this chapter. An example of the
hodograph for such a case is given in Figure 7.32(b). The domain in the hodograph
plane always includes infinity, as a result of the infinite velocities occurring at the center
of the drain.

The second type of problem occurs if there is flow without the drain pumping.
As a result of the addition of the drain to the flow, a separate flow domain is produced
inside the existing flow. In this domain all possible magnitudes of the discharge vector
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Figure 7.37 Streamlines for two flow cases. For both cases, k = 4k* and the difference in
value of W on neighboring streamlines is 0.025kA¢,. There is a drain at Dp
(Qp > 0) and a recharge drain at D (Qp < 0). (Source: Strack [1973].)

will occur, from infinity at the drain to zero at the stagnation point. The hodograph
will therefore become many-valued and the boundary in the hodograph plane lies on a
Riemann surface, which includes an infinite sheet with the drain mapped onto infinity
on that sheet and the stagnation point at the origin. It is beyond the scope of this text
to discuss the details of such complex hodographs. The interested reader is referred to
Strack [1972, 1973] for a detailed discussion on the subject.

It is possible, however, to present the generalized Schwarz-Christoffel transforma-
tion that is applicable to these problems without discussing the details of the many-valued
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hodograph. The transformations are first written for the case without drain, and the nec-
essary modifications may be made without drawing the boundary in the many-valued
hodograph that results from the addition of the drain.

We first consider the case that the problem may be solved by the use of the functions
W =" and  as the auxiliary pair. Let the functions W ~'(¢) and €2(C) for the case without
drain be given by the following two Schwarz-Christoffel transformations:

Wl = |4y f [I¢- E..)""dc +C (52.25)

=l
2
) n 2 2 2
= | Agle® f [I¢-ér*dc+cC (52.26)

It was shown by Strack [1972], that the addition of a drain to an existing flow will cause
a stagnation point to occur. If { = o represents the location of this stagnation point in
8¢ > 0, then the function W will have a zero of the first order at ( = o, and W~! a
pole of the first order at ( = 0. The derivative of W ="' will thus have a second order
pole at ( = o and we modify (52.25) to account for this pole as follows:

.. = )¢ =7
[ — o) — D))

n 1 ! 1

= Al H(c - &) td(+C (5227
The factor added under the integral sign provides the desired singularity without affecting
the argument of dW ~'/d( along the real axis, and without adding other singularities in
the flow domain; { = 7 lies in 3¢ < 0. The numerator in the modifying factor ensures
that the behavior of the function at { = oo is not affected. The complex numbers 7
represent winding points on the Riemann surface. For the purpose of integration, (52.27)
is written as

, a b 3
’A'”/[(c T (c—a)+~<—ﬁ+“]

1
H(( —Eykedc + & (52.28)

v=l

Upon integration of this expression, it will appear that W ~! has a logarithmic singularity
at ( = o0. Since W is analytic at this point (it only has a zero there) no such singularity
may occur; it must be removable. This condition is equivalent 1o the requirement that
the residue of the transformation at { = 0 vanish. (Compare the discussion of a similar
singularity of the transformation [32.18] that maps 3¢ > 0 onto the exterior of a polygon.)

The complex potential (52.26) is modified in a similar manner. This function
exhibits a logarithmic singularity at the drain, { = §; its derivative has a first order pole
at ¢ = 4. In addition, the derivative Q'(¢) will be zero at the map of the stagnation
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point in 3¢ > 0. We modify the transformation (52.26) to account for this behavior as
follows:

(€ - o) -7)

no 2 3 2
o L€ -ea+c (52.29)

v=l

1
Q = |Aye™

Also in this transformation, the modifying factor affects neither the behavior of arg ('(£)
nor the behavior of 2(¢) at infinity.
After carrying out the integrations, the function 2’ = 2’({) is obtained from (46.3):

2 ==-WwNONQ) (52.30)

It is important to note that the singularity of W~ at ( = o cancels with the zero of
'(¢) at the same point. The function W = W(() is infinite at the drain and therefore
W1 = W-1(() is zero there; z = z(¢) will be analytic at the drain because the pole of
Q' at ¢ = 6 cancels with the zero that W~!(() exhibits there. That this is indeed the
case is often not immediately evident from the functions, and considerable simplification
is achieved by imposing this requirement directly on z'({), rather than on the function
W)

cli_l.'r%z(()=M (52.31)

where M is some finite number.
The procedure is analogous for the case that the auxiliary functions are lr‘lV and ’1;‘
We merely need replace W~! by VIV, Q by 3:‘ and o by another parameter o*; the latter

point no longer represents the stagnation point but rather the point where W equals 7,.
Replacing o by o*, this gives

W(e*)=1n (52.32)
The function il". defined as
5:’ =Q+4+7z (52.33)

exhibits a singularity at { = § equal to that of , since z is analytic at that point. It
follows from (47.16) that

T'©)
EZG)

Since the mapping is conformal at { = o*, 2'(() is analytic and unequal to zero there so
that, by (52.32) and (52.34),

v}f-' =W-n= (52.34)

'_'{"(o") =0 (52.35)
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W~" and Q do at ( = § and = 0. The transformations applicable to this case become
(compare [52.27] and [52.29]):

R | (D (kA n - !
- 7] J -£ v C (52.36)
W= ldile / [ =a*X(-a")P I.,.I.(C b
and
2 [ =a*)(-T%) n 2 _i 2
T=|Aet? | =—— __—_~ =& "™d(+C (52.37)
[=lale® | S5 Htc &)k

The function z' = 2’(() is obtained by integration of (52.34); the singularity of if’ at
¢ = o* cancels with the zero of 'll"; the singularity of Q' at ¢ = § cancels with the zero
that PIV exhibits there so that (52.31) may be applied.

The approach outlined above is often rather involved, and therefore no applications
will be discussed. The reader who wishes to gain some experience with this method,
however, may consider solving the problem of flow from a horizontal equipotential
toward a drain and toward the sea bottom by the approach outlined above, using the
functions W=! and Q. The hodograph for the case without drain is quite simple, and
the operations necessary to obtain the solution are instructive; the result should be the
function pair (52.19) and (52.20) with n = 1.

Pioneering work in solving problems with many-valued hodographs was done by
De Josselin de Jong [1965] who solved a problem of interface flow toward the sea, with
the upper boundary of the flow domain being composed of a horizontal streamline and
the sea bottom. A drain was placed on the boundary streamline, resulting in a many-
valued hodograph. De Josselin de Jong did not have to resort to the application of a
modified Schwarz-Christoffel transformation, however, because the drain was located on
the boundary, so that the necessary term appeared in the transformations (52.25) and
(52.26).

53 FLOW FROM RECHARGE DRAINS TOWARD DRAINS
IN A PHREATIC AQUIFER

As a final application of the hodograph method we will consider the problem of flow
from recharge drains toward drains in a phreatic aquifer, with the recharge drains as the
sole source of water. The work reported in this section was sponsored in part by the
United States Bureau of Mines. The boundary of the flow domain is a phreatic surface that
extends downward to infinity as shown in Figure 7.38. The problem is of interest in view
of applications to solution mining, particularly if the hydraulic conductivity is anisotropic.
In this section we will make restriction to cases of isotropic hydraulic conductivity, and
cover anisotropy in Sec. 54. In either case, the objective of the analysis is to determine
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Figure 738 The flow domain with two recharge drains and two drains.

a solution from which spacings and flow rates of the drains may be determined such that
a stable phreatic surface exists.

Flow From a Single Recharge Drain

We first solve the problem of flow with a single recharge drain. The solution for flow
with an arbitrary number of recharge drains and drains is obtained by superposition.

The Hodograph

A sketch of the flow domain along with the corresponding domain in the hodograph
plane is given in Figure 7.39. The origin in the z plane is chosen at the axis of the recharge
drain, with the z and y axis horizontal and vertical as shown in Figure 7.39(a). The
boundary of the domain in the hodograph plane of Figure 7.39(b) is the circle 1A-S-18,
with the domain being the exterior of the circle and the drain mapped onto infinity. Since
the only boundary segment is a circle, any point on the circle may be used as a point of
inversion. We choose points 1 and S as points of inversion so that

n1=0 T, = ikB (53.1)

with the corresponding auxiliary functions equal to Q) and the Zhukovski function Z
(compare [49.47]),

'11"=ﬂ 1;‘=Z=ﬂ+isz (53.2)
We will determine the complex potential €2 and the Zhukovski function Z in terms of the
reference parameter ¢, chosen such that infinity corresponds to { = oo and the recharge
drain to { = § (see Figure 7.40).
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Figure 7.39 The flow domain and the hodograph.
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Figure 7.40 The reference half plane.

The Complex Potential

The boundary conditions for the complex potential are that the real axis I( =0 is
a streamline and that there is a drain of recharge Q at ( = 4. The function Q = Q(() is
obtained by the use of the method of images,

=2 i —bxc—3
Q=3I - 6 -B) + €, (53.3)

where (l?l is a real constant, and the value for ¥ along the £ axis is chosen as zero.
-

The Zhukovski Function

We choose the reference level for the head to coincide with the axis so that the
boundary conditions (45.12) along the phreatic surface give with (53.2):

n=0 —0<€<oo X=RZ)=®-kBy=0 (53.4)
The Zhukovski function behaves as the complex potential near the recharge drain. Placing
an image drain at { = § in order to satisfy the boundary condition (53.4), we obtain

Q. .¢C-6 .
Z=—-"In>—— .
5 mc_‘5 +iC: (53.5)

where (5?2 is a real constant.
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The Function z = 2(()

An expression for the function z = 2(() is obtained from (53.2), (53.3), and (53.5)
as follows:

ikBz=Z-Q= % In(¢ — &) + ikBC (53.6)
where
1 .
C= E—g(gg + l(‘?ﬂ (53.7)

Division of (53.6) by ikB yields

Q . =
—5inC-9+C (53.8)

z=-—

Flow with an Arbitrary Number of Drains and Recharge Drains

The functions = Q) and z = z({) for the case of flow with n; recharge drains
and n, drains is obtained by superposition of n; + n. solutions of the form (53.3) aljld

(53.6). Denoting the recharges and locations in S¢ > 0 of the recharge drains as C‘)j-

and §; G = 1,2,...,m) and the discharges and locations of the drains as Q; and p;
(j=1,2,... ,n.), we obtain, introducing new constants Cq and C,,

1 & N | Pee .
Q=—7-D_ Qi )¢ -8+ 57 3 Q; (¢ - )¢ — 8))) + RCa (53.9)

j=1 3=l
and
i n = Ry _
z-_mgqj In(¢ — 8;) + mgqjm(c—gjncz (53.10)

We choose the origin of the z plane to be at the center of the first recharge drain:
0=z(6) (53.11)

Applying this condition to (53.10), solving for C, and substituting the result in (53.10)
we obtain:

i o ¢-5; i "‘e' (-7
‘= ka;Qjmél—Ej+kajz=l:Q3]"5]._~éj (53.12)
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We set ( = £ in (53.9) and (53.12) and apply the condition that ¢ = kBy, which yields
an expression for RCy. Substituting this expression in (53.9) we obtain:

T W S ) (S ) S IR < N (' (S )
=-5= ] _— —_— . B T &eA T e 31
0 27 JingJln 61— 6,2 +21§Q’ In 6 —oF (53.13)

Denoting the locations of the recharge drains and the drains in the physical plane as 4,
(m=2,...,n;)and 5,,. (m=1,2,... ,n,.), respectively, we obtain the following system
of equations:

i i o i 6 —3 i = € 6!!1_5'
m=—— jIn =—2 4 jln ——2 m=23,...,n;
“ NkB;QJ 6|—53 +NkB§QJ 6I"§J ( )
(53.14)
and
-5m=*Liéjln9“—"_5+—f—ic§jln9'”_:" m=12,... ,n)
nkB P 6-6; mkB = 61—,

(53.15)
(33.14) and (15.15) provide n; +n, — 1 complex nonlinear equations for the n; +n, — 1
complex parameters 6; (j =2,3,...,n;) and 2; G=1,2,... ,n.).
The mapping contains three degrees of freedom, one of which has been used by
choosing point 1 to be at ( = co. The remaining two degrees of freedom are used by
choosing

b =i (53.16)

The flow pattern shown in Figure 7.38 was produced by a computer program that
uses a Newton-Raphson procedure for solving the above system of nonlinear equations.
The phreatic surface is plotied by letting { assume real values while computing the
corresponding points in the 2 plane by the use of (53.12). Points on the streamlines are
determined in terms of { by tracing the curves ¥ = constant from the recharge drain in
8¢ > 0; the corresponding values of z are obtained from (53.12).

Of special interest are cases where the phreatic surface is on the verge of instability
and unsaturated flow is about to occur. We will establish the criterion for stability of the
phreatic surface, and examine the solution for the case of flow with one recharge drain
and one drain in some detail.

Stability of the Phreatic Surface

Stability of the phreatic surface requires that a small amount of water that has
left the saturated body of water will return to it. It is assumed in the present analysis
that the pressure is constant (zero) outside the phreatic surface, so that the gradient of
the potential there is vertical. If the phreatic surface is steeper than vertical so that air
is below groundwater, then any water that has left the body of groundwater will not
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return. The condition for stability therefore may be formulated for the present problem
as follows:
or |,
n=0 —00<€<o00 &=x(6)50 (53.17)
which may be interpreted as the requirement that a positive increment d must always
correspond to a negative increment of  at any point of the real axis, which is the image
of the phreatic surface (see Figure 7.41).

B

Figure 7.41 The stability criterion.

Solution for a System of One Recharge Drain and One Drain

We obtain the solution for a single pair of a drain vertically below a recharge drain (see
Figure 7.42) from (53.12) and (53.13) by setting n; = n. = 1. By symmelry, the recharge
drain is mapped onto a point of the imaginary axis £ = 0. Writing g, as iA (A > 1), and
using (53.16), the expression for z({) becomes

i pu ki ioo C+i)

- 1 53.18
AB o Y B T (53.18)

Z=

where the index 1 is dropped in Q and Q. If the drain lies in the z plane a distance h
below the recharge drain, then Z equals —ih for ( = i),

i G iA+i ioe iA+id
1 ‘I-I-1.+‘l 1 1

B 5 Y B T (53.19)

€ .
z=—th=
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or, simplifying this,

I i A+1 1 e 2
- - 53.20

Ty A Wy A e (5320
Application of the stability condition (53.17) requires that the derivative of z(¢) with
respect to ¢ be determined:

h

dz i i ] i e 1
—_=— 53.21
¢ kB (+i+1rkBQC+iA ( )

st [z

Figure 7.42 The case of flow with a single recharge drain and a single drain.

Along the real axis, ¢ = £, this may be written as

d@=-— it 1 HEiA

2
mkB €2 +1  wkBTE + A2 (53.22)
-
Applying (53.17), we obtain
L - ie —i)
L L o
Q 1 Q A
_ < 53.
BE+1 T mBEya <0 (632)
or, with €2+ 1 > 0 and €2 4+ A2 > 0,
~QE+N)+QNE+1) <0 (53.24)

This becomes, after rearrangement,

~EQ-ON- 0N +Or <0 (53.25)
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This inequality must be fulfilled for gll values of £; for £ — oo the inequality can be
fulfilled only if the ratio, , of Q to Q is less than or equal to 1/A:

v=2< i (53.26)
Q
With this condition fulfilled, (53.25) may be written as
i ' e B
2 QA o, ’“’\_ 5o (5327

Q-QA
In view of (53.26), 1 — A is positive; A is greater than one because the drain lies below

the recharge drain in the physical plane (compare Figure 7.42) and v is less than or equal
to one because the drain cannot extract more water than the recharge drain produces:

A>1 0l (53.28)

[
O~ [QOn
IA

It follows from (53.28) that (53.27) is met; equation (53.26) is the stability criterion.
Multiplication of both sides of (53.20) by 7kB/Q yields, with v = Q/Q,

wkBh _ln/\+l Jin 2\
A T W
Q
The maximum rate of extraction, and therefore the maximum value of 7, Ymax, corre-

sponds to the case that the equal sign applies in the stability criterion (53.26), i.e., if
y=1/A

(53.29)

mkBh _\ 1+ e 2

n —
é 2Vmax 1 + Ymax

(53.30)

This equation yields the maximum rate of extraction, for which the phreatic surface is

stable as a function of the ratio th/é. This equation is represented graphically in
Figure 7.43.

Problem 53.1
Solve the problem for flow from a single recharge drain for the case that there is an infiltra-
tion rate N (N < k) along the phreatic surface, assuming that the phreatic surface extends
infinitely far downward as in Figure 7.38 and that the pressure along the phreatic surface is
zero.
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Figure 7.43 The maximum value for v = Q/Q as a function of kBh/Q.
54 ANISOTROPIC HYDRAULIC CONDUCTIVITY

Problems with free boundaries in aquifers with an anisotropic, but uniform, hydraulic
conductivity may be solved in a transformed domain, as discussed in Sec. 17. In the
latter section we did not consider the boundary conditions along free boundaries. We
will see in this section that the conditions along free boundaries in the transformed
domain are similar to those in an isotropic domain. We will limit the discussion to a
phreatic surface; the boundary conditions along the other types of free boundaries may
be established analogously. ~

Transformation of the Domain

We denote the Cartesian coordinates in the physical plane as :’E, _{} where the ¥ and g'} axes
are horizontal and vertical, respectively, and where the superscript p stands for physical.
The major principal direction of the hydraulic conductivity tensor makes an angle a

with the  axis, and we choose the Cartesian coordinates ":.-?‘, ﬁ‘ such that the T* axis is
inclined at an angle a to the ¥ axis, as shown in Figure 7.44(a). The Cantesian coordinates
z* and 3:“ in the transformed domain of Figure 7.44(b), labeled by the superscript t, are
chosen such that they correspond to the coordinates ¥, and f; in the physical plane. The
Cartesian coordinate system ;f':, ;'; finally, is introduced in the transformed domain such
that the & axis corresponds to the  axis.
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Figure 7.44 Transformation onto an isotropic domain.

The coordinates £* and §* are expressed in terms of Z and ¥ by (compare [3.17)):

Z=%"cosa—{'sina
P_P (4.1
y=x*sina + y cosa

The inverse of this transformation is given by
= Zcosa+ysina
» » . (54.2)
y*=—zsina+ycosa

The transformalion into the isotropic domain is given by (17.35), where X and Y are to

bereplacedbya: andy and z* and y* by Z* and 3",
te Pe
=z (54.3)
!;t =ﬁ§.
where [ is given by (17.38),
ky
=4/— 4
B % (54.4)
If the angle between the z* and £ axes is &, then
t ot t te t
r=Ir CoOsax—y sina
t ot t ot t (4.5)
y=z'sina+y*cosa

The # axis corresponds to the % axis in the physical plane. Since y = 0 along the  axis
we have from (54.5)

t
Y & =0 (54.6)
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and § = 0 along the ¥ axis so that, with (54.1)

Pe
Y

l

=—tana (y=0) (54.7)

.

Bw

We obtain an expression for & in terms of a from (54.3), (54.6) and (54.7),
tana = Blana (54.8)
We now express z and ;3 in terms of * and 5 by the use of (54.5), (54.3), and (54.2),

(:’Ecosa+§sina)cosé —ﬁ(—a’;sina+§cosa)sin5

t
:f_ P P t P p t (54.9)
y=(zcosa+ ysina)sina + F(—zsina + ycosa)cosa
This may be written as
£ = COS @ COS & [:’E(l +ﬁtanalanét}+yp(laua - ﬁlanc‘t)]
(54.10)

y=cosacosa |r(tana — Blana) + y(tan atan & +ﬁ)]

We can always choose the coordinate transformations in such a way that —7/2 < a <

w/2. By (54.8), & will then fall in the same range; we can limit our analysis without
loss of generality to the case that

Tcas<l  -Ichs (s4.11)

T
2

L]

E
2
With (54.11), cos & is always > O so that cosa = (tan® & + 1)~/2, Using the latter
expression with (54.8) in (54.10), we obtain after some elaboration

» (1 - Y)sinacosa

Yy
\/cos2a+ﬁisifa

:f:::}é\/coszu+ﬁzsinza+ (54.12)

P 4

t
Yy=y—7/— (54.13)
y/cos? a + (2 sin® a

Boundary Conditions Along a Phreatic Surface
Without Infiltration

We may now write the boundary conditions along the map of a phreatic surface onto the
transformed domain. Since the pressure is zero there, we have

o=y —Yr (54.14)
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where 3'}, is the ordinate of the reference level for the head. Using the transformation
(54.13), we obtain

¢ \/cos20+ﬁzsinza »

= ’ 54.15
¢=y 3 y ( )

The potential @ is defined in the transformed domain by (17.44),
® = Bp\/kiky = kB¢ (54.16)

and the boundary condition may be expressed in terms of the potential as

o= sz:i‘; cos o + 3 sinfa — Bﬁ,. Vkik; (54.17)

Usually 3’}, is taken as zero; in that case the boundary condition (54.16) is obtained from
that for flow in an isotropic aquifer by replacing k by a factor K, defined as

K = k;By\/cos? a + 32 sin’ a (54.18)

The second boundary condition along the phreatic surface is that it is a streamline;
this boundary condition remains unchanged:

¥ =¥, (54.19)

Boundary Conditions Along a Phreatic Surface
with an Infiltration Rate V

We next consider the case that there is an infiltration rate N. We assume that the flow
in the unsaturated zone is driven by gravity alone, and that the pressure is zero there.
The head ¢ in the unsaturated zone then equals the elevation head:

¢=y—Yr (54.20)
with a gradient with components
od _ 0p
5 =0 By " 1 (54.21)

Expressions for the components Q. and Q, that occur under the influence of this gradient
are obtained from Darcy's law (3.22),

Q:=—k;,B

Q= B (54.22)
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Using (3.23), this may be written as
Q: = —(k; — ky)Bsinacosa

(54.23)
Q, = —B(k; sin® a + k; cos® a)
We introduce the angle v as shown in Figure 7.45 and obtain
_ -2 2
I Qy _ kisin®a + kycos’ a (54.24)

—Q:  (ky — ky)sinacosa

The magnitude of the discharge vector with components given by (54.23) represents the
maximum rate of infiltration that may occur,

Q+@Q)
=B\/k'i‘ sin® a + 2k k; sin® acos? a + k2 cos* a + (k; — k2)? sin’ a cos? a
(54.25)
Using (54.4) and combining terms, we obtain
Nuax = k2By/cos? a + B4 sin’ a (54.26)

The components of the discharge vector resulting from an infiltration rate N < N, are
obtained by multiplying the right-hand sides of (54.23) by a factor A equal to

N
A= (54.27)

The potential ¢ in the isotropic domain in the unsaturated zone is identical to the one
given by (54.17), zmd the correspondmg components of the discharge vector in the

transformed domain, Q, and Q,. are obtained upon differentiation:

=,

t t
Q:=0  Qy=-kBy/cos?a+ 2sin’ a (54.28)

We observe that the infiltration, which occurs at an angle v in the physical plane, cor-

responds to infiltration in the 3‘; direction in the isotropic domain (the reader may verify
this also by transforming a line at an angle v in the physical plane to the isotropic do-
main). Equation (54.28) corresponds to the case that N equals Npa,. We represent the
components of lhe dl:.charge vector in the transformed domain due to an infiltration rate

N < Npy as Qm Q,, and obtain expressions for these components by multiplying the
right-hand sudes in (54 28) by a factor N/Npyax, which gives

t .2 2 cinl
éz=0 Q,-‘-—NB\/C% @ + (2 sin” « (54.29)
r

r cos? a + *sin’ a
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Figure 7.45 Inflow under the influence of gravity.

It follows that the infiltration along a phreatic surface may be handled in the
transformed domain in a similar fashion as is done if the aquifer is isotropic, but the
infiltration rate in the transformed domain equals N multiplied by the square root in
(54.29). The complete set of boundary conditions along a phreatic surface mapped onto
a section of the £ axis in the upper half plane becomes (compare [45.18], [54.17], and
[54.29]):

&(€) = ky By(€)\/cos? a + B sin® a + By, \/kik2

cos? a + % sin”
V(©)=-NB '
© \/oos2 a + B*sin’ o ©

(54.30)

Flow from One Recharge Drain Toward a Drain
in an Anisotropic Aquifer

The results obtained in the previous section may be readily applied to the case that
the hydraulic conductivity is anisotropic. The solutions presented in Sec. 53 meet the
boundary condition that & = kBy along the phreatic surface. We adapt this solution by

replacing z by
r=I4iy (54.31)

and the factor k occurring in the expression for z in terms of ¢ by K (see [54.18)),

K = kyBy\/cos? a + 2 sin’ (54.32)
The potential @ is now defined in terms of ¢ by (54.16),
® = Bov/ ki ks (54.33)

We will discuss the case of flow with a single recharge drain and a single drain in
some detail. The stability criterion must be adapted; water leaving the saturated zone will
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now tend to flow downward along a line inclined at the angle v given by (54.24). Since

this line corresponds to one parallel 1o the 3; axis in the transformed domain, the stability
criterion in the latter domain is identical to that presented for an isotropic aquifer. It thus
follows that the optimum location of the drain relative to the recharge drain is obtained

by placing it on the 5 axis, so that the line connecting the drains makes an angle v with
the Z axis in the physical plane.
We denote the coordinates of the drains in the physical and planes as

P i

P
Za=-d ba=-h i4=—ih (54.34)
Using the transformation formulae (54.12) and (54.13), we obtain the following expres-

P P
sions for d and h,

»h -
h= B cos? a + #?sin® a (54.35)

r P sin a cos a
d=h(@ - |)—208a
@ )cosza+ﬁ2 sin? a

The stability criterion (53.30) may be applied to the present case, provided that h be
t

replaced by h and k by the factor K given in (54.18),

t
mk2Bhy/cos? a + 2 sin’ o =In I + Ymax

f) 2Ynax

(54.36)

I+ Yonax

Using the second €quation in (54.35) and the expression (54.4) for 3, this becomes

P

Bh\/k k 1 max

T N (54.37)
Q 2Ymax I + Ymax

It follows that the graph shown in Figure 7.43 is valid for the anisotropic case, provided
that the variable plotted along the horizontal axis is interpreted as Bg\/ kyk; /é. It is of

Plots of the Phreatic Surface

The phreatic surface may be determined in the 3 plane by the use of (53.18).
Replacing z by 5 k by K and dividing both sides of the equation by !‘1, we obtain

AP

(+1 5
In>—2° 4,9
n 5 +zlr In = (54.38)

| e
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where ¢} and ¢ are dimensionless quantities, defined as
) Q Q
q= = — R (54.39)
KBh Bhykk; Bh/k\k;
where use is made of (54.4), (54.32), and (54.35). An expression from which )\ can be
t
computed is obtained from (53.20), where h is to be replaced by h and k by K. Dividing
t

this equation by h we obtain

C-1

a.A+1 §. 2x
l=_1 ——— e — ——
5 In 1= (54.40)

Figure 7.46 Phreatic surface and streamlines for a = 90°.

The phreatic surface is plotted by letting ¢ assume values on the real axis while computing

t
z /h from (54.38). The coordinates in the physical plane are then obtained by the use of
(54.12) and (54.13). As an illustration, plots of the phreatic surface and streamlines are

shown for three cases. For all three cases B equals 1, 5 equals 10, § equals 273, and
7 = Ymax = 0.88. For the case of Figure 7.46 a equals 90°, for the case of Figure 7.47
a equals 60°, and for the case of Figure 7.48 a equals 0°.
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Figure 7.47 Phreatic surface and streamlines for a = 60°.

Figure 7.48 Phreatic surface and streamlines for o = 0°.
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Chapter 8

e ————
—_—

The Boundary
Integral Equation
Method

The boundary integral €quation method consists of formulating boundary value problems
in terms of an integral equation. In numerical applications, the integral equation is solved
in an approximate fashion: the boundary is approximated by a series of straight lines or

solution along the boundary segments. The solution thus obtained satisfies the governing
differential equation exactly, but meets the boundary conditions approximately. The
boundary integral equation method as commonly applied to groundwater flow problems
is formulated in terms of real variables and is referred to in the literature as the BIEM
(Liggett and Liu [1983]). For two-dimensional problems the BIEM is closely related
to the Cauchy integral, discussed briefly in Sec. 25. The BIEM has the advantage of
being applicable to three-dimensional flow. For lwo-dimcnsional problems, however,

integral formulation will be discussed briefly in this chapter. The interested reader is
referred to the latter reference for additional details of the BIEM.

55 GREEN’S SECOND IDENTITY

The boundary integral formulation s based on an integral formula known as Green's
second identity, which in twm is derived from the divergence theorem (see Ko and

589
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Kom [1968]). Application of this theorem to the divergence of a vector with components
Q; in a domain D bounded by a boundary B yields:

0Q; .., .
/; oz, dv = L QindA (55.1)

where the Einstein summation convention is adopted (i.e., summation is to be taken over
indices that occur twice in a term); we will use this convention throughout this chapter.
z; (i = 1,2,3) represents Cartesian coordinates, and n; the components of the outward
unit normal of the boundary B. In terms of groundwater flow, (55.1) may be interpreted
as an equation of continuity of flow applied to a domain D: the volume integral over
D represents the total amount of flow generated in D and the surface integral the total
outflow through the boundary. The theorem is valid for both three (i = 1,2, 3), and two
(i = 1,2) dimensions. As an example, consider the domain D to be a portion of an
unconfined aquifer, with Q; representing the discharge vector. The divergence 8Q;/0z;
equals N in that case:

0Qi _0Qi , 9 _y

55.2
dz; Ory On (552)

If the unit normal n; makes an angle B with the z, axis, then
Qini = Ql cosf + Q! sinff=Qn (55.3)

where Q,, is the component of Q; normal to B, taken positive if pointing out of D.
Hence, (55.1) becomes for that case

j f N(@1, x2)dz1dz = j Quds (55.4)
B

D

which indeed expresses continuity of flow: the total amount of infiltrated water equals
the outflow through the boundary.
The divergence theorem is valid for any vector or scalar function. If we choose

Qi= ‘bg - Gg% (55.5)

then

00, _ 090G  , #C__ 0G0 _ 00 56
-5.’8—|‘ B 6:!:.- 3::; + ‘bc’)z,-a:c.- 31,‘ a.‘.l?i GBziB:z,- ( ’ )

Writing 8?/(z;z;) as V7, and substituting (55.6) for 8Q;/dz; in (55.1), we obtain

/ (®V2G - GV®)dV = f [«t-gg - G?E] n;dA (55.7)
D Bl Ori ozx;
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The right-hand side is often written in terms of normal derivatives, replacing n;d/0z;
by 8/0n,

/ (@®V2G - GV2d)dV = f
D

[ aG o
B

o € a] da (55.8)

This integral theorem is known as Green's second identity. If both & and G fulfill
Laplace’s equation, then (55.8) becomes

oG o
— —-G— = 55.
il}pﬂn Gan]dA 0 (55.9)

This integral is the basis for the boundary integral equation method. The function
@ is taken to be the potential for a case of groundwater flow in a domain D bounded by
a boundary B, and for G a suitable choice is made, as discussed below.

56 BOUNDARY INTEGRAL FORMULATION IN TWO DIMENSIONS

For problems of two-dimensional flow the function G is chosen as

G=lnr=In\/(z - €2+ (y — 92 (56.1)

where z and y are the coordinates of a point P in the flow region and (£, 7)) represents a
point on B. The boundary B is chosen such that point P is excluded from D as shown
in Figure 8.1, so that application of (55.8) gives

f [nbg— V-2 +@-n2-InV(z— 67 +(y - r:)’xﬂ]ds =0  (562)
B b on

The boundary B is composed of a contour C, a small circle ¢ around P and two straight
segments on a line connecting C to . The contributions along the line segments cancel
because the directions of n; are opposite along these paths of integration. What remains
of (56.2) is

a od o o
i[d’—én—lnr«- —a;lnr] ds+£[¢% Inr — alnr ds=0 (56.3)

where

r=V@ -+ -9’ (56.4)
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Figure 8.1 The boundary B composed of the contour C and the circle c.

The unit normal points out of the domain and thus toward P along ¢, and is opposite to
the positive r direction, so that 3/9n = —8/dr along c. If the radius of the circle C is
ro, and @ decreases from a value 6y to 6y — 2w on ¢, then ds = —rodf (the minus sign
occurs because ds is positive by definition) and (56.3) becomes

a ad bo-27 [ ¢ ad
,{: [*ba; Inr — I Inr] ds + /ﬂn {E — In(rp) [-3?] m“}rgdﬂ =0 (56.5)

In the limit for 7o — O the second term in the second integral vanishes since 8¢ /dr is
finite because ® is harmonic throughout D, and we obtain

1 0 ad
d(z,y) = Ef;- [‘bgﬂ* Inr — o In r] ds (56.6)

It is important to note that the contour C is fully closed; the end point of the contour, A
in Figure 8.1, is the same as the starting point.

The second term in the integral represents a distribution of sinks along the bound-
ary; the first one represents a distribution of doublets, as may be verified by working
out the derivative dInr/dn. The boundary integral thus represents a combination of
distributed doublets and sources along the boundary, with ® and 9®/dn serving as the
density distributions. If both & and d®/dn are known along B, then (56.6) may be ap-
plied to compute @ at any point (z, y) of D, including points on B. In a boundary-value
problem, however, either ®, or 3®/dn, or a relation between them is known along the
boundary, but not both. The boundary integral equation (56.6) may be used to generate a
system of equations for the coefficients of @Inr/dn and Inr in (56.6) that are not known
a priori. To determine the equations at the control points, (56.6) must be evaluated at
points on the boundary. '

Equation (56.6) offers an interesting interpretation of (55.8). The function G may
be viewed as the potential for a well of discharge 27 centered at (z, y), computed at
an arbitrary point (£, 7). The Laplacian V2 vanishes for all (£, n) and VG is zero
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everywhere except at (§, ) = (z, y). Thus, the only point where the integrand of the
integral over D in (55.8) is not zero is (x, y); evidently, the contribution of that point to
the integral yields 2w ®(z, y), which equals the discharge of a well at (z, y) represented
by the potential ®(z, y)Inr.

Evaluation of the Potential at Boundary Points

The integral (56.6) was obtained assuming that point P lies inside the boundary B. The
integral remains valid in the limit that point P lies on the boundary, as is illustrated in
Figure 8.2(a). It must be remembered in evaluating the integral along C, however, that
point P approached the boundary from the inside; this affects the values of arctangents
that appear after performing the integration. We will examine in detail how (56.6) is
to be evaluated for cases that point P lies on the boundary after writing the integral in
terms of complex variables in the next section.

c ce
@ (b) ©

Figure 8.2 The case that point P lies on the boundary.

The boundary integral may be written in a special form, applicable only 1o the case
that P is a boundary point. This formulation is more convenient when the integrations
are carried out numerically, as is usually done in the BIEM. This special form of the
boundary integral is obtained by excluding the boundary point P from the domain D as
is illustrated in Figure 8.2(b); the boundary B is decomposed into a boundary segment
C* and a small circle ¢ around P. This may be done both for the case that the boundary
at point P is smooth and for the case that P lies at a comer point where the tangents
to the boundary at P enclose an angle a; see Figure 8.2(c). We must recognize the
difference between the contour C and the contour C*. The contour C is fully closed;
the integration ends at the same point as where it started, whereas the contour C* is not
closed; the integration starts at an infinitesimal distance on one side of P, and it ends at
an infinitesimal distance on the other side. The procedure for establishing the expression
for @ at point P is similar to that followed above, except that the upper bound of the
second integral in (56.5) now becomes 6y — a if the general case of Figure 8.2(c) is
considered. The result therefore may be written as

1 7] ad
P(z,y) = o /' [‘Da Inr — o In r] ds (56.7)
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where z and y are the coordinates of point P. It is not obvious that (56.6) and (56.7) give
the same result; that these two formulations are indeed equivalent will be demonstrated
in Sec. 57.

Liggett and Liu [1983] explain in detail how to obtain from (56.7) a system of
equations for the unknowns, and we will outline the procedure briefly below. First, the
case is considered that @ is given along C (the Dirichlet problem). Both the coefficient
of dInr/dn and the left-hand side of (56.7) then are known along C: the latter equation
is an integral equation for the unknown function 8¢/8n. The integral equation is solved
in an approximate fashion by discretizing C* to a polygon of segments of straight lines,
and the functions ¢ and 8®/8n along the boundary are approximated as polynomials,
containing a given number, say m, of unknown parameters. The integration is performed
either analytically or numerically, usually the latter, and (56.7) is applied at m control
points on the boundary. The resulting system of equations is solved by the use of a
standard technique, such as Gaussian elimination. Once all parameters in the solution
have been determined, (56.6) may be used to compute the potential inside D, as required.
The procedure is quite similar in case 9®/dn is given along some of the boundary
segments. Then (56.7) is differentiated with respect to z and y so that 8®/9n may be
computed. In differentiating (56.7), it is to be noted that only r depends upon = and y;
® and 3% /n are functions of £ and 7 only. At control points where 0®/n is known,
the differentiated integral equation is used, with 8®/9n appearing at the left-hand side
of the equation and & being the unknown.

57 BOUNDARY INTEGRAL EQUATION METHOD
IN TERMS OF COMPLEX VARIABLES

In this section we write the boundary integrals (56.6) and (56.7) in terms of complex
variables, and establish the link with singular Cauchy integrals. We further examine
the difference between the formulations (56.6) and (56.7) as applied to boundary points,
and apply each one in complex form to an elementary boundary value problem as an
illustration of the method.

Complex Variable Formulation of the Boundary Integral

We write the function Inr in (56.6) as In|z — §| where § represents a point on the
boundary and z = z + iy is the independent complex variable:

1 o aP
®(z) = i??ﬁ. [@(6)-5; Inz 6|~ —In|z — 6| ds (57.1)

We consider a point of the boundary C and denote the angle of the increment ds with the

z axis as a (see Figure 8.3). The normal n then makes an angle 3 = a — 7/2 with the

z axis and the normal derivative 3®* /9n of an arbitrary function * may be written as
oot 09* oo ad* oo

o = 6, cos(a — m/2) + % sin(a — n/2) = —53-;- sina — -932- cosa (57.2)
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where 6, and &, are the real and imaginary parts of 6,
0=4, + b (57.3)

If * is the real part of an analytic function 2°, then (57.2) may be expressed as
oo dﬂ‘]

(57.4)

on =‘*[’f 3

as may be verified by working out the term between the brackets. Applying this to the
function Q* = In(z — é) we obtain

(’) z‘em
n [Injz -8 =% L — a] (51.5)
so that (57.1) becomes
1 ie'a od
d(z) = 2 f; [@(6)&?2 5" amn(z — 6)] ds (57.6)

We represent ¢ as the real part of a complex potential (z), write e**ds as d§ and obtain

1 D(4) 1 g
Q(z} = — % " z—_:s—db - ‘2"; f;‘ Eﬂ_ In(z — 0)ds (57.7)

It appears that the boundary integral is composed of a doublet distribution of strength
®(4) and a sink distribution of strength —0®/on.

n
ds
\ o ﬁ——'a—l
1 2

c
Figure 8.3 Expressing the normal component of the derivative in terms of complex variables.

Relation with Singular Cauchy Integrals

The boundary integral (57.7) may be expressed as the singular Cauchy integral discussed
in Sec. 25 as follows. We use the Cauchy-Riemann equations to express 9P /on as
oV /s,

a® oV
= 7.
5 Ds (57.8)
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so that the second term in (57.7) may be integrated by parts:

1 W(d)
c_ 21r£z—6d6 (579

Qz) = —2L g j{_ﬁldé - —ll'(ﬁ)in(z =)

The potential & is harmonic and therefore the function W(8) is single-valued. The
argument of (z — ) increases by 27 upon completion of the contour C. If we denote the
starting point of the path of integration as o then

— L 9(6) In(z = B)| = — 2= W(Bo)2i = —iW(p) = —io (57.10)
2 2T

and (57.9) becomes

Q)= - § 2OFIVO) 45 iy, 57.11)
2ni Jo z—4

If we choose the constant ¥ as zero,
Yo=0 (57.12)

and write ®(6) + 1 ¥(8) as 2(6) then (57.11) becomes

1 Q(b)

)= -5 ¢ 58 (57.13)

which is equivalent to the singular Cauchy integral (25.80). It thus follows that the
boundary integral applied in the BIEM is equivalent to the real part of the Cauchy
integral (57.13). Formulation in terms of singular Cauchy integrals has the advantage of
a compact formulation in terms of a single complex variable, so that the integrals can
be evaluated analytically for a variety of element shapes and density distributions. A
second advantage is that the solution yields both the potential and the stream function.

Equation (57.13) is used in the direct boundary integral formulation (see Hunt
and Isaacs [1981]). As shown in Sec. 25, indirect formulations, where only one of the
two distributions are used, are mathematically equivalent to the direct one. An indirect
formulation using line-sinks is discussed by Van der Veer [1978] for problems of two-
dimensional groundwater flow in the vertical plane.

The density distribution €(5) actually represents the jump in potential across the
boundary:

+
Wz) = ———»f = (5) Q (6) (57.14)

where Q2 is the potential inside the domain D and Q2 the one outside D. In the direct
formulation the potential 2 (6) is zero so that (57.14) reduces to (57.13) (see Sec. 25).
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Evaluation of the Complex Potential at Boundary Points

In order to examine the behavior of the Cauchy integral (57.13) near points of the
boundary we write the function Q(é) as Q(z) — [2(z) — §2(4)] and obtain

1 déb N 1 Q(::}—Q(é)d‘ti

Uz)=——N2) (57.15)
2m

cz—06 2ni c z-—0
For simplicity, we make restriction in the following analysis to cases that €)(z) is analytic
inside D including the boundary B. The integrand in the second integral in (57.15) then
is analytic at 6 = z; this term vanishes by the Cauchy-Goursat theorem (25.75), and

Qz)= -—l—_Q(z)f din(z - 6) (57.16)
2mi c

If point P lies inside C, the argument of In(z — &) increases by 2w upon completion
of the contour, so that an identity is obtained in (57.16). This holds true if point P
has reached the boundary from the inside, provided that it is taken into account that
arg(z — ) still increases by an amount 27 upon completing the contour C, as shown
in Figure 8.2(a). Thus, the boundary integral behaves in a continuous fashion as P
approaches the boundary and eventually reaches it, provided that the argument of the
logarithmic term is computed taking into account that P approached the boundary from
the inside. This remains true if P approaches a comer point, as shown in Figure 8.2(c).
We next examine the alternative formulation (56.7) and apply it to the case shown
in Figure 8.2(c), maintaining the restriction that €2(z) is analytic at P. Written in the
form of a Cauchy integral, this formulation becomes
1 1)

Q(ZP) - _a C* 2’, -6

db (57.17)

where 2, is the complex coordinate of point P and C* is the open contour shown in
Figure 8.2(c). We obtain by a procedure similar to the one used above,

-~

Uzp) = éﬂ(z) / din(z, — 6) (57.18)
ce

As is seen from Figure 8.2(c), the argument of In(z — 6) only increases by an amount a
upon completion of the contour C* so that again an identity is obtained.

We will apply the Cauchy integral formulation to an elementary boundary value
problem, as an illustration, using the above two formulations.

Application: Flow in a Strip
We apply the Cauchy integral (57.13) to solve the problem of flow in a domain inside a

rectangular boundary (see Figure 8.4). The length of the strip is 2 m, the height is 1 m;
the boundaries 1-2 and 3-4 are streamlines, and the boundaries 4-1 and 2-3 equipotentials
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with @ = ®, and ® = ®,, respectively. We approximate the density distributions as linear
functions and write the Cauchy inlegral as the sum of four integrals:

o[ e [ B [ B [ 3]
4 3

2m

Figure 8.4 Flow in a strip.

We represent these four integrals as F-" (n=1,2,3,4), so that

4
0(z2) = Z F(z) (57.20)

n=|

and use (25.73) and (25.52) to express each function :“"' in terms of a local variable Z,,
as

Zn4l _
! ) d6 Z.) ln L iNZp) + U Zy) (57.21)

n
F=
T 2mi z— 27 Z,l +1

where

2z — 2p = Zntl

Zn = (57.22)

Zn+1l — 2n

n
We approximate the complex potential 2 as a linear function, varying between the values
Q, at z, and Q,,4; at 2,41:

Q= —100(Zn - D+ 1Qii(Za + D) (57.23)
The far-field corrections p and ¢ in (57.16) are obtained by requiring that !nl vanish at
infinity. This gives, using (57.23) and expanding In{(Z, — 1)/(Z, + 1)} as —2/Z, +
oZ%):

n |
ip+q= =—(Qn41 = M) (57.24)
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The sum of the four functions ip +  is zero and substitution of (57.21) for F* in (57.20)
yields

4
1 Zy,—1
Q(z) = ZT—‘I Z[(Qn+l - ﬁn)zu + Qn-l-l + Qn“n z +1

n

(57.25)

n=1

where s = Q,. We take the stream function to be zero along 1 — 2, and denote
the unknown value of ¥ along 3 — 4 as 3. We obtain the following values for 0.,
n=12,...,5:

2, =9, =0, Q=0+,
= b, + Wy Qs = Q= D, (57.26)

The local complex variables Z, may be expressed in terms of z by the use of (57.22)
and Figure 8.4 as follows:

Zy=2z-1 Zy=-2iz+4i— | Zy=—2+41+1 Z4=2iz+1 (57.27)
There is only a single unknown in the problem, namely ¥;. We may solve for this
unknown by applying (57.25) at any one of the four comer points. Two of the logarithms
in (57.25) are singular at these points and we must examine the behavior of the potential
there. Using (57.26) and (57.27) with (57.25) we obtain the following expression for Q:

(P2 —Py)2+20;, -2 V322 -4)+20;, -2
- In + - In ——

= 4m; 2 4mi z-2
- z—1)+2 ] -1 z
+('1’2 D) 2).+ (¢|+I\I'3}ln z2—1 .+21113 +'2¢', In—2_
4ri z2—2—4 4 z—1i

(57.28)

We examine the behavior of this function near point 1, 2 =0. The arguments of the four
logarithms in (57.28) at point 1 are denoted as 6,, 6,, 65, and 04. It is seen from Figure
8.5(a) that

=8 6= g -8 (57.29)

The arguments 6, and 04 are such that in the limit for z — 0 (see Figure 8.5[b))

0+ 04 = %’E (57.30)
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Figure 8.5 The arguments 8, 62, 63, and 64 for point P approaching point 1 from the inside.

The first term and the last one in (57.28) are singular at z = 0. In the limit for z — 0,
(57.28) may be written as follows, with zln2 — 0 for z — 0,

®, = ?ﬂlimln[z:z z ]+*4q’3+2¢’ [ln§+iﬂ]

4ri z—0 z—1 4ri

—i(P, - @ 21

2@ = 20+ 2% {—ln\/§+i£—iﬁ] (57.31)
4mi 2

The singularity at z = 0 cancels in the first term, and the imaginary part of the logarithm

approaches 37/2 in the limit for z — 0, so that

lim In [""2 z _]:mzw‘l’f (57.32)
z—0 z z-—1 2 .

Collecting the coefficients of @, ®2, and W5 in (57.31) we obtain, using (57.32),

il {In2 i ple+ z')[—ln\/5+i(;: -p)] - 21ri}

2mi 2
® | V5, 4t y(r_
+3m [lnT -\-:l)3+2lm/§+2(2 {3)]
v 5o
+2—;; [-21:.T —2if—ilnV5- (; - ﬁ)] =0 (57.33)

or, after simplification,

>

o, - .
—22;1_':—' In7+%(%—ﬁ)+t(%ln\/§+ﬂ)]

20 5 B
=i [‘“%+%(%‘5)+*(i'"\/§+ﬂ)] (57.34)




Sec. 57  Boundary Integral Equation Method in Terms of Complex Variables 601

4 3
| 1
| |
I |
! I
| le
' |
I
P _J
0,=6,=0 2

Figure 8.6 Formulation with point P considered to be a boundary point.

so that

-9
& 2= —Qu0 (57.35)
which is equal to the discharge Q.o flowing in the strip as obtained directly from Darcy’s
law. Substituting this expression for ¥; in (57.28) we obtain

¥; =

I
—52(®) — ) + @ z2—2 z2—2 22—z z2—2
=2 : In 2+ n 2 m=7—= 4 !
2mi z—2 z—2 z— 23 z— 24

Q

] (57.36)

The real part of the term between the brackets is zero and the imaginary part equals the
sum of the four arguments:

_9]+82 + 65+ 8,
- 2w

It may be seen from Figure 8.5(b) that 6, + 6; + 83 + 04 equals 27 for z inside D and
zero for z outside D so that

Q:—%z(@.——*bz)+¢l zin D)
=0 (z not in D)

Q [—12(@) — @) + @] (57.37)

(57.38)

which corresponds to the exact solution to the problem.

In numerical applications the logarithms must be programmed such that the sin-
gularities are handled correctly and the singularities at the nodes are removed. The
same function subroutines may then be used both for computing the coefticients of the
unknowns in the system of equations, and for evaluating ) for points inside D.

The same result is obtained if the alternative formulation (57.18) is used at the
boundary points. The left-hand side in (57.31) must be replaced by o/(2m)®, = 4141'..
The boundary point P is now excluded from the contour C so that the arguments 6, and
64 are zero there (see Figure 8.6) and (57.32) is replaced by

z—0 z z—1

lim In [2_2 z ]:mz (57.39)

The coefficient of @, is thus reduced on both sides of the equation by an amount 3/4 =
(37/2)/(2w), as compared to the previous case, so that the final result is the same, as
asserted.
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58 SOLVING BOUNDARY-VALUE PROBLEMS

Boundary-value problems may be solved using the singular Cauchy integral approach in
much the same way as discussed for the analytic element method in Chapter 6. Both the
Cauchy integral method and the BIEM are particularly suitable for problems with finite
boundaries, such as in problems of two-dimensional flow in the vertical plane.

Division into Subdomains

Liggett and Liu [1983] as well as Hunt and Isaacs [1981] subdivide the flow domain
into zones when solving problems involving thin features and inhomogeneities in the
hydraulic conductivity. The former authors solve, for example, a problem with a cutoff
wall by subdividing the flow domain into two zones as shown in Figure 8.7. They
state that the system of equations becomes singular if two separate boundary points have
the same coordinates, and circumvent this difficulty by subdividing the flow domain
into zones 1 and 2 in Figure 8.7. This approach has the disadvantage that an artificial
boundary is inserted between point B of the cutoff wall and the contour C, and that two
layers of elements are used along ABA'.

A A

zone | B zone 2 1}

!
&

1

L

TP ———

| - c

Figure 8.7 Discretization of the problem with a cutoff wall. (Source: J. A. Liggett/P. L-F. Liu,
The Boundary Integral Equation Method for Porous Media Flow, ©1983, p. 52.
Reprinted by permission of the authors.)

An altenative solution is obtained by realizing that the potential jumps but the
stream function is continuous across the cutoff wall AB. We define the contour C as
including a contour C* and line integrals back and forth along the cutoff wall as shown
in Figure 8.8. The corresponding Cauchy integral becomes

db (58.1)

1 (90) 1 [Bate 1 A0
W2) = —— © ) - ( )dts —/ )

21 Je.o 2 -6 2mi Ju z2=0 2mi Jg z—6
where QO and Q2™ represent the complex potential along the + and — sides of the cutoff
wall as shown in Figure 8.8. Reversing the limits of the third integral we obtain

B 0+ _0O-
A= - ““”ds__'_/ 2+ - @)
A z—0

27 Joo 2 -6 27 (58.2)
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Across the cutoff wall the potential jumps and the stream function is continuous so that
(58.2) becomes

M =-3 . 7=s® " 2mi

-db (58.3)

1 Q(6) s ) /B (6)
A Z—b

where
o) =Dt () — () (58.4)

The integral along the cutoff wall contains only A(8) as the unknown function, and single
nodes may be used. Application of the condition that ¥ be constant along the wall yields
the desired equations. Sidiropoulos et al. [1983] suggest the use of distributed doublets
for cutoff walls in an indirect complex boundary element formulation. It appears that
the use of distributed doublets along thin walls follows naturally from a direct boundary
integral formulation as well.

9

i
9
1

Figure 88 The contour C for the problem with a cutoff wall.

The latter approach has the advantages that subdivision of the domain is not nec-
essary, that no conditions needs to be applied except along the actual boundary, that
the condition of continuity of flow is exactly satistied, and, finally, that fewer boundary
elements and unknowns are needed.

The flow is singular near the tip of the cutoff wall; the tip element presented in
Sec. 40 is useful for modeling the behavior near the tip of the tutoff wall. Liggett and
Liu present density distributions in terms of real functions for incorporating singularities
of various kinds, such as the square root singularity that occurs near the tip of the cutoff
wall.

Equation (58.2) is generally applicable to thin features, even if they lie inside
the domain; the feature is then connected to the boundary by line integrals that cancel
in the boundary integral formulation (compare Figure 8.1). It may be applied also
to model interzonal boundaries such as inhomogeneities; along the boundaries of the
inhomogeneities only the line-doublets remain, and the same approach may be used as
outlined in Sec. 35. As for the problem of a cutoff wall, the modeling of inhomogeneities
by the use of line-doublets has advantages over the approach suggested by Liggett and
Liu, and Hunt and Isaacs.

It is of interest to note that the boundary values Q2(é) in (58.2) still represent
the boundary values of the complete complex potential, even though another potential
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is added to the contour integral. Correction of the boundary values for the combined
influences of the additional complex potentials is unnecessary, provided that the sum
of these additional functions is analytic at infinity. This observation follows from the
derivation of (58.2), but will be clarified by the use of the theorems presented in Sec. 25
as follows.

2 2
Let the complex potential 2 = ((z) represent the sum of the additional functions.
Then §2 = }(z) may be written as

N= —L wd& + Q(z) (58.5)
2ni -6

2
We require that 2(2) be both analytic and zero at infinity:

+5+... (z—x) (58.6)

2
This condition implies that €2(z) can not represent flow from or toward infinity. The

2 .
complex potential 2, then, represents a function, analytic in D~ and continuous on C
from the outside. Therefore, by a theorem of Sec. 25 (compare [25.85]), the integral

2
106
Q= iz 6d6 (58.7)

vanishes in D*. It thus follows that the formulation

ds + Q( ) (58.8)

Lfﬂ(ﬁ) 9(6]

2mi c z—06

is, for z in D*, equivalent to (58.5); it is not necessary to correct the boundary values
2 2
§}(6) for the influence of the function €)(z), provided that ()(z) satisfies (58.6).
2
If the function )(z) represents flow from or toward infinity, then this function

2
may be separated into a part that meets (58.6), and a part Q2*(z) that does not meet this
condition. The latter function contributes to the contour integral, and its boundary values

2
must be subtracted from ((6); in that case 2(6) in the contour integral in (58.8) must be

replaced by 52!'{6).

Summarizing, the Cauchy integral method may be combined with analytic elements
to solve general boundary value problems with features inside the flow domain discussed
for regional aquifer modeling by the analytic element method in Chapter 6.
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59 BOUNDARY INTEGRAL FORMULATION IN THREE DIMENSIONS

For the purpose of deriving a boundary integral formulation in three dimensions we make
use of a Cartesian coordinate system «; (i = 1,2,3) and denote the coordinates of a point
on the boundary of the domain D as &; (i = 1,2,3). We derive the boundary integral for
the three-dimensional case by choosing the function G in (55.8) as

1

Vi =67 + @ - &P + (13 - &)
a 1 1
V@i — &)z &) R
We decompose the boundary B in (55.8) in an integral over the boundary S of the
domain and a small sphere S of radius Ry around point P with coordinates z;. We take
the normal n; again as pointing out of the domain D and obtain, noting that n; points

into the sphere S so that 3/9dn equals —9/JR along the boundary of s,

a1 1 0@ "2 | g 1 [0 ,
—_ = = == . —_—— | ~ Ccos =0
L [om 4] - 522 s [ [RD RO[UR]M]R‘,CNM

(59.2)
Since ¢ is harmonic and finite inside D, the second term in the second integral vanishes
in the limit for iy — 0 and we obtain

| o1 10d
‘p"E/_g [4’% [ﬁ] _ EE] ds (59.3)

As for the two-dimensional case, the integral represents a distribution of doublets and
sinks along the surface S. We will not go into the details of evaluating the boundary
integrals for three-dimensional problems. The interested reader is referred to Liggett
and Liu [1983] who discuss procedures of numerical integration Jor three-dimensional
problems, including some cases with free boundaries.

G=

(sum on ) (59.1)







Chapter 9

Finite Difference

and Finite Element
Methods

Finite difference and finite element methods are presently the most common numerical
techniques for modeling groundwater flow problems. These methods differ from those
discussed thus far in that the potential is approximated by discretization throughout the
flow domain. As a result, not only the boundary conditions are approximated, but also
the differential equation itself. Characteristic for both methods is that the flow domain
is bounded. This is true also for applications to regional flow in contrast to the analytic
element method, where the aquifer system is modeled as being infinite in extent; boundary
conditions are applied only along internal boundaries that are physically present in the
aquifer system.

Advantages of both the finite difference and finite element methods are that the
hydraulic conductivity can be easily varied throughout the aquifer system, that the formu-
lations are suitable for modeling transient flow, and that they are comparatively straight-
forward. Both methods are discussed in detail in the literature on groundwater mechanics,
e.g., Wang and Anderson [1982], Verruijt [1982], and Bear and Verruijt [1987]. These
authors list computer programs applicable to a variety of problems of both steady-state
and transient flow. Verruijt [1980] succeeded in modeling major problems by means of
the finite element method using a microcomputer with only 32K bytes of memory. We
will discuss both the finite difference and finite element methods in some detail. The
interested reader is referred to the above references for further reading.

60 FINITE DIFFERENCE METHODS

Finite difference methods are based on a discretization of the flow domain into a mesh
that is usually rectangular, where the potential or head is computed at the gridpoints by

607
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solving the differential equation in finite difference form throughout the mesh. There exist
a variety of numerical techniques for solving the resulting system of linear equations,
and the method may be applied with comparative ease to problems where the hydraulic
conductivity varies from node to node. Our purpose is to explain only the basic principles
involved in the method for a square mesh, and we will make restriction to cases where
the hydraulic conductivity is constant.

Steady Flow

The differential equation for steady flow in an aquifer with homogeneous hydraulic
conductivity is

ahb ’P

3yz

where N represents a given rate of infiltration. The flow region is discretized by a square

mesh as shown in Figure 9.1(a). The nodes are identified as (i, j) where i and j are
integers such that the coordinates of node (i, j) are given by

-N(z,y) (60.1)

r=(i—- 1Da y=(G—1a (60.2)
where a is the distance between grid points,
a=Az=Ay (60.3)

The node (i, j) with its four surrounding grid points is shown in Figure 9.1(b). Points A,
B, C, and D lie midway between nodes and the derivative 9® /9 may be approximated
at points A and B as
[?E] _®ii iy [@ _ P — % (60.4)
ox | , a oz |4 a
An expression for the second derivative of ® with respect to x at node (3, j) is obtained
in a similar fashion,

D1+ Pigyr,; — 29
[d.rz] a? (60.5)

The derivative 82®/8y? at node (i, j) is expressed similarly and we obtain the following
expression for the Laplacian:
Dy + Py +Pij1+Pije — 49

2 (60.6)

2 .
[V ¢]i,j -

Using this expression in the differential equation (60.1) and representing N at node i, j
as N; ;, we obtain

Di1j+ Bigrj+ Bijor + Bijpy — 4, = —a’N; (60.7)
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We solve this equation for ¢, ;:
®,;= i [‘P‘_u + Qi1+ Qi+ Qi+ HINl_J] (60.8)

This equation is applied at each node and is used in conjunction with the boundary
conditions 1o obtain values of the potential at all nodes as explained below.

f—_ ) ij+1
B }
. 1L

! (a) (b)

Figure 9.1 Discretization by a rectangular mesh.

Boundary Conditions in Terms of &

In the Dirichlet problem the potential is known along the entire boundary, and
therefore at each boundary node. The equations (60.8) then need not be applied at the
boundary nodes but only at the interior ones. The simplest method for solving the system
of equations (60.8) is by the Jacobi method, where each value for @, ; is first estimated
at all interior nodes and values for successive iterations are obtained by applying (60.8)
at each node using the values computed in the previous iteration:

=g [orm, el + el ol +aN, ] (609)
where 1n is the iteration index: m = 1 for the first iteration.

A method that converges more rapidly is the Gauss-Seidel iteration. In this method
we apply (60.8) at nodes (2,2),(3,2),...,(n;—1,2) successivelyy.where n; is the number
of nodes in the row j = 2. We then continue with row J = 3 in the same way, and proceed
until all nodes have been used. In this way, two newly computed values are used in the
expression for ¢{"++": '

o= (B e et e v any] | oo

Boundary Conditions in Terms of O® /On; Mixed Boundary Conditions

In the Neumann problem the boundary conditions are specified in terms of d¢/On.
In order to approximate J®/on at boundary nodes, the mesh is extended one row of
nodal points beyond the boundary as illustrated in Figure 9.2. The values for either i or
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j are zero for nodes (i, j) outside the boundary, which are called imaginary nodes. For
the case illustrated in Figure 9.2, 8®/dn is given along the boundary £ =0, i = 1 and
d®/8n is approximated for node 1, j as

Q B o _Qz‘j—@o‘j
[%]u - [az]lj- 2a .

so that

od
=0y —2a | — 60.
‘*I)O.; 2, a [ ] g (60.12)

which is used to compute the value of V2¢ at the boundary nodes; expression (60.10)
becomes
q:,(m+l) _1 z‘b(m) + @(m+!) q)(ml ZN o®
i -4 )%%2; -1 T @ +a' N —2a = (60.13)
1j

Boundary values of 3®/8n are thus applied by using (60.13) instead of (60.10) at the
boundary nodes.

0,411+

0. LJj 2. o N 2;
Figure 9.2 A boundary with 88 /8n given.

Mixed boundary value problems are solved by extending the mesh beyond those
boundaries where 8®/8n is given, using equations of the form (60.13), while setting ®
equal to prescribed values at those nodes where the head is prescribed.

As a result of the discretization, it is a relatively simple matter to adapt the finite
difference scheme to include such phenomena as leakage. The right-hand side of the
equation then will involve a leakage term which is dependent upon the potential ®, which
merely results in a modification of the equation (60.10) for the potential at node i, j.
Varying values of the hydraulic conductivity can be taken into account by formulating
the problem in terms of a function F,

F=®/k (60.14)

that is independent of the hydraulic conductivity. The differential equation to be dis-
cretized then becomes

4 [,8F a [ 8F
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Problems of transient flow may be solved by discretizing the applicable differential
equation both in space and in time. The resulting scheme may be written either explicitly
or implicitly in terms of the potential, as is discussed below.

Problem 60.1

Write a computer program using Gauss-Seidel iteration for solving the problem of flow
through a strip shown in Figure 8.4.

Transient Flow

We will discuss application of the finite difference method to problems of transient flow in
unconfined aquifers. The formulation for problems of transient flow in confined aquifers
is simpler, and it is left to the reader 10 adapt the scheme discussed below to problems
of confined transient flow.

The differential equation for shallow transient flow in an unconfined aquifer is
given by (16.15),

0
V’dwsﬁ,a—';5 -N (60.16)

There are two different methods of discretization of this equation with respect to time:
the explicit formulation and the implicit one.

Explicit Finite Difference Formulation

In an explicit formulation, the discretization in time is as follows:

¢I+At - q)l'
At
This discretization is called explicit because the Laplacian is computed at time ¢ so that

an explicit expression for the head at time t + At is obtained as

[v?e], =5, - N, (60.17)

At
brrar=¢1 + "5: [VZ‘:’ + N]: - (60.18)

A benefit of the scheme is that linearization of the differential equation is not necessary.
The head at each node at time ¢ + At is obtained by computing V2® by application of
(60.6), in which the values of ¢ at time t are to be used.

The explicit scheme has the advantages of flexibility and simplicity, but gives
meaningful answers only if At is less than some critical value, Atqy, thus

At < Aty (60.19)

The value of the critical time step may be found by trial and error: if At exceeds
At the solution will become unstable, giving results that are clearly in error. Alter-
natively, the value of Al may be estimated by using an expression derived below for
the case that N = 0.
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The Critical Time Step

Stability of the numerical solution requires that a small disturbance, caused for
example by rounding off, damps out rather than amplifies. We consider the case that all
values of ¢ in the mesh are equal to some constant value &, except for node i, i where
$ = ¢y — 6@, and for the four neighboring nodes where ® = ¢ + 6®; 6P represents a
disturbance. The expression (60.6) for the Laplacian then becomes:

[VZ‘I’];'J _ 4d, + 46 — 4Py — 6D) _ 86_‘2 (60.20)

a? a?

Substitution in (60.18) yields, with N =0,

8AL 6P

v %
S, a

dryar=¢ + (60.21)

where ¢y, and ¢, represent the head at node (i, j). The disturbance 6% corresponds
to a disturbance 6¢ in the head; ¢;4a; — ¢, must be less than 26¢ in order that the
disturbance decreases with time. Hence, the condition for stability is

%5@ < 26¢ (60.22)
With
6 = 3kldo + 20060 + (66)’] — 3k = kbodo + 3k(66) (60.23)
(60.22) becomes |
%[kmw + 1k(5¢)") < 26¢ (60.24)

so that

2
S,a

< — 60.25
ak(do + 1[66]) (R2)

A lower bound for the critical time step is obtained by taking for ¢+ %|6¢| the maximum
value of ¢ that is expected to occur in the grid. Denoting this value as ¢, We obtain

Spa?
4 k ¢“ 1ax

Ateic = (60.26)

where

a=Ax=Ay (60.27)
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The reader may verify that for problems of one-dimensional flow the expression for the
critical time step becomes

S (Arx)?
Aoy = 222277 :
T (60.28)

It is good practice to keep the time step well below the critical value, e.g., At = At

Problem 60.2
Adapt (60.26) to the case of shallow transient confined flow.

Problem 60.3
Write an explicit finite difference program to solve a problem of transient one-dimensional
flow in a confined aquifer of width L with the following initial and boundary conditions:

t=0 O<z<lL ¢ =9,

z=0 ‘D=q>|(¢'o
t>0 o (60.29)

r=L 5-‘-0

Write a computer program to evaluate the following e.act solution 10 this problem (see
Carslaw and Jaeger [1959]):

_ 48 _ - 1 —1=*@m+12 fa)r [1 55]
d>—¢n+ﬁ(¢'a ¢])§n2m+le sin 2(2m+l)L (60.30)
where
kot
T—S—’E (6031)

Choose L=100m, H=10m, S, =2+10"* m™", k= 10° m/s, ¢o = 15 m and ¢, = 12
m, and compare the explicit finite difference solution with the exact one.

Implicit Finite Difference Formulation

In the implicit finite difference formulation we take the value of V2¢ at some time
between t and t + At. The resulting system of equations is implicit in terms of the
unknowns and must be solved at each time step, for example, by Gauss-Seidel iteration.
Because of the implicit nature of the formulation, the differential equation for shallow
transient unconfined flow must be linearized. The linearized form of the differential
equation is given by (16.18),

Vip="E__ _N (60.32)
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We represent the Laplacian as a weighted average between the approximations at times
to + nAt and to + (n + 1)At, where the time ¢, corresponds to the onset of transient
flow, as follows:

2 2l'!+l Py
Ve=vV*"® +(1 —)V°® o<v<l (60.33)

n
where the superscripts refer to the time level. We introduce a function F; ; as

Fi.j = % [‘t‘.‘—l,j + ¢'i+l.j + q)i.j—I + (b,"ﬂ.ljl (60.34)
so that V2@ may be written as follows (see [60.33] and [60.6]),
2 4 n+1 n+l n n
Ved = F [V( F ;- P ij)+ (1= U](Fi'j - 't',‘lj):l (60.35)

Discretization of the differential equation (60.32) gives

n+l n

n+l n+l n n 2 PPN | Y 2

VFi;— @:;)+Q-v)F;;—-®i;)= T (20— %) &

' ) " At 4
4ko; j

Ni; (6036)

— n n+l
where ¢ is taken as ¢; ;. This equation is solved for the unknown value @ ; ;, which
gives

n+l “. : +1 n n
®i;= 4k¢.',“At [VRF ig (1 —v)Fij — @)
a’S, + 4k¢; juAt
’ ’ s , (60.37)
a*S, n a‘n
=i+ N u]
4k¢i‘j&t

Further improvement may be achieved by replacing the term }r{F ij by a weighted average
over the time step, using a formula of the form (60.33). Equations (60.37) may be
solved by the use of Gauss-Seidel iteration. The implicit scheme reduces to an explicit
one for v = 0 (compare [60.33]). For v # O the scheme is implicit; the finite difference
formulation then is called a backward one, in contrast to the forward one for v = 0. For
v = 1 the scheme is fully implicit; the method is called a central finite difference scheme
forv=41.

TlSe advantage of the implicit formulation is that the time step may be chosen
much larger than for the explicit one. Disadvantages are a greater complexity, and that
the Gauss-Seidel iteration must be applied at each time step. The explicit formulation is
particularly attractive for three-dimensional problems; the formulation may be adapted
to problems of three-dimensional flow simply by generating a three-dimensional mesh
and changing the expression for V2& in (60.18).
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61 THE FINITE ELEMENT METHOD

The finite element method differs from finite difference methods in two respects. In
the first place the domain is discretized into a mesh of finite elements of any shape,
such as triangles. In the second place the differential equation is not solved directly but
replaced by a variational formulation. There exist various variational formulations (see
Zienkiewicz [1977] or Desai and Abel [1972]); we will follow the approach on the basis
of a minimum principle here; the discussion closely follows Verruijt [1982].

We will first discuss the variational principle, apply the finite element method to an
elementary flow problem, and finally discuss the finite element formulation for transient
flow.

The Variational Principle

We write the differential equation for two-dimensional groundwater flow in a form that
is commonly used in finite element formulations. Darcy’s law may be written in terms
of the discharge vector (Q., Q,) as follows:

Q: = —T'.(?‘E
Oz 61.1)
d¢ (1.
Qy=-T—
v dy

where the transmissivity 7' may be a function of position. For shallow confined flow T'
equals kH, for shallow unconfined flow T equals k¢, and for two-dimensional flow in
the vertical plane T equals kB. We write the continuity equation in the form

99: 99 _y_o-¢
3x+3y-N c

where the term (¢ — ¢*)/c is added to cover cases of flow in leaky aquifers (see Sec.
14). Combining (61.1) with (61.2) we obtain

(61.2)

-9 _o (61.3)
Cc

o [.00] 0 [.0¢
% T52) * 3y T +V -

The differential equation is applied in a domain D with boundary B, which is subdivided
in segments B, and B, with boundary conditions of the form

¢=f (onB)) (61.9)
and
¢
—Tgn— =g  (on Bp) (61.5)

where 9/0n represents differentiation in the direction of the outward normal to B,.



616 Finite Difference and Finite Element Methods  Chap. 9

The variational principle that replaces the differential equation (61.3) is based on
minimizing the following functional U (see Verruijt [1982]):

2 2 2 _ -
vor=s [ {r[5¢] +r[5e] - amos E2 by [ guis ot
D 2

We will prove that the functional U has an absolute minimum if ¢ satisfies (61.3) with
the boundary conditions (61.4) and (61.5). Let x be a function that differs from ¢ by a
variation A,

X=0+A (61.7)

where X is an arbitrary function of x and y that vanishes on B,
A=0  (on B)) (61.8)
For the sake of brevity, we perform the analysis in indicial notation, replacing the co-

ordinates =,y by z; (i = 1,2), and adopting the Einstein summation convention. The
expression for U(x) then becomes

U =3 // [Tx.x. Ny + X XE xé ]d-’-—"ld-rz+/ gxds (61.9)

where X ; represents the derivative of x with respect to z;, and the Einstein summation
convention implies that

8)( ax ?
XiXi=Xxaxpt+tx2xz2=|5-| +\|5— (61.10)
or, or;
Substitution of ¢ + A for x in (61.9) gives, with
XiXi=(@+A)i(@+Ni=0:d: +20:A; +A;A; 61.11)
the following expression for U(x):
[ 2 _ 200"
o=} [[|Tessi-2ne+ %] dzydz; + j& g¢ds
B oL

¢.] dz,dz; +f ghds
B;

+ -/[ .TQS,,'A,,‘—N/\-I-/\‘#
5 L

I 2
+%f/ T,\,.-,\,.-+%] dz,dz, (61.12)
L
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The first two terms represent U(¢); we use that (T'¢;A); — (Td;):A = Tor; +
(To;)iA— (Te)iA=T¢ir; to write (61.12) as

Ux) =U@9)- f/z\ [(Tcﬁ,s),.' +N- ¢—_C¢'—] dz,dz;
D

+ //(T¢,i/\).id11d12 +/ gAds
B;

D
2
+% ]/ I:TAl,'f\,i + ’\?] d:l'|d.‘rz (61.13)
D

The first integral vanishes since ¢ satisfies the differential equation (61.3). The integrand
in the last integral is positive since T > 0 and 1/c > 0 so that this integral equals some
positive number |M(})],

2
MOV = / / [Tz\‘.-/\,;+~)::—] dr, dz ©61.14)
D

We apply the divergence theorem (55.1) to the second integral in (61.13) with T'A¢ ;
replacing Q; and obtain
a
Ux)=U(¢) + / T,\—(bds +] gAds + |[M())| (61.15)
B on B
The first integral vanishes along B, by (61.8), and cancels with the second one along
B,, by (61.5). What remains is

Ux)=U(9) + |[M(N)| (61.16)

We observe from (61.14) that M()) vanishes only if A =0, i.e., if x = ¢: the functional
U(x) reaches an absolute minimum when the function x equals the solution to the
differential equation with boundary conditions, as asserted.

The application of the variational principle consists of minimizing the functional
U for a chosen class of functions that meet the boundary condition along B, and contain
a number of parameters. For example, if x is a function of x and y and a set of n
paramelers ¢;,

X=X(-f|y‘¢h¢2;--- s¢n) (6}.17)
then U(x) will be a minimum if
ouU .
0—%—0 g=012,...,n) (61.18)

which represents n equations for the n unknowns ¢;. The accuracy of the solution is
affected both by the choice of the function x and by the number of parameters: That
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(61.18) are fulfilled does not mean that the solution obtained is exact: it means that the
best solution is found within the class of solutions considered.

The Finite Element Method for Steady Flow

A common choice for the function x is obtained by discretization of the flow region
in a mesh of n triangular elements, approximating the head as varying linearly inside
each triangle, and taking the transmissivity T' as being constant in each triangle. The
integral U(x) can then be written as a sum of integrals U,,, over the n elements D,,
(m=1,2,...,n)

U= Un (61.19)
m=1

The head inside the triangle Dy, ¢, may be represented as follows:

¢=312+3‘zy+'33 (61.20)

We have determined three similar coefficients a; in Sec. 38 where the density distribution
~ was taken to vary linearly between the values <y, 72, and 73 at the three nodes (¢, 7,)
(G = 1,2,3) of a triangle. The coefficients ’&'j may be obtained from (38.23) through

(38.26) by teplacingmfj by '5'5. n; by ’ﬁj. and "erj by ¢;, where ('E'j,'g}'j) represent the
coordinates of, and ¢; the head at, the j*® corner point of the m** element. It follows
that the coefficients a j may be expressed as
m m m m m m m
a;=(b1¢1 + bad2 + b3¢3)/2Am
@ =(Ci1 + 'gz;z +¢3¢3)/2Am (61.21)
m m m m m m m
a3 =(d1¢1 + d2¢2 + d3¢3)/2Am
where A,, is the area of the triangle and where

m m m m m m m m m
bi=y2—-y3 ba=y3 -y bi=y1—-y2
rgl ='£3 - :'gg '31 =‘I:!II"."| —'J':‘; '(‘.‘.'13 ='£z —?L"| (6122)

m m m mm ™ m m mm ™ m m mm
di=2y3—T3y2 da2=2Z3y,—T1¥3 d3=2Z1Y2— T2y

We will consider the special case that the boundary B, is a streamline so that g =0
(see [61.5]) and the integral along B, vanishes. We further set NV and 1/c equal to zero
so that the functional (61.6) becomes, representing the approximate solution as ¢,

U=%‘£f{T [%:]24-1‘[%]2}&@ (61.23)




Sec. 61 The Finite Element Method 619

The contribution of the m™ element to U is

. 2 P y |
//{[g] o[ }m,, (61.26
D

where T}, represents the transmissivity of the m™ element, which is taken to be constant.
Using (61.20) in (61.24) we obtain

Um = 3Tm / f (a} + @)dzdy = 1T Am(a? + 33) (61.25)
D
Using (61.21), this may be written as
szAm m m m m™Mq,m 3 i m mm
Un = ZZ aaz (0:0:050;+C6.8,0,) =133 Piid; (6126
i=l j=1 =l j=1

where

P, = Lm (bib; + 2.2 (61.27)
ij= 4 Al’ﬂ J ] ‘
An expression for the functional U in terms of the heads at the nodes is obtained by
summation over all contributions U,,:

L3 mm

M M
U=3 ZZZP'J¢ ;= ZZR,‘@%‘ (61.28)

m=1l i=l j=Il =l j=1

where M represents the number of nodal points and ¢; the head at node i. Application
of (61.18) gives the following system of linear equations

M
Zﬂj¢j=0 (i=1,23,...,n) (61.29)

=1

where use is made of the symmetry of P,; (compare [61.27]).

The finite element method is quite suitable for numerical applications; the coeffi-
cients of the matrix P;; can be generated from the geometry of the triangular mesh. The
system of equations (61.29) may be solved by Gauss-Seidel iteration as discussed for
the finite difference method in Sec. 60. For listings of finite element programs see, for
example, Verruijt [1982], Wang and Anderson [1982], and Bear and Verruijt [1987].

Example 61.1: Flow Through a Strip

We will consider the trivial case of flow through a strip of uniform transmissivity
T as an illustration of the method. The flow region is the rectangle with sides of 2 m
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and 1 m shown in Figure 9.3(a). The heads along sides 1-2 and 5-6 are ¢, and ¢, and
sides 2-4-6 and 1-3-5 are streamlines. The flow domain is subdivided in four triangles
as shown in Figure 9.3(b). The first step is to express the constants @, and @ in terms
of the heads at the nodal points. Application of (61.21) and (61.22) to the four triangles
D, gives, representing the head ¢ at node j as ¢; (= 1,2,... ,6)

tltl=¢4*'¢z ¢l12=¢|—¢2 ¢2H=¢3—¢| ¢212=¢3—¢4

s N . 3 (61.30)
a=¢s—Ps @=P3—ds a=¢s—d ar=¢s— P
The heads ¢,, ¢, ¢s, and ¢ are given
¢1=¢2=¢a &5 =6 =P (61.31)

so that the only two unknowns in the problem are ¢3 and ¢4. Differentiation of the
functional U obtained from (61.19) and (61.25) with respect to ¢3 and ¢4 yields

T((#3 — 1) + 2(¢s — da) — (5 — $3)] = T[4¢3 — 1 — 264 — ¢s5] =0
T((¢a — #2) — 23 — ¢4) — ($6 — ¢a)] = T[4¢s — $2 — 2¢3 — P6) =0

(61.32)
with the solution
3= b4 = 3(¢a + 0b) (61.33)
which corresponds to the exact solution for this case.
- 3 s 3 y
| NN
o b oo :
L) A LERNEEAN
2: 4 : 2 4 e
em e Im — ) ®

Figure 93 Flow in a strip.

Problems with Leakage and Infiltration

For problems with leakage and infiltration, i.e., N # 0 and 1/c # 0, the integrands
in the expressions for Uy, will contain a term — N ¢+3(¢?—2¢¢*)/c. In the finite element
method it is straightforward to account for variation with position of the infiltration rate
N, the resistance c, and the head ¢* in the adjoining aquifer. This is in contrast to the
analytic approach (compare, e.g., Sec. 14). Both the infiltration rate N and the resistance
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¢ are taken constant inside the elements and the head ¢* is interpolated linearly inside

”

the triangle D,;, between the values ¢; (4 =1,2,3) at the three comer points as follows:

m‘ m m m
¢*=piz+ py+p3 (61.34)

where p; (j = 1,2,3) are obtained from 61.21 by replacing &; by ; and 3,— by 75;.
Following Verruijt [1982], we introduce local coordinate systems {?, rr';‘) for each triangle,
with the origin at the centroid,
E=z— %('.‘::11 + 1) +r£3)
1=y- 3@ +32+93)
An expression for U,,, may be obtained following a procedure similar to the one used to
derive (61.26). This expression is presented here without derivation:

(61.35)

. 31 3 \m mm Im mm 3 mm
U = ZZ [ipij¢i¢j - aRij¢i¢j] - ZQ&.‘ (61.36)
i=l j=1 i=1
where ¢,, is the resistance in element m, and
n mm m
1”-‘:’ f}; [b.b, +'3.'E:',] + Ym Rij (61.37) .
1 m m m mm m. oo m m o m .
Ru 4A [ ,+Z=zbsb_,-+z,,cicj -I-Z:v(b‘-cj-}-bjc‘-)] (61.38)
Qi= 3AmNm (61.39)

where N, represents the infiltration rate in element m and the coefficients -, are
expressed in terms of the resistance ¢, as

g (61.40)

Cm

The constants Z;,, Z,, and Z,, are given by

Zes =1 f/&’dtd = ~‘5 ? ?3) (61.41)
l m T e m m
Zuy A / / WdEdT = LGB+ T3+ 7)) (61.42)

m 1 Myn ™ m om M m
Zoy=me f]{ndfdn LET + ETa+ E3T) (61.43)
m
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where ?j and ?;'_,- (G = 1,2,3) denote the local coordinates of the comer points of the
triangle.

We minimize the functional U obtained from (61.19) and (61.36) and obtain a
system of n linear equations in terms of the n heads ¢,,, which may be written in the
form (compare [61.29])

n l n )
ZR,-¢,-=Q.-+-;ZR.-,-¢; (i=1,2,3,... ,n) (61.44)

=1 j=1

where ¢7 represents the head in the adjoining aquifer at node 3-
The Finite Element Method for Transient Flow
The above finite element formulation may be readily modified to cover problems of tran-

sient flow. We adapt the differential equation (60.16) to the case of variable transmissivity
and obtain, including the leakage term,

o [.0¢] , 8 [,.0¢ $-¢"_ . 06
2 [Ta] * 5 [T-a—y] N - =5, (61.45)

Verruijt [1982] integrates this differential equation over a short time interval At and
obtains

o [..08] o [. .99 $-4" S, =
5—; Ta]+a[Ta +N—--'—--c —At(¢+—-¢_)—0 (61.46)

where ¢ represents the average value of ¢ over the time interval and ¢4+ and ¢_ are the
values of ¢ at the end and the beginning of the time interval, respectively. We use an
implicit formulation, as in Sec. 60 (compare [60.33]), so that ¢ may be written in terms
of ¢_, ¢, and a coefficient v as

¢=véd; +(1-v)op_ (61.47)

The interpolation corresponds to a forward difference for v = 0, to a backward difference
for v = 1, and to a central difference for v = 1 /2. Verruijt [1982] suggests a value
somewhat smaller than 0.5. Using (61.47), (61.46) becomes

3 [.08] 3 [,.09 ¢—9¢* S, 3
E[Ta +3_y[ P +N-—c-——m[a—¢_]-o (61.48)

It follows that the transient effects are represented in (61.48) by a term that is
similar in form to the leakage term. The equations derived for flow with leakage may be
adapted to cases of transient flow by replacing ¢ by ¢, ¢* by ¢_, and 1/c by 8 where

S,
= (61.49)
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If the flow is both leaky and transient, (61.36) becomes

i 3 3
m mm 1] m ™m m Mom m
Un = ZZ [%Pij¢i¢j = Riie] - ﬁmRij¢'i¢j~] - ZQi¢i (61.50)
i=l j=I m i=1

where 3, is the value of 3 in element m, and 3,— and ¢;_ represent the average head
and the head at the beginning of the time interval at comer point j of element m,
respectively. The expressions (61.37) through (61.39) and (61.41) through (61.43) for
the various constants in (61.50) remain valid, but (61.40) is replaced by

1
Tm=—+PBn (61.51)
Cm

The system of equations (61.44) is modified to account for the additional term in (61.50)
as follows:

D Pibi=Qi+ Y Rii(é] +8°¢;0) (61.52)
j=1

=1

The head ¢ valid at the end of the time interval is obtained from (61.47) as

1 —
br=6-+-@-¢-) (61.53)

The above developments were carried out in terms of heads in order to facilitate
the understanding of computer programs on the market today, most of which are written
with the head as the dependent variable. A formulation in terms of potentials may have
advantages over the one in terms of heads. In the first place, problems where both
confined and unconfined flows occur can be handled elegantly (see Sec. 8); in the second
place the programs can be readily adapted to various types of flow, e.g., interface flow
(compare Chapter 2). A formulation in terms of potentials may therefore be preferred
and will be discussed below.

Formulation in Terms of Potentials

We introduce a potential F for a vector with components U, U, so that

oF
(61.54)
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where
U, = %
(61.55)
v, %
VU k
The function F, defined as
F= ¢'/k (61.56)

is independent of the hydraulic conductivity. Expressions for F' applicable to the various
types of flow discussed in Chapter 2 are obtained from the definitions of & by division
by k; for example, F' equals ;¢* for unconfined flow and H¢ — JH? for confined
flow. Constants, such as —1H?, may be added to F without affecting the govemning
differential equations as follows from (61.54): the derivatives with respect to z and y
of these constants vanish. It is important to note, however, that the aquifer thickness
H now must be kept constant. Discontinuities in H may be allowed, provided that the
corresponding jumps in potential are properly accounted for. Note also that the varying
thickness of the flow domain, as occurring in shallow unconfined flows and interface
flows, is automatically accounted for in the definition of the potential F. With

9Q: , 0Qy _0IkU:) OIkU,) 8 [,8F] & oF
R 5 1 5 R
the differential equation (61.45) becomes
o [LOF] 8 [,8F p—¢ _ . 00 |
- [ka] + *é; [ka +N - P S”at (61.58)

For problems of horizontal confined flow the head ¢ is a linear function of F. In all
other cases the relation between F' and ¢ may be written as

F
o=— (61.59)
h
where h-is the thickness of the flow domain. This thickness may vary with position, but

depends on the solution and is to be determined iteratively. The differential equation
(61.58) may be written in terms of F" and h as

8 [OF], 8 [OF)  \ _F=F_ o OF/
Bx[kax]+6y[ 3y]+N e "o (61.60)
where

F* = h¢* c*'=he (61.61)

If the flow is steady and 1/c = 0, the finite element formulation in terms of
potentials is obtained from the one given above in terms of head simply by replacing T
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everywhere by k and @ by F. For cases of leakage, the formulation remains valid, and
F* and c* may either be kept constant using some average value for h, or be updated
in the iterative process using newly computed values of h.

Transient flow in confined aquifers may be covered by replacing S, in the equations
by S, with

S, = % = -‘%’- (61.62)

For problems of shallow unconfined transient flow, integration of the differential equation
over a time interval At yields, taking h to be constant over the time step and equal to
the value h_, obtained at the end of the previous time step,

d [ 8F] o[ oF F-F s,
9 [ 9F], 8 [ oF _ — e _Fl=0 61.63
oz "az]+ay[’°ay]+N o T Ao F (61.63)

where
F:=¢*h_ ¢’ =ch_ S,_ = p/h_ (61.64)

It is seen by comparison of (61.63) with (61.46) that the finite element scheme in terms
of potentials is obtained from the one in terms of heads by replacing T by k, ¢ by c*,
¢ by F2, 5, by S,_, ¢ by F, ¢, by Fy, and ¢_ by F_. The difference between the
two approaches, for the case of unconfined flow, is that in the formulation in terms of
heads the transmissivity T is taken constant over each element, whereas in the present
formulation the aquifer thickness varies as /2 F (F is a linear function) over the elements,
but is kept constant over a time interval. Thus, the error is shifted from an error in aquifer
thickness to an error in the computation of the terms for leakage and storage.







Chapter 10

Analogue Methods

Numerous physical processes exist that are govemned by equations that can be written
in the same form as Darcy’s law and the continuity equations. Such processes are
analogous to groundwater flow, and an analogue method consists of studying any one
of these processes and interpreting the response to boundary and initial conditions in
terms of groundwater flow. It is necessary for this interpretation to determine scale
factors and to translate the physical constants into those involved in the groundwater
flow equations, such as the intrinsic permeability, the viscosity, and the storage coefficient
(see Karplus [1958], Bear [1972])). Examples of analogues are conservative force fields,
electrokinetics and magnetism, conduction of heat in solids, aerodynamics (flow around
air foils), deflections of a thin membrane under load, and slow viscous flow between
parallel plates.

Knowledge of analogue physical processes may serve various purposes. In some
cases the analogue is useful simply because numerous mathematical solutions have been
generated that are directly applicable to groundwater flow. Many of the solutions to
problems of heat flow given by Carslaw and Jaeger [1959) fall in this category; the first
application of a solution to a problem of transient groundwater flow was obtained by Theis
[1935] by interpreting the solution for an infinite linear heat source in terms of ground-
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A third category of analogues consists of the ones that are amenable to physical
experimentation; the measurements must then be translated in terms of groundwater flow.
These physical experiments may be done either as illustrations for educational purposes,
to solve field problems, to verify the validity of a mathematical formulation or, finally, to
study a phenomenon in a controlled environment. The membrane analogue, besides being
useful as a conceptual tool, has been used to verify a theory (De Josselin de Jong [1961]),
but is not commonly used in groundwater mechanics. The electric analogue, discussed
in Sec. 63, has been used in past years for modeling but currently is in use primarily
for educational purposes. A modem version of the analogue, however, based on etching
patterns of cracks on printed circuit boards, has been used recently for studying flow in
fractured rock (Hudson and Lapointe [1980]). The viscous flow, or Hele Shaw, analogue
is treated in Sec. 64 and is useful for educational purposes, for validating mathematical
solutions, and to study complex phenomena such as two-phase flow. A variant of the
Hele Shaw model, rather like a scaled down version of an aquifer, is sometimes useful
for studying physical phenomena where the presence of a porous medium is required.
Such scale models are discussed briefly in Sec. 65.

62 THE MEMBRANE ANALOGUE

The membrane analogue is based on the similarity between the normal displacement w
of points on a membrane that is placed under tension by connecting it to some boundary
(see Figure 10.1) and is loaded, for example, by applying pressure. This displacement is
measured with respect to a reference plane parallel to the plane of the membrane prior
to loading. For small displacements w fulfills Laplace’s equation, so that contours of
constant w correspond to equipotentials. The slope of the membrane measured with
respect to the reference plane is proportional to the discharge vector. Thus, for example,
the potential for flow toward a well in a circular island may be visualized by imagining a
membrane attached under constant tension along a circular ring, parallel to the reference
level. The effect of the well is generated by pressing a small ring downward at the
position of the well. The resulting deflection of the membrane may easily be visualized
and is a measure of the potential; the slope of the membrane is a measure of discharge.
Application of a constant air pressure to one side of the membrane causes the governing
differential equation for w to become the Poisson equation. The effect of infiltration on
the above circular aquifer may thus be visualized as the deflection of the membrane due
to a constant pressure undemeath it. If the well is not present, the normal displacement
w is controlled, for a given membrane, both by the pressure undemeath it and the tension
in the membrane; the former variable is proportional to the rate of infiltration and the
latter one to the hydraulic conductivity: an increase in tension corresponds to an increase
in k.

The membrane analogue described above serves well to create a visual image of the
modeling of regional flow by the use of analytic elements. Imagine the infinite aquifer
to be represented by a very large membrane, connected along its outer boundary 10 a
ring. Setting the elevation of a selected point on the ring at a given elevation above the
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reference level corresponds to specifying the potential at a reference point in the analytic
element model. Tilting the ring in space corresponds to specifying a uniform far-field.
Regional infiltration may be visualized as applying a constant pressure undemeath the
entire membrane. Analytic elements for modeling finite canals may be visualized in the
analogue by imagining the effect of pressing a thin rod into the membrane at a specified
elevation, whereas drains are imagined in the analogue as rods that are attached to the
membrane in such a way that they are parallel to the reference level but are free to move
up or down. Area-sinks are visualized as zones of constant pressure applied above the
membrane over the area of the area-sink. The line-sink may be visualized as a narrow
area-sink with high pressure.

~[1
membrane Rowndery

Figure 10.1 The membrane analogue.

The visual image is particularly useful for assessing the difference in effect of
various analytic elements that may be used to approximate the same feature. For example,
the difference between a line-sink of constant strength and a double-root element becomes
quite clear. The constant pressure applied in the analogue to represent the line-sink is
adjusted so as to produce a given elevation at the center of the element. This will cause
a much more gradual variation in w near the tips of the element than the double-root
element that corresponds to a thin rod and causes sharp depressions near its ends.

The effect of setting the condition at the reference point may now be explained
visually. If all elements are discharge-specified, i.e., pressure-specified in the analogue,
then a parallel raising or lowering of the ring will result in a uniform raising or lowering
of the potential throughout the domain. This raising or lowering has no effect on the
flow from infinity represented by the average slope of the membrane normal to the ring.
The effect of the condition at the reference point is quite different if heads are specified
along any of the elements, i.e., if the elevation of the membrane is fixed somewhere
inside the ring. A raising or lowering of the ring then will result in an increase in the
normal slope of the membrane along the ring, i.e., in an increase of the flow from or
toward infinity.

Jumps in the stream function correspond in the analogue to discontinuities of slope,
as occurring for example on either side of the rods referred 1o above. Jumps in the
potential correspond to discontinuities in the elevation of the membrane.

Although useful as a visual tool, the membrane analogue is not a practical alterna-
tive to numerical modeling.
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63 THE ELECTRIC ANALOGUE

The electric analogue is based on the similarity between Ohm’s law for the movement
of electrons through a conducting material and Darcy’s law. Ohm’s law may be written
as

i= L4 (63.1)

p ds

where i is the current density in amperes per square meter, p the specific resistance of the
material in ohm-meters, and V the electric potential in volts. The continuity equation is
analogous to the property that electrons can neither be lost nor produced. The electrical
analogue is thereby complete; 1/p represents the hydraulic conductivity, i the discharge
vector, and V the piezometric head.

A simple instructional tool may be obtained by using a specially prepared type of
paper with nearly uniform conductivity (commercially available under the name Teledel-
tos paper) in the simple experimental setup described below. Free edges of the paper
correspond to impermeable boundaries, and boundary segments of constant potential may
be implemented by clamping strips of copper with controlled voltage to the paper. A
simple aquifer model may be constructed as shown in Figure 10.2. The two copper strips
are attached to the two poles of a battery. Equipotentials may be contoured by the use
of a probe, attached via an ammeter to a variable resistance. The voltage V, applied at
the probe may then be adjusted to the voltage Vj applied on the negative e]eclrode plus
a value between zero and 100% of the difference in voltage. The ammeter will register
zero when V;, equals the voltage at the point where the probe touches the paper. Tracing
equlpotemlals thus is a matter of setting the variable resistance to the des:red value and
searching for points where the ammeter registers zero.

’—-- copper strip copper strip —
50% 100%
[T U T
| i i S I
— vanal_:l-e resistance }——-
_|I~ - - —

Figure 10.2 The electric analogue.

The analogue is also applicable to problems with a free boundary. The paper is
first cut along an estimated position of this boundary and the voltage measured at preset
elevations of it. The condition that the free surface is a streamline is identically satisfied,
and the position of the free surface is adjusted by cutting until the drops in potential
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between points at elevations on fixed intervals are identical. It is obviously easier to cut
paper than to reattach it; the initial estimate of the phreatic surface must be on the high
side.

Resistance networks have been built in the past to simulate the flow of groundwater.
Such networks are analogue computers that solve the differential equation in exactly the
same fashion as is done digitally in the finite difference methods. The latter methods are
cheaper and more flexible, and, along with other numerical techniques, have virtually
replaced the analogue computer.

Problem 63.1
Explain how the total current through the model may be measured. Representing this
measurement as liu, express the discharge flowing through the aquifer represented by the
analogue in terms of I, p, and AV.

Problem 63.2
Sketch an experimental setup that can be used to generate a plot of streamlines and specify
the boundary conditions to be applied, using the quantity /i defined in Problem 63.1.

64 THE HELE SHAW ANALOGUE

The slow flow of a viscous fluid in the narrow space between two parallel plates, in-
vestigated by Hele Shaw (see Lamb [1932]), is analogous to groundwater flow, with the
quantity

o P9

12u 64.1)

representing the hydraulic conductivity. The constants in (64.1) are the specific density
p of the fluid, the acceleration of gravity g, the dynamic viscosity y, and the distance d
between the parallel plates. The velocity corresponds to the specific discharge, and the
pressure and head to the quantities of the same names.

The analogue is particularly useful for modeling problems with a free boundary,
problems of transient flow, and problems of multiple fluid flow. The latter problems
are of special interest because no exact solutions exist, and the behavior of the interface
under transient conditions is not always fully understood (e.g., Curtis [1983]).

Hele Shaw experiments may be set up in two different ways. In the direct appli-
cation of the Hele Shaw model, the entire space between the parallel plates is the flow
domain, and the discontinuities in slot width at the reservoirs A and B are two bound-
ary equipotentials (see Figure 10.3). The upper and lower boundaries are the phreatic
surface and the model base. The problem thus modeled is the classical Dupuit problem
of phreatic flow through a dam with vertical faces. Due to the completeness of the
analogy, the boundary conditions along the phreatic surface and the seepage face at the
downstream face of the dam are met identically in the analogue model.

A photograph of another direct application of the Hele Shaw model is shown in
Figure 10.4. It represents the problem of interface flow from a horizontal equipotential
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A B
top view
1 4
3 - ¢ 1
A B
Q :—:}
T side view

Figure 10.3 Direct application of the Hele Shaw model.

toward drains. The figure is a photograph of one of many experiments carried out as val-
idations of the solution presented in Sec. 51. The drains were included by drilling small
holes in the front plate, connected via hoses to reservoirs that were adjusted vertically
in order to set the discharges of the drains. The streamlines shown in the photograph
were produced by carefully injecting dye through needles into the slot at selected points.
The hydraulic conductivity is proportional to the square of the distance between the
plates which varies somewhat in the model and was computed as an average. The av-
erage distance between the plates was determined by dividing the volume of fluid that
completely fills the model by the surface area of the plates. The results obtained by
using the hydraulic conductivity computed with this average value for d corresponded
exactly to the Hele Shaw experiment: the computed and photographed interfaces were
indistinguishable (Strack [1972]). It may be noted that the sensitivity of the instability
of the interface to the aquifer parameters was clearly observed in the experiments. The
discharges of the drains had to be increased very slowly toward the critical value. Once
the critical discharge was established, a stable-looking interface was observed to jump
suddenly to an unstable form, sometimes triggered by a small disturbance.

An indirect use of the Hele Shaw model consists of setting the model up with a
large slot width (e.g., 2 cm rather than 2 mm) and using filler plates that locally reduce
the slot width to the value normally used in the analogue (e.g., 2 mm). In this way,
phreatic flow through. oddly shaped structures such as the dam shown in Figure 10.5
may be simulated. The effect of a clay core may be included by using a second filler
plate to reduce the hydraulic conductivity to match that of the core. A drain at the toe
of the dam is included by omitting the filler plate at the position of the drain. The
impermeable base of the dam is represented by a filler plate that fills the gap completely.

It is not necessary to use Hele Shaw experiments to validate solutions obtained .
by the use of methods capable of producing accurate flow nets. The flow net can be
checked visually for accuracy, giving sufficient information regarding the validity of the
solution. The flow net produced for phreatic flow in an aquifer with a lamina shown in
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Figure 10.4 Hele Shaw experiment for interface flow.

I 1 top view

A

Figure 10.5 Indirect application of the Hele Shaw model.

side view

Figure 7.29, Sec. 50, and the contour plots shown in Figures 6.31, 6.32, and 6.34 in Sec.
39 are examples of such visual validations.

65 SCALE MODELS; MEASURING HYDRODYNAMIC DISPERSION

Scale models are scaled-down versions of aquifers, with the medium consisting of a
granular assembly. The most common version of a scale model is the sand box, which
simply is a glass box filled with sand, and is used primarily for the purpose of illustration.
A more useful scale model resembles the Hele Shaw model, but differs from it in that
the space between the plates is filled with fine crushed glass. By selecting a fluid and
a glass that have the same breaking index for the passage of light, a clear vision of
the aquifer is obtained. Streamlines are produced by injecting dye. This kind of scale
model is used if effects need be included that occur only in a porous medium. An
example of such an effect is hydrodynamic dispersion (see De Josselin de Jong [1958],
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Bear [1972]). Hydrodynamic dispersion is caused by the mixing occurring in the pore
space as a result of diffusion, combined with the dispersing effect of the solid particles
on the flow: the mixed fluid flowing in the pore space is divided each time that a solid
particle is in its path. The magnitude of this dispersive effect is a function of the grain
size, and should therefore be amplified in a scale model, where the relative grain size is
usually larger than in an aquifer. An example of the use of a scale model is shown in
Figure 10.6. The model was built by the Royal Dutch Shell in Rijswijk, the Netherlands,
and used to verify the applicability of an exact solution to predict flow of oil-polluted
groundwater in a shallow unconfined aquifer with rainfall (see CONCAWE [1977]). The
oil is observed in practice to remain in an immobile quantity roughly on the phreatic
surface (see Dietz [1972]). The contamination is carried into the aquifer by rainwater,
which passes through the immobile oil, and carries small but measurable quantities of
soluble components into the aquifer. A possible solution to this problem, examined at
the time, consisted of flushing out the soluble components of oil by infiltrating water in
the area above the immobile oil and recapturing it by means of a drain. The position
of the drain so as to capture all contaminated water was determined by the use of a
computer program based on an exact solution to the idealized problem; hydrodynamic
dispersion was not taken into account. The streamline pattern shown in Figure 10.6(a)
shows good agreement with the exact solution shown in Figure 10.6(b). It also shows
that the effect of the hydrodynamic dispersion is small, even though the grain size in the
model corresponds to very coarse gravel in the aquifer.

X/in

R SR REAr- ' PP PRI R O -

Figure 10.6 Prototype used to validatc a model predicting flow of oil-contaminated water.
(Source: CONCAWE [1977].)

Dispersive effects in aquifers become important when the inhomogeneities are
much larger than particles. Dispersion in aquifers that are nearly homogeneous is small
with respect to spreading caused by diverging streamlines (see Nelson [1978]).
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|

Expansion
of a Function
Raised to a Power

Let F be a complex function of z, analytic at 29, with a Taylor expansion of the form,

) ©_ ) _
F= ,fz[')(z - zy (A.1)

j=0
Furthermore, F(zp) is unequal to zero,
F(z) #0 (A2)

The function
g0=F° (A3)
where a is a real number, then is analytic at z. We will outline a procedure for
determining the first n + 2 coefficients in the expansion of F'* about 2o,
alj)
Fn=30(7—0)+§E;(20)(2—20)+--—+@3£?2(2—20f+... (A4)

We introduce the function Em, m =1,2,..., defined as the m™ derivative of 30 with
respect to F,
a #k

a=k m<a

} (k=12,...)
(A.5)

Em=a(a— Na—-2)...(a —m+ )F*™™ {

Gm=0 a=k m>a k=12,...)
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We further introduce the function h as the derivative of F' with respect to z:

dF _

h= =F' (A.6)

It follows that

3:; = Su +1 h (A?)

We may apply Leibnitz’s rule for differentiating the product of two functions to the
function g, ..

3:; m 3!: —m+1 h (AS)
as follows:
3&{] m_ _ 3&: 1113+Ih + “H_!zai-i-l '
G-DI- G-D G-t
aG-k) (k—1) G-
gﬂ-—m-H h h
+(j . k]! (k e l}! + -t gu m+l (J l)!
(m < n, i=1,2,...,m+1) (A9)

Using this equation for j = 1,2,... ,m+ 1 we obtain the ﬁm m+ 1 derivatives of g,,_ .,
at z = zo expressed in terms of the first m derivatives of g,._,,.+| and h at z = 2. We
apply (A.9) repeatedly, starting with m = 1 and j = 1,m + 1, until m = n. This process
yields the first n + 1 derivatives of o at zp. The procedure is covered in more detail
below.
Equation (A.9) may be used to compute the first n + 2 coefficients

“'2?93 () (G=0,1,2,...,n) (A.10)
in the expansion (A.4)

F*=%"aj(z - 2Y (A.11)
j=0

of F® about z = z as follows. The coefficients in the expansion (A.1) of F* about 2
are assumed to be known; we introduce the constants b; as

b, = ;',F“’(zo) (A.12)
It follows from (A.6) that

1, -
37"0}("0) = ﬁp"“’(za) =G + Dbj4 (A.13)
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The value of Bm at zp can be computed from (A.5):

—-m

Im(20) =ala — 1)@ = 2)...(a — m + 1)[F(z0)] " (A.18)
or
Im(z0) =a(a — 1)@ = 2)...(a —m + ™™ (A.15)
We apply (A.9) form=1and j=1,2:
Grn—1(20) = Gn(20)h(20) (A.16)
Gn—1(20) = Gla(20)h(20) + Gn(20)h"(20) (A.17)

The terms at the right-hand sides of these equations can be computed using (A.15), (A.7),
and (A.13). We next apply (A.9) for m =2 and j = 1,2,3 with the values for g’,_,(zo)
and g/ _,(z0) computed from (A.16) and (A.17):

Gn—2(20) = Gn—1(20)h(z0) (A.18)

91 _x(z0) = 3:._.(zo)h(zo} + Gn—1(20)h'(20) (A.19)

l a ! l n
2,9‘:’ 2(20) = 5 yn_l(zo)h(ZoHy,. 1(20)h'(20) + lgn-—l(zO)h (20)

(A.20)

We apply (A.9) with these three values, with m = 3, and with j = 1,2, 3,4, which yields
the first four derivatives of 3,._3 at z5. This process is continued until m = n; at this
final stage (A.9) is applied for j = 1,2,... ,n + 1 to obtain the first n + 1 derivatives
of go at z. (A.9) yields §§°/(j — 1)!; division by j yields the desired coefficient in the
series (A.4).

The procedure is suitable for numerical implementation; it suffices to write a routine
for computing the j* derivative of F at z, a routine to compute fc},-. and a routine that
implements (A.9) in a double loop with j running from 1 to m + 1 inside a loop where
m runs from 1 to n. The listing of such a routine is provided on the diskette supplied
with this book.






Appendix B

The Dilogarithm
of Complex
Argument

We define the principal branch of the function In(1 - 2) as In,(1 — 2) with
-1r<argp(l -2)< 7 (B.1)
so that any branch of In(1 — z) may be expressed in terms of the principal branch as
In(1 =z)=Iny(1 - 2) + 2mmi (m=0,%£1,42,...) (B.2)
We first consider the principal branch of the dilogarithm, defined as

. “lny(1 -t
Ligy(2) = - / i(-t——)di (B.3)
0

For |z] < 1 the following series expansion exists for Liz,(2) (see Lewin [1958])):

, Lizp(?-') = Z :—lf (|z[ <l (B.4)
: n=|

This series converges well and is suitable for numerical evaluation. For values of |z| > |

a relation between Lizy(1/2) and Liz;(z) may be employed, which is derived below. It
follows upon differentiation of (B.3) that

iLi::p(z) = -0 = 2)

I
- ; (B.5) -
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Replacing z by 1/z we aobtain

d . __In,(1 - 1/z)
qym /= - (B.6)
We apply the chain rule to obtain the derivative with respect to z,
d_. Iny(1 -1 In,(z — z
LLingtt/n= 2C -1 _pE D _ 0,C) (B.7)
2 z z z

We differentiate between the case that 3z > 0 and the case that Sz < 0. In the former
case we have:

Sz2>0 Ing(z = 1) =Iny(1 — 2) +iw (B.8)
and in the latter

32<0 Ing(z = 1) =Iny(l = 2) —im (B.9)
Defining a constant A such that

3220 A=1 3z2<0 A=-—1 (B.10)

we may write (B.7) as

-ii-l..izp(l/Z) 1009 i), % (B.11)
dz z z z
Integration of this expression gives, with (B.3):
Lizp(1/2) = —Ligg(2) — L Ind(2) + idrlnz + 5 (B.12)

where the constant of integration is obtained by setting z equal to one and by using the
equation Liy,(1) = 72/6 (see Lewin [1958]).

This expression may be used to compute the dilogarithm for values of z with
|z| > 1. In that case we write

Lizg(z) = —Ligp(1/2) — 1 In2(2) +idwlnz + 5 (B.13)

where 1/|z| < 1 so that (B.4) may be used to evaluate the dilogarithm. Equation (B.13)
is due to Euler [1811].

The Many-Valued Dilogarithm
In some applications the principal branch of the dilogarithm cannot be used. We therefore

express the dilogarithm for cases where (B.1) is not satisfied in terms of the principal
branch. We choose the path of integration of the many-valued dilogarithm,

Lix(z) = — [o &;th (B.14)
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as follows. At the lower bound we take arg(1 — t) equal to zero, and write

l—¢ _ M _ z _
Liy(z) = — f '“"L't--‘ldt — z f Ind =04 _ In1 D 4 (B.15)
0 el 1-e ¢

where m is defined by (B.2), and
M =|m| (B.16)

The contours B; represent full circles of radius ¢ around z = 1, and the integration along
these circles is taken in counterclockwise direction if m > 0 and in clockwise direction
if m < 0. Upon each revolution, the argument of 1 — ¢ either increases or decreases
by 2w, depending upon the sign of m. We continue this process until the argument of
In(1 —¢t) in the last term in (B.15) equals that of In(1 — z) given by (B.2). The integrals
along the contours B; vanish in the limit for ¢ — 0. This may be seen by substituting
p for 1 — ¢t in these integrals, and expanding 1/t = 1/(1 — p) in a Taylor series about
1 =0. We write In(1 — t) as In,(1 — t) + 2mmi and take the limit for £ = 0:

1 _ z _ z .
Lix(2) = — f =8 _ ] -—'“P“t D4t - / 2":’"& (B.17)
0 1 1

t

By combining the first two terms and integrating the last one, we obtain an expression
for the many-valued dilogarithm in terms of Lizp(2):

Liz(2) = Lizy(z) — 2mmiIn(2) (B.18)

The principal branch In,(z) occurs in the last term because the difference in argument of
t between the upper and lower bounds of the last integral in (B.17) equals Sliny(z). It
is possible to include the possibility that arg(t) deviates from the principal value at the
origin by selecting a path that starts at z = 0, continues to z = 1, winds around z = I,
returns to z = 0, winds around the origin, retumns to z = 1, and continues in this fashion
until the desired increase in arg ¢ is obtained. This is rarely necessary, however, and the
additional term in (B.18) that is generated in this way (which is a constant) will not be
presented.

Separation into Real and Imaginary Parts

Lewin [1958] gives the following expressions for the real and imaginary parts of Lizy(z):

- _ 2
atuz,,(z)=_§/ el Dy (B.19)

0

SLizy(2) = —wp Int — $CL(2w) + 3ClL(2w — 26) + 1C1L(26) (B.20)
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where
z=re’  w=QI(1-2) w,=ny(l - 2) (B.21)

The expression for the imaginary part is due to Kummer [1840] and involves Clausen’s
integral, defined as

o0 .
Ch(®) =~} f Incasin? $)do = 3 S22 ®.22)
0 n=|
It is not necessary to use the principal value for w in Clausen’s integrals because their
period is 27 and the difference between w, and w can only be a multiple of 2.
Expressions for the real and imaginary parts of the many-valued dilogarithm are
obtained by the use of (B.18), (B.19), and (B.20) as

T _ 2
RLi(2) = - / In(1 2‘:‘“8 ) 4t 4 2mro (B.23)
0

SLiz(2) = —(wp + 2mmi) Inr — jCl(2w) + 3Cl(2w — 26) + 3CL(20)  (B.24)

It is of interest to note that the imaginary part of the dilogarithm is finite at r = 0 if
m =0, since wp is zero at r = 0; this imaginary part is not finite at r = 0, however, if
m # 0. For such cases the dilogarithm has a logarithmic singularity at the origin.

The Boundary Condition Along the Phreatic Surface
for the Problem Solved in Section 50

The phreatic surface corresponds to the negative real axis in the ¢ plane. An expression
for ¢ on this segment is obtained from (50.15) as

1
=0 —0<E<0 @=—%ln|{l+%ln|l-£|+% (B.25)

The imaginary part of z = 2(() in (50.20) involves the imaginary part of the dilogarithm,
SLiz(l1 = ) = —win|l = | = 3Cla(2w) + ;Cl2(2w — 26) + §C1(26) (B.26)

where
w=arg(() O=arg(l-() (B.27)

The ranges of definition of these angles are given by (50.23). Along the negative £ axis,
w and 6 are equal to m and 0, respectively, so that (B.26) becomes

=0 —00<€E<0  SQLix(l -Q=-7In|l —¢| (B.28)
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where it is used that Cl;(0) = Cly(27) = 0 (see [B.22]). Using this in (50.20) we obtain

Qu

T Inlé|+ Aor — H + %}3'““'5“02 (B.29)

where use is made of (50.23). Using (50.24) we obtain, after multiplication by kB,

n=0 -00<{<0 y=-

n=0 -—00<EEL0 kBy:—Q“InI£|+Q"In]l—§|+1rkBAo (B.30)
This equals expression (B.25) for ®, provided that
= (B.31)

as asserted in (50.25).






Appendix C

L

Computer Programs
SLW and SLWL

This appendix contains instructions for using the diskette provided with this book, as
well as a listing of the computer program SLWL.

In order to make it possible to update the software contained on the diskette without
the need for modifying this appendix, the instructions for running and modifying the
programs are given in the file MANUAL.TXT contained on the diskette. Information on
the minimum system configuration is given on the label of the diskette.

The file MANUAL.TXT is a standard text file and can be displayed on the screen.
The manual will be printed on the standard printing device in response to the command
PRINTMAN. The routines for free-format input and the plotting routines are contained on
the diskette, but are not listed here. The listings of the remaining routines of SLWL are
given below:

c file sl.for
PROGRAM SL
IMPLICIT COMPLEX (C), LOGICAL (L)
DIMENSION RMAT(100,100), RKNVEC(324),RSOLUT(100)
RMAT array used for solving

and for contouring: RMAT (imxsze, imxsze)
RKNVEC used for solving: RKNVEC (imxsze)

for contouring: RKNVEC(l+ (imxsze*imxsze-1)/31)

RSOLUT used for solving: RSOLUT (imxsze)
IMXSZE=100
CALL SETUP (IMXSZE, RMAT, RKNVEC, RSOLUT)
STOP
END

0 o0 0 060
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Computer Programs SLW and SLWL

file simn.for

Routine for processing input

RMAT
RKNVEC

RSOLUT

= matrix of maximum size IMXSZE*IMXSZE

= vector with known coefficients; also used as
scratch array

= vector with coefficients computed by SOLVE

SUBROUTINE SETUP (IMXSZE,RMAT, RKNVEC, RSOLUT)

IMPLICIT COMPLEX(C),LOGICAL(L),CHARACTER*1 (A)

DIMENSION RMAT (*), RKNVEC(*),RSOLUT(*)

DIMENSION AWORD (90), AWOLS (10), AWOGR (15)

INTEGER*2 IDVHDL, IWKING, ISTAT, IXYIN(2), IXYOUT(2), INK, IRBAND,

.

COMMON
AWORD,
Common

VRQLOC
/DWMN/ IDVHDL, IWKING (19)
AWOLS, and AWOGR contain key-words.
block used for free-format input. ALINE=input line,

LERROR, LMISS are set true if an error is detected.
CHARACTER*32 AFILE

COMMON
COMMON
Common
COMMON

Common
COMMON

Common
COMMON
Common
COMMON

Common
COMMON
Common
COMMON

/CBMATC/ ILPNT (40),LMISS, LERROR, NPBAD, NCHAR
/CBMATA/ ALINE (80),AFILE
block with grid data.
/CBGRID/ RGRX1,RGRY1, RGRX2,RGRY2, RGRMAX, RGRMIN,
NGRX, NGRY, RGRXG (150) , RGRYG (150) , RGRDX, RGRDY,
IGRX1, IGRY1, IGRX2, IGRY2, RGRFAX, RGRFAY, NGRDTX,
NGRDTY, RGREPS
block with aquifer data.
/CBAQ/ NAQLAY, RAQK (20) ,RAQB(21),RAQT (20) ,RAQPHI (21),
RAQTSM, NAQLMX
block with reference point data.
/CBRF/ CRFZ,RRFFI,RRFCON
block with data for given functions.
/CBGV/ RGVRN,CGVRZ, RGVRA, RGVRB, RGVRAL,
RGVUQO, RGVUAL, CGVMIA,
NGVP,CGVPZC (20) , RGVPRD (20) , RGVPSG (20)
block with well data.
/CBWL/ NWL,CWLZC(200),RWLQ(200),RWLRAD (200)
block with line-sink data.
/CBLS/ NLS,NLSS,NLSF,
CLSZS(200) ,CLSZE (200) ,CLSZC(200) ,RLSDIS(200),
RLSFI(200), ILSPTS(200), ILSPTF (200)

Functions that can be contoured: RFPOT=potential,

RFPSI=stream function, RFHEAD=piezometric head.
EXTERNAL RFPOT, RFPSI, RFHEAD
List of main keywords. The routine MATCH matches the word entered

in the input line to the words below. It returns the position in

App.C
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the list of the keyword for which a match is found. Thus, if you

enter WELL then MATCH will return position number 4. The words are

separated by blanks and an exclamation mark denotes the end of the
list.

DATA AWORD /'A’,’Q’,'U’,’I"," *,
OL"ORE‘IY!‘IEt’J J'
*RT,'E','F’,'E"," *,
TRYLPAYL, T, INT, T 7,

. 'Uf,INYLIYL'F, T,
fPr,rO’, N, D", ¢,
TWYLTE', LY, 'L, Y,
‘LYLPIY, N, TE"," ¢,
£S7,07, L,V T,

. TWTLPIYL,'NY, DT, *,
'G*,'R’,'I7,'D"," *,
OP"tLl‘lo!’lTl'l P'

TLYLTAT,TYY 100, T,
"CrLTHY,'E’,Ct," 1,

. ’T'.'R'.'ﬂ','c',' l'
‘P"‘A','U’,'S"' !'
LTS DY T
URT DT U TRy

c Keywords defining the kind of line-sink.

DATA AWOLS /’'G’,’I’,'V','E"," ',
A "H','E','A’,'D’," 1"/
c Keywords defining the function to be contoured
DATA AWOGR /'H',’E’,’A’,’D’,' ',
*B’,’0","T",'E"," ',
R 'S','T','R','E"," 1"/
DATA INK, IRBAND /2*0/
WRITE (*,9003) IMXSZE
OPEN (UNIT=7,FILE="CON’)
LERROR=.FALSE.
LMISS=.FALSE.
10 IF (LMISS) WRITE(*,9001)
IF (LERROR.AND. .NOT.LMISS) WRITE(*,9002)
LERROR=.FALSE.
LMISS=.FALSE.
WRITE (*, 9005)
READ (5,9000) ALINE
CALL TIDY
CALL MATCH (AWORD, 1, JUMP)
IF (LMISS.OR.LERROR.OR.ILPNT(2) .EQ.0) GOTO 10
GoTO( 100, 200, 300, 400, 500, €00, 700, 800, 900, 1000,

n 0o o0 n
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. 1100,1200,1300,1400,1500,1600,1700,8900) , JUMP
c aquifer data
100 NAQLAY=IVAR(2)
IF (NAQLAY.GT.NAQLMX) THEN
WRITE (*,9010) NAQLMX
GOTO 10
ENDIF
RAQB (1) =RVAR (3)
IF (LMISS.OR.LERROR) GOTO 10
Prompt the user to enter the hydraulic conductivity and thickness
of each layer.
ILAYER=1
110 WRITE(*,9011) ILAYER
READ (5,9000) ALINE
CALL TIDY
RAQK (ILAYER) =RVAR (1)
RAQB (ILAYER+1) =RAQB (ILAYER) +RVAR (2)
IF (LMISS.OR.LERROR) THEN
If an error occurred, prompt the user to enter the data for this
layer again.
WRITE(*,9012) ILAYER
ELSE
Otherwise, add 1 to the number of layers.
ILAYER=ILAYER+1
ENDIF
If the data set for the layers is not yet complete, read the
data for the next layer.
IF (ILAYER.LE.NAQLAY) GOTO 110
Initialize the agquifer parameters.
CALL AQINIT
GOTO 10
Overwrite the data of layer nr. ILAYER.
200 ILAYER=IVAR(2)
RAQK (ILAYER) =RVAR (3)
RAQB (ILAYER+1)=RAQB (ILAYER) +RVAR (4)
Initialize the aquifer parameters.
CALL AQINIT
GOTO 10
Reference point (the function cvar (i) returns the complex
variable entered on positions i and i+l of the input line).
300 CRFZ=CVAR(2)
RRFFI=RVAR (4)
GOTO 10
Infiltration from rainfall.



App.C  Computer Programs SLW and SLWL

400 RGVRN=RVAR (2)
CGVRZ=CVAR (3)
RGVRA=RVAR (5) *RVAR(5)
RGVRB=RVAR (6) *RVAR (6)
RGVRAL=RVAR(7)*3.1415926/180.
GOTO 10

c Uniform flow.

500 RGVUQO=RVAR(2)
RGVUAL=RVAR (3)
RARG=RGVUAL*3.1415926/180.
CGVMIA=CEXPICHPLX(0..-RARG))
GOTO 10

c Ponds.

600 NGVP=NGVP+1
CGVPZC (NGVP) =CVAR (2)
RGVPRD (NGVP) =RVAR (4)
RGVPSG (NGVP) =RVAR (5)
GOTO 10

c Wells.

700 NWL=NWL+1
CWLZC (NWL) =CVAR (2)
RWLQ (NWL) =RVAR (4)
RWLRAD (NWL) =RVAR (5)
IF (LERROR) NWL=NWL-1
GOTO 10

c Line-sinks.

800 NLS=NLS+1
CLSZ5 (NLS)=CVAR(3)
CLSZE (NLS) =CVAR (5)
RDUM=RVAR(7)

IF (LERROR) THEN

NLS=NL5-1
GOTO 10
ENDIF

CLSZC(NLS)=.5* (CLSZS (NLS) +CLSZE (NLS) )
CALL MATCH (AWOLS, 2, JUMP)
IF (LERROR) THEN
NLS=NLS-1
GOTO 10
ENDIF
GOTO(710,720) , JUMP
c Line-sinks with given strength.
710 NLSS=NLSS+1
ILSPTS (NLSS) =NLS
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RLSDIS (NLS) =RDUM
GOTO 10
c Line-sinks with given head.
720 NLSF=NLSF+1
ILSPTF (NLSF) =NLS
RLSFI (NLS)=RDUM
GOTO 10
c Solve.
900 CALL SOLVE (IMXSZE,RMAT, RKNVEC, RSOLUT)
GOTO 10
c Window.
1000 RGRX1=RVAR(2)
RGRY1=RVAR (3)
RGRX2=RVAR (4)
RGRY2=RVAR (5)
GOTO 10
c Grid.
1100 NGRX=IVAR(2)+1
IF (LERROR) GOTO 10
IF (NGRX.GE.IMXSZE) NGRX=IMXSZE-1
IF (ILPNT (4) .EQ.0) THEN
JUMP=1
ELSE
CALL MATCH (AWOGR, 3, JUMP)
ENDIF
CALL GRINIT
GOTO(1110,1120,1130),JUMP
c Piezometric heads.
1110 CALL FILL (RMAT, NGRX, IMXSZE, RFHEAD, LWRONG)
IF (LWRONG) WRITE(*,9100)
GOTO 10
[ Equipotentials.
1120 CALL FILL(RMAT, NGRX, IMXSZE, RFPOT, LWRONG)
IF (LWRONG) WRITE(*, 9100)
GOTO 10
c Streamlines.
1130 CALL FILL(RMAT, NGRX, IMXSZE, RFPSI, LWRONG)
IF (LWRONG) WRITE(*, 9100)
GOTO 10
c Contouring.
1200 IF(NGRX.EQ.0.OR.NGRY.EQ.0) THEN
WRITE (*,9120)
GOTO 10
ENDIF
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1210

1300

1400

1500

1510

Computer Programs SLW and SLWL

WRITE(*,9121) RGRMIN, RGRMAX
READ (5, 9000) ALINE
CALL TIDY
RLEVEL=RVAR (1)
RINCRM=RVAR (2)
IF (LERROR) GOTO 10
CALL DRAWIN
CALL LAYOUT
ISIZE=NGRX
CALL CONTUR
(RMAT, ISIZE, NGRX, NGRY, IGRX1, IGRY1, RGRDX, RGRDY, RLEVEL, RKNVEC)
RLEVEL=RLEVEL+RINCRM
IF (RLEVEL.LE.RGRMAX) GOTO 1210
READ (5, *)
CALL DRAWOUT
GOTO 10
layout.
CALL DRAWIN
CALL LAYOUT
READ (5, *)
CALL DRAWOUT
GOTO 10
check
CALL CHECK
GOTO 10
tracing
RSTEP=RVAR (2)
IF (LERROR) GOTO 10
IF (NGRX.NE.O.AND.NGRY.NE.0) THEN
WRITE(*,9121) RGRMIN, RGRMAX
READ (5,9000) ALINE
CALL TIDY
RLEVEL=RVAR (1)
RINCRM=RVAR (2)
IF (LERROR) GOTO 10
CALL DRAWIN
CALL LAYOUT
ISIZE=NGRX
CALL CONTUR
(RMAT, ISIZE, NGRX, NGRY, IGRX1, IGRY1, RGRDX, RGRDY, RLEVEL, RKNVEC)
RLEVEL=RLEVEL+RINCRM
IF (RLEVEL.LT.RGRMAX) GOTO 1510
ELSE
CALL DRAWIN
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CALL LAYOUT
ENDIF
Set the initial cursor position to the center of the window.
IXYOUT (1) =(IGRX1+IGRX2) /2
IXYOUT(2)=(IGRY1+IGRY2) /2
IXYIN(1)=IXYOUT(1)
IXYIN(2)=IXYOUT(2)
Display the cursor and get the cursor position in VDI units
returned in IXYOUT, and the character entered from the keyboard.
ISTRT-VRQLOC(IDVHDL,IXYIN,INK,IRBRND,IDVHDL.IXYOUT,ACHRR}
If either an r or an R was entered, leave graphics mode and
return to main menu.
IF (ACHAR.EQ.'R’ .OR.ACHAR.EQ.'r’) THEN
READ (5, *)
CALL DRAWOUT

GOTO 10
Otherwise translate the cursor position in window units and
display streamline.
ELSE

RX=RGRX1+FLOAT (IXYOUT (1) -IGRX1) /RGRFAX

RY=RGRY1+FLOAT (IXYOUT (2) -IGRY1) /RGRFAY

CZ=CMPLX (RX, RY)

CALL TRACE (RSTEP,CZ)

GOTO 1520
ENDIF
READ (5, *)
CALL DRAWOUT
GOTO 10
The call to PAUSE will cause the program to pause; given
sufficient memory, other programs such as an editor can
be executed. The program will continue upon pressing the
ENTER key.
PAUSE
GOTO 10
The following statements make it possible to switch input
and output devices. The first argument of the command
SWITCH denotes the new input device (e.g. the name of a
file with input data prepared in advance). The command
SWITCH CON will cause the input to return to the keyboard.
The latter command must be the last command in an input file.
The second argument (e.g. a filename or the name of a device
such as PRN) will cause the output generated by the routine
CHECK to be directed to this file or device. The second
argument is optional. The function GETFN (IPAR) contained in
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c the match package returns in the variable AFILE the filename
c entered on position IPAR.
1700 CALL GETFN(2)
IF (LMISS.OR.LERROR) GOTO 10
CLOSE (5)
OPEN (UNIT=5,FILE=AFILE)
IF(ILPNT(4) .NE.O) THEN
CALL GETFN(3)
CLOSE(7)
OPEN (UNIT=7,FILE=AFILE)
ENDIF
GOTO 10
8900 RETURN
9000 FORMAT (80A1)
9001 FORMAT (’++++ILLEGAL OR MISSING PARAMETERS IN MAIN+++'/)
9002 FORMAT (’++++ILLEGAL COMMAND IN MAIN+++'/)
9003 FORMAT (' +MAXIMUM NUMBER OF EQUATIONS IS ’,14/)
9005 FORMAT (
."+<AQUIFER> (NLAYERS, BASE) "/
." <LAYER>(LAYER NR.,PERM, THICKNESS)'/
.’ <UNIFLOW>(Q,AL)"/
.* <RAIN>(N,X,Y,A,B,AL)"/
." <POND>(X,Y,R,N)'/
.' <WELL>(X,Y,Q,R)"/
.’ <LINESINK>(<GIVEN>/<HEAD>) (X1,Y1 X2,Y2) (DISCHARGE/HEAD) '/
." <REFERENCE>(X,Y,FI)’/
.' <SOLVE>'/
.’ <WINDOW>(X1,Y1l X2,Y2)'/
." <GRID>(N) (<HEAD>/<POTENTIAL>/<STREAM-FUNCTION>) "'/
.* <PLOT>'/
." <LAYOUT>'/
." <TRACE>(STEP)once cursor appears, enter either <T> or <R>'/
.' <CHECK>'/
." <SWITCH>(FILEIN) (FILEQUT]'/
.* <PAUSE>'/
.' <STOP>'/)
9010 FORMAT (’++++MAXIMUM NR. OF LAYERS (= ’,14,’) EXCEEDED+++'/)
9011 FORMAT(
."+ENTER HYDRAULIC CONDUCTIVITY AND THICKNESS FOR LAYER’,I4/)
9012 FORMAT (
."++++ILLEGAL OR MISSING PARAMETERS; RE-ENTER DATA FOR LAYER’,I4/)
9100 FORMAT (
."++++GRID TOO LARGE, PLEASE REDUCE NUMBER OF GRIDPOINTS+++’)
9120 FORMAT (’++++GRID NOT FILLED+++’/)
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FORMAT (' +MIN. LEVEL= ‘,El14.6,‘ MAX. LEVEL=',El4.6/
* (MIN. LEVEL, INCREMENT)'/)

END

Complex potential.

COMPLEX FUNCTION COMEGA(CZ)

IMPLICIT COMPLEX (C)

COMEGA=COMGVN (CZ) +RFRFC (CZ) +CFLSU (CZ)

RETURN

END

Complex discharge function.

COMPLEX FUNCTION CW(CZ)

IMPLICIT COMPLEX (C)

CW=CWGVG (CZ) +CWWLSM(CZ) +CWLSSM (C2Z)

RETURN

END

Potential function.

REAL FUNCTION RFPOT(CZ)

IMPLICIT COMPLEX (C)

RFPOT=REAL (COMEGA (CZ) )

RETURN

END

Stream function.

REAL FUNCTION RFPSI(CZ)

IMPLICIT COMPLEX (C)

RFPSI=AIMAG (COMEGA (CZ))

RETURN

END

Piezometric head.

REAL FUNCTION RFHEAD (CZ)

IMPLICIT COMPLEX (C)

RPOT=RFPOT (CZ)

RFHEAD=RFHEDP (RPOT)

RETURN

END

Contributions to the complex potential of all functions with

given coefficients.

COMPLEX FUNCTION COMGVN (CZ)

IMPLICIT COMPLEX (C)

COMGVN=CFGVG (CZ) +CFWLG (CZ) +CFLSG(CZ)

RETURN

END

Layout.

SUBROUTINE LAYOUT

CALL GVLAY
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CALL WLLAY
CALL LSLAY
RETURN
END
Solving.
RMAT = coefficient matrix.
RKNVEC = vector with known coefficients.
RSOLUT = vector with computed coefficients, returned by SOLVE.
SUBROUTINE SOLVE (IMXSZE, RMAT, RKNVEC, RSOLUT)
IMPLICIT COMPLEX (C), LOGICAL (L)
DIMENSION RMAT (IMXSZE, *),RKNVEC (*) , RSOLUT (*)
COMMON /CBRF/ CRFZ,RRFFI, RREFCON
COMMON /CBLS/ NLS,NLSS,NLSF,
CLSZS(200) ,CLSZE (200) ,CLSZC(200) ,RLSDIS (200),
RLSFI (200), ILSPTS(200), ILSPTF (200)
Set number of equations to 1 + number of line-sinks.
NEQ=NLSF+1
Print error message if maximum number of equations is exceeded.
IF(NEQ.GT.IMXSZE) THEN
WRITE (*,9003) IMXSZE
RETURN
ENDIF
For columns 1 to NLSF = number of head specified line-sinks:
IF (NLSF.GE.1) THEN
DO 200 JCOL=1,NLSF
Make temporary storage for starting and end points.
CZSLS=CLSZS (ILSPTF (JCOL))
CZELS=CLSZE (ILSPTF (JCOL) )
For each column, compute the coefficient of the strength of
the line-sink number JCOL. The coefficient is computed at
the center of line-sink number IROW.
DO 100 IROW=1,NLSF
RMAT (IROW, JCOL) =
REAL (COMLS (CLSZC (ILSPTF (IROW) ) ,CZ5L5,CZELS))
CONTINUE
Compute the coefficient of the strength of line-sink number
JCOL at the reference point.
RMAT (NEQ, JCOL) =REAL (COMLS (CRFZ, CZ5LS, CZELS) )
CONTINUE
ENDIF
Store the coefficients of the constants, which are all 1.
DO 300 IROW=1,NEQ
RMAT (IROW, NEQ) =1.

300 CONTINUE
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Store the known vector in RKNVEC. The elements in this vector
are the potentials corresponding to the given heads at the
centers of the line-sinks and at the reference point minus
the effect of all given functions.
IF (NLSF.GE.1) THEN

DO 1000 IROW=1,NLSF

RKNVEC (IROW) =RFPOTH (RLSFI (ILSPTF (IROW))) -
REAL (COMGVN (CLSZC (ILSPTF (IROW) ) ))

CONTINUE
ENDIF
RKNVEC (NEQ) =RFPOTH (RRFFI) -REAL (COMGVN (CRFZ) )
Solve the system of equations.
CALL SSOLVE (IMXSZE, RMAT, RKNVEC, RSOLUT, NEQ)
Store all computed strengths in the array.
IF (NLSF.GE.1) THEN

DO 2000 IROW=1,NLSF

RLSDIS (ILSPTF (IROW) ) =RSOLUT (IROW)

CONTINUE
ENDIF
Retrieve and store the constant.
RRFCON=RSOLUT (NEQ)
RETURN
FORMAT (‘ +MAXIMUM NUMBER OF EQUATIONS , ‘,I4,’ EXCEEDED;'/

SOLVING ABORTED’ /)
END
SUBROUTINE CHECK
IMPLICIT COMPLEX(C), LOGICAL (L) ,CHARACTER*1 (A)
DIMENSION AWORD (60)
CHARACTER* 32 AFILE
COMMON /CBMATC/ ILPNT(40),LMISS, LERROR, NPBAD, NCHAR
COMMON /CBMATA/ ALINE (80),AFILE
COMMON /CBAQ/ NAQLAY,RAQK(20),RAQB(21),RAQT(20),RAQPHI (21),

RAQTSM, NAQLMX

COMMON /CBRF/ CRFZ,RRFFI, RRFCON

COMMON /CBGV/ RGVRN,CGVRZ, RGVRA, RGVRB, RGVRAL,
RGVUQO, RGVUAL, CGVMIA,
NGVP, CGVPZC (20) , RGVPRD (20) , RGVPSG (20)

COMMON /CBWL/ NWL,CWLZC(200),RWLQ(200), RWLRAD (200)

COMMON /CBLS/ NLS, NLSS,NLSF,
CLS25(200),CLSZE (200),CLSZC(200) ,RLSDIS (200),
RLSFI(200), ILSPTS (200), ILSPTF(200)
List of keywords in check.
DATA AWORD /'A’,’'Q’,'U’,'I'," ',
IRI‘JEt’lF!‘IEI'! l"

App.C
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FRYLTAT,PICL NS, 0,
lul’!Nl"!It"Ft'l !'
‘P’,’0’,"N","D"," *,
‘W' ,'E’,"L","L"," *,
‘L','1','N',’E"," *,
TCTLTON, N, ITY Y,
‘H"'E"'A"'D"' l'
'DfL,ITY, TS, Cr, 1,
'0’;'"','5‘,'6’,' t’

. "R','E’, T, U,/
LERROR=.FALSE.
LMISS=.FALSE.
10 IF (LMISS) WRITE(*,9001)
IF (LERROR.AND. .NOT.LMISS) WRITE(*,9002)
LERROR=.FALSE.
LMISS=.FALSE.
WRITE (*, 9005)
READ (5, 9000) ALINE
CALL TIDY
CALL MATCH (AWORD, 1, JUMP)
IF (LMISS.OR.LERROR) GOTO 10
GoTo( 100, 200, 300, 400, 500, 600, 700, 800, 900,1000,
1100, 8900), JUMP
c Aquifer data.
100 WRITE(7,9010)
DO 190 ILAYER=1, NAQLAY
RTHICK=RAQB (ILAYER+1) -RAQB (ILAYER)
WRITE(7,9011) ILAYER, RAQK(ILAYER),RAQB(ILAYER), RTHICK,

. RAQT (ILAYER)
190 CONTINUE
GOTO 10
c Reference point.
200 WRITE(7,9020) CRFZ,RRFFI,RRFCON
GOTO 10
c Infiltration from rainfall.

300 WRITE(7,9030) RGVRN, CGVRZ, SQRT (RGVRA) , SQRT (RGVRB) ,
. RGVRAL*180./3.1415926
GOTO 10
c Uniform flow.
400 RCOSA=REAL (CGVMIA)
RSINA=-AIMAG (CGVMIA)
WRITE (7,9040) RGVUQO, RGVUAL, RCOSA, RSINA
GOTO 10
c Ponds.
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500 IF(NGVP.EQ.0) THEN
WRITE (*,9003)
GOTO 10
ENDIF
WRITE (7, 9050)
WRITE(7,9051) (I,CGVPZC(I),RGVPRD(I),RGVPSG(I),I=1,NGVP)
GOTO 10
c Wells.
600 IF(NWL.EQ.0) THEN
WRITE(*, 9003)
GOTO 10
ENDIF
WRITE(7,9060)
WRITE(7,9061) (I,CWLZC(I),RWLQ(I),RWLRAD(I),I=1,NWL)
GOTO 10
c Line-sinks.
700 IF(NLS.EQ.0) THEN
WRITE(*, 9003)
GOTO 10
ENDIF
IF (NLSS.GT.0) THEN
WRITE(7,9070)
WRITE(7,9071)
{(I,CLSZS(ILSPTS(I)),CLSZE(ILSPTS(I)),
CABS (CLSZE (ILSPTS (I))-CLS2S(ILSPTS(I))) *RLSDIS(ILSPTS(I)),
I=1,NLSS)
ENDIF
IF (NLSF.GT.0) THEN
WRITE(7,9072)
WRITE(7,9071)
(I,CLSZS (ILSPTF(I)),CLSZE(ILSPTF(I)),
CABS (CLSZE (ILSPTF(I))-CLSZS (ILSPTF(I)))*RLSDIS(ILSPTF(I)),
. I=1,NLSF)
ENDIF
GOTO 10
c Control of specified heads of reference point and line-sinks with
c unknown strength versus heads obtained from solution.
800 WRITE(7,9080) RRFFI,RFHEAD (CRFZ)
WRITE (7, 9081)
. (RLSFI (ILSPTF (I)), RFHEAD (CLSZC(ILSPTF (I))), I=1,NLSF)
GOTO 10
c Head.
900 CZ=CVAR(2)
IF (LERROR) GOTO 10
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WRITE(7,9090) CZ,RFHEAD(CZ)
GOTO 10
c Discharge vector.
1000 CZ=CVAR(2)
IF (LERROR) GOTO 10
WRITE(7,9100) CZ,CONJG(CW(CZ))
GOTO 10
c Complex potential.
1100 CZ=CVAR(2)
IF (LERROR) GOTO 10
WRITE(7,9110) CZ,COMEGA(C2)
GOTO 10
8900 RETURN
9000 FORMAT (80A1)
9001 FORMAT (' ++++ILLEGAL OR MISSING PARAMETERS IN CHECK+++'/)
9002 FORMAT (' ++++ILLEGAL COMMAND IN CHECK+++'/)
9003 FORMAT ('’ +THERE ARE NO SUCH ELEMENTS’/)
9005 FORMAT (
! +<AQUIFER><REFERENCE><RAIN><UNIFLO><POND><WELL><LINESINK>'/
. ' <CONTROL><HEAD> (X, Y)<DISCHARGE> (X, Y)<OMEGA> (X, Y)<RETURN>'/)
9010 FORMAT (
." LAYER HYDR.CONDUCT. BASE THICKNESS 'y
."TRANSMISSIVITY')
9011 FORMAT (I3, 3X,4E14.6)
9020 FORMAT (

.* REFERENCE: X Y HEAD CONSTANT' /
o *,4E14.6)
9030 FORMAT (* RAIN XCENTER YCENTER’ /
,3E14.6/
' A-AXIS B-AXIS ANGLE’ /
. ' *,3E14.6)
9040 FORMAT(* UNIFORM FLOW ANGLE COS (ANGLE) SIN(ANGLE) '/
. 4E14.6)
9050 FORMAT (' PONDS: NO XCENTER YCENTER RADIUS ',
! INFILTRATION’)
9051 FORMAT (' r,14,4E14.6)
9060 FORMAT (’WELLS: GIVEN: NO XCENTER YCENTER ',
Lt DISCHARGE RADIUS)
9061 FORMAT (' *,14,4E14.6)
9070 FORMAT (‘LINESINK: GIVEN’/
.*  NO XSTART YSTART XEND YEND *,

L DISCHARGE’)
9071 FORMAT (I4,5E14.6)
9072 FORMAT (' LINESINK: HEAD'/
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Wt NO XSTART YSTART XEND YEND *,
L DISCHARGE' )
9080 FORMAT(' SPECIFIED HEAD CALCULATED HEAD'/
*REFERENCE:’ ,E14.6,4X,E14.6/
fLINESINK :')
9081 FORMAT(' *,E14.6,4X,E14.6)
9090 FORMAT(’'X,Y,HEAD *,3E14.6)
9100 FORMAT('X,Y,QX,QY ',4E14.6)
9110 FORMAT('X,Y,PHI,PSI ’,4El4.6)
END
file slaq.for
Initialization of common block with aquifer data.
Set aquifer data to default values.
NAQLAY = pumber of layers in the aquifer.
RAQK(I) = hydraulic conductivity of layer I.
RAQT (I) = transmissivity of layer I.
RAQB (I) = eglevation of the base of layer I.

App.C

RAQPHI (I) = value of the potential corresponding to a head equal

to the elevation of the base of aquifer I.

RAQTSM = transmissivity of the aquifer if it is entirely
saturated

NAQLMX = maximum number of layers, given by the dimension
statement in the common block.

BLOCK DATA BDAQ

COMMON /CBAQ/ NAQLAY, RAQK(20),RAQB(21),RAQT (20),RAQPHI (21),

. RAQTSM, NAQLMX

DATA NAQLAY /1/

DATA RAQK(1),RAQB(1),RAQB(2),RAQT(1),RAQPHI(1),RAQPHI (2), RAQTSM

. /1. . -0 1. 1. ¢ -0 v =9 el
DATA NAQLMX /20/
END
Computation of RAQTSM, and (for all layers) of RAQT(I) and
of RAQPHI(I).
SUBROUTINE AQINIT
COMMON /CBAQ/ NAQLAY,RAQK(20),RAQB(21),RAQT(20),RAQPHI(21),
. RAQTSM, NAQLMX
RAQTSM=.0
DO 100 ILAYER=1,NAQLAY
RAQT (ILAYER) =RAQK (ILAYER) * (RAQB (ILAYER+1) -RAQB (ILAYER) )
RAQTSM=RAQTSM+RAQT (ILAYER)
100 CONTINUE
DO 200 ILAYER=1,NAQLAY+1
RAQPHI (ILAYER) =RFAQPH (ILAYER)
200 CONTINUE

/
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RETURN

END

Function for computing the value of RAQPHI (M) (see [11.21]).
REAL FUNCTION RFAQPH (M)

COMMON /CBAQ/ NAQL&Y,RAQKIZOI,RAQB(ZI),RAQT(ZD},RAQPHI(Zl},
RAQTSM, NAQLMX

IF(M.EQ.1) RETURN
DO 100 J=1,M-1
RFRQPH*RFAQPH*RAQT{J}‘{RAQB{HI*RAQB(J]}
=.5*RAQK (J) * (RAQB (J+1) ~RAQB (J) ) **2
CONTINUE
RETURN
END
Function to convert head RFI to potential RFPOTH.
REAL FUNCTION RFPOTH (RFI)
COMMON /CBAQ/ NAQLAY,RAQK[ZO),RAQB(ZIJ.RAQT{ZG),RAQPHI{ZI),
RAQTSM, NAQLMX
RFPOTH=.0
Return 0 if the head is below the base of the aquifer.
IF (RFI.LE.RAQB(1)) RETURN
Confined flow in all layers, apply (11.24).
IF (RFI.GE.RAQB (NAQLAY+1)) THEN
RFPOTH=RFAQPC (RFI, NAQLAY)
RETURN
ENDIF
Unconfined conditions occur; find the layer that contains the
water table, then compute the potential, using equation (11.31).
DO 100 ILAYER=1,NAQLAY
IF[RFI.GE.RAQB{ILAYER).RND.RFI.LT.RAQBlILAYER+1)) THEN
RFPOTH=.5*RAQK(ILAYER}*(RFI-RAQB(ILAYER))**2
IF (ILAYER.GT.1) RFPOTH*RFPOTH+RFRQPCtRFI,ILRYER-I)
RETURN
ENDIF
CONTINUE
RETURN
END
Function for computing the contributions of all fully saturated
layers to the potential.
REAL FUNCTION RFAQPC (RFI, ILAYER)
COMMON /CBAQ/ NRQLAY,RAQK(20}.RAQB(21),RAQT(20),RAQPHI(21),
RAQTSM, NAQLMX
First determine the sum of the transmissivities of all fully
saturated layers.
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RTJ=.0
DO 100 J=1, ILAYER
RTJ=RTJ+RAQT (J)
100 CONTINUE

Next compute the contribution of all fully saturated layers
(the first 2 terms in [11.31]).
RFAQPC=RTJ* (RFI-RAQB (ILAYER+1) ) +RAQPHI (ILAYER+1)
RETURN
END
Function to convert potential RPHI to head RFHEDP.
REAL FUNCTION RFHEDP (RPOT)
COMMON /CBAQ/ NAQLAY, RAQK(20),RAQB(21),RAQT(20), RAQPHI (21),
RAQTSM, NAQLMX
RFHEDP=RAQB (1)
Return elevation of base if the potential is <= 0.
IF (RPOT.LE..0) RETURN
Confined flow in all layers; use (11.29).
IF (RPOT.GE.RAQPHI (NAQLAY+1)) THEN
RFHEDP=RAQB (NAQLAY+1) + (RPOT-RAQPHI (NAQLAY+1) ) /RAQTSM
RETURN
ENDIF
Unconfined conditions occur; first determine the sum of
the transmissivities of all fully saturated layers.
DO 100 ILAYER=1,NAQLAY
find the layer that contains the water table, then compute the
head, using (11.34).
IF (RPOT.GE.RAQPHI (ILAYER) .AND.RPOT.LT.RAQPHI (ILAYER+1)) THEN
RTILM1=.0
DO 50 J=1,ILAYER-1
RTILM1=RTILM1+RAQT (J)
50 CONTINUE
RFHEDP=RAQB (ILAYER) -RTILM1/RAQK (ILAYER)
. +SQRT ( (RTILM1/RAQK (ILAYER) ) **2
. +2.* (RPOT-RAQPHI (ILAYER) ) /RAQK (ILAYER) )
RETURN
ENDIF
100 CONTINUE
RETURN
END
file slgv.for
Initialization of common block with data of rain, uniform flow
and ponds.
RGVRN = infiltration from rainfall.
CGVRZ = complex coordinate of center of elliptical

App.C
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equipotentials generated by rainfall alone.

RGVRAS = square of a axis of ellipse.

RGVRBS = square of b axis of ellipse.

RGVRAL = angle between a axis of ellipse and x axis.

RGVUQO = discharge of uniform flow.

RGVUAL = angle in degrees between direction of uniform flow

and x axis.

CGVMIA = e(-i*angle of uniform flow in radians).

NGVP = number of ponds.

CGVPZC = center of pond.

RGVPRD = radius of pond.

RGVPSG = infiltration rate of pond.

BLOCK DATA BDGV

IMPLICIT COMPLEX (C)

COMMON /CBGV/ RGVRN,CGVRZ,RGVRAS.RGVRBS,RGVRRL,
RGVUQO, RGVUAL, CGVMIA,
NGVP,CGVPZCIZO].RGVPRD(ZO),RGVPSG{ZO)

DATA RGVRN /0./

DATA RGVUQO,RGVUAL, CGVMIA /0.,0.,(1.,0.)/

DATA NGVP /0/

END

Contribution of rain uniform flow and ponds to the

complex potential.

COMPLEX FUNCTION CFGVG (CZ)

IMPLICIT COMPLEX (C) , LOGICAL (L)

COMMON /CBGV/ RGVRN,CGVRZ,RGVRAS,RGVRBS.RGVRAL,
RGVUQO, RGVUAL, CGVMIA,
NGVP,CGVPZC(ZO},RGVPRP(ZO),RGVPSGI201

CFGVG=-RGVUQO*CGVMIA*CZ

IF (RGVRN.NE.0.) THEN

RX=REAL (CZ-CGVRZ)

RY=AIMAG (CZ-CGVR2Z)

RXBRR=RX'COStRGVRAL]+RY‘SIN(RGVRAL)
RYBHR-RY*COS(RGVRAL}-RX*SIN(RGVRALJ
CFGVG-CFG?G-.S*RGVRN‘{RGVRBS'RKBAR*RXBAR+RGVRAS‘RTBRR*RYBAR)I

(RGVRAS+RGVRBS)
ENDIF
CFGVG=CFGVG+CFGVGP (CZ)
RETURN
END

Contribution of all ponds to the complex potential.
COMPLEX FUNCTION CFGVGP (CZ)

IMPLICIT COMPLEX (C) , LOGICAL (L)

COMMON /CBGV/ RGVRN,CGVRZ,RGVRAS,RGVRBS,HGVRAL,
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RGVUQO, RGVUAL, CGVMIA,
. NGVP, CGVPZC (20) , RGVPRD (20) , RGVPSG (20)
CFGVGP=(.0, .0)
IF (NGVP.EQ.0) RETURN
DO 100 IPOND=1,NGVP
CRAD=CZ~CGVPZC (IPOND)
RDIST=CABS (CRAD)
RAD=RGVPRD (IPOND)
IF (RDIST.GE.RAD) THEN
COMPD=-.5*RAD*RAD*CLOG (CRAD/RAD)
ELSE
COMPD=CMPLX (.25* (RAD*RAD-RDIST*RDIST), .0)
ENDIF
CFGVGP=CFGVGP+RGVPSG (IPOND) *COMPD

100 CONTINUE

RETURN
END
Contribution to the complex discharge (W=Qx-iQy) of rain
uniform flow and ponds.
COMPLEX FUNCTION CWGVG(CZ)
IMPLICIT COMPLEX (C),LOGICAL (L)
COMMON /CBGV/ RGVRN,CGVRZ, RGVRAS, RGVRBS, RGVRAL,
RGVUQO, RGVUAL, CGVMIA,
NGVP, CGVPZC (20) , RGVPRD (20) , RGVPSG (20)
CWGVG=RGVUQO*CGVMIA
IF (RGVRN.NE.O.) THEN
RX=REAL (CZ-CGVRZ)
RY=AIMAG (CZ-CGVRZ)
RCOSA=COS (RGVRAL)
RSINA=SIN (RGVRAL)
RXBAR=RX*RCOSA+RY*RSINA
RYBAR=RY*RCOSA-RX*RSINA
RBX=RGVRBS*RXBAR
RAY=RGVRAS*RYBAR
RQX=RGVRN‘{RBX*RCOSA—RAY*RSINRJ/(RGVRBS*RGVRAS]
RQY=RGVRN*(RBX'RSINh*RAY*RCOSAI/IRGVRBS*RGVRAS)
CWGVG=CWGVG+CMPLX (RQX, -RQY)
ENDIF
CWGVG=CWGVG+CWGVGP (CZ)
RETURN
END
Contribution of all ponds to the complex discharge.
COMPLEX FUNCTION CWGVGP (CZ)
IMPLICIT COMPLEX(C),LOGICAL (L)
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COMMON /CBGV/ RGVRN, CGVRZ, RGVRAS, RGVRBS, RGVRAL,
RGVUQO, RGVUAL, CGVMIA,
NGVP, CGVPZC (20) , RGVPRD (20) , RGVPSG (20)

IF (NGVP.EQ.0) RETURN
DO 100 IPOND=1,NGVP
CRAD=CZ-CGVPZC (IPOND)
RDIST=CABS (CRAD)
RRAD=RGVPRD (IPOND)
IF (RDIST.GE.RRAD) THEN
CWPD=.5*RRAD*RRAD/CRAD
ELSE
CWPD=.5*CONJG (CRAD)
ENDIF
CWGVGP=CWGVGP+RGVPSG (IPOND) *CWPD
CONTINUE
RETURN
END
Layout of all ponds.
SUBROUTINE GVLAY
IMPLICIT LOGICAL(L),COMPLEX (C)
COMMON /CBGV/ RGVRN,CGVRZ,RGVRAS,RGVRBS.RGVRAL,
RGVUQO, RGVUAL, CGVMIA,
NGVP, CGVPZC (20) , RGVPRD (20) , RGVPSG (20)

DO 100 IPOND=1,NGVP

CALL DRAHC(CGVPZC{IPOﬂD),RGVPRD(IPONDJJ
CONTINUE
RETURN
END
file sirf.for
Initialization of common block for reference point.
CRFZ = complex coordinate of reference point
RRFFI = head at reference point
RRFCON= constant in complex potential
BLOCK DATA BDRF
IMPLICIT COMPLEX (C)
COMMON /CBRF/ CRFZ,RRFFI, RRFCON
DATA RRFFI,CRFZ,RRFCON /.0, (.0,.0),.0/
END
Function returning the constant in the complex potential :RRFCON
REAL FUNCTION RFRFC(CZ)
IMPLICIT COMPLEX (C)
COMMON /CBRF/ CRFZ,RRFFI, RRFCON
RFRFC=RRFCON
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RETURN
END
file slwl.for
Initialization of common block with well data:
Set the number of wells to zero.
NWL = number of wells
CWLZC = complex coordinate of center of well
RWLQ = discharge of well
RWLRAD = radius of well
BLOCK DATA BDWL
IMPLICIT COMPLEX (C),LOGICAL (L)
COMMON /CBWL/ NWL,CWLZC(200),RWLQ(200), RWLRAD (200)
DATA NWL /0/
END
Contribution of all wells to the complex potential.
COMPLEX FUNCTION CFWLG(CZ)
IMPLICIT COMPLEX (C)
COMMON /CBWL/ NWL,CWLZC(200),RWLQ(200) ,RWLRAD (200)
CFWLG=(.0,.0)
DO 100 IWL=1,NWL
CFWLG=CFWLG+RWLQ (IWL) *CFWELL (CZ, IWL)
CONTINUE
RETURN
END
Contribution of a single well of unit discharge to the complex
potential.
COMPLEX FUNCTION CFWELL(CZ, IWL)
IMPLICIT COMPLEX (C)
COMMON /CBWL/ NWL,CWLZC(200),RWLQ(200),RWLRAD (200)
DATA RPI /3.1415926/
CRAD=CZ~-CWLZC (IWL)
RW=RWLRAD ( IWL)
IF (CABS (CRAD) .GE.RW) THEN
CFWELL=.5/RPI*CLOG (CRAD/RW)
ELSE
CFWELL=(.0,.0)
ENDIF
RETURN
END
contribution of all wells to the complex discharge (=0Qx-iQy).
COMPLEX FUNCTION CWWLSM(CZ)
IMPLICIT COMPLEX (C)
COMMON /CBWL/ NWL,CWLZC(200),RWLQ(200),RWLRAD (200)
CWWLSM = (0.,0.)
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DO 100 IWL=1,NWL
CHHLSMﬂCHHLSH+RHLQ(IHLI‘CNHEHL(CZ,INL}
CONTINUE
RETURN
END
Contribution of a single well of unit discharge to the complex
discharge (=Qx-iQy)
COMPLEX FUNCTION CWWELL (CZ, IWL)
IMPLICIT COMPLEX (C)
COMMON /CBWL/ NWL,CWLZC (200),RWLQ(200), RWLRAD (200)
DATA RPI /3.1415926/
CRAD=CZ-CWLZC (IWL)
RW=RWLRAD (IWL)
IF (CABS (CRAD) .GE.RW) THEN
CWWELL=-1./(2.*RPI*CRAD)
ELSE
CWWELL=-1./(2.*RPI*CMPLX (RW, .0))
ENDIF
RETURN
END
layout of all wells.
SUBROUTINE WLLAY
IMPLICIT LOGICAL (L),COMPLEX(C)
COMMON /CBWL/ NWL, CWLZC (200) , RWLQ (200) , RWLRAD (200)
DO 10 IWL=1,NWL
CALL DRAWC (CWLZC (IWL) , RWLRAD (IWL) )
CONTINUE
RETURN
END
Logical function, set true when CZ is less than RTOL away
from a well.
LOGICAL FUNCTION LFATWL(CZ,RTOL)
IMPLICIT COMPLEX (C), LOGICAL(L)
COMMON /CBWL/ NWL,CWLZC(200),RWLQ(200), RWLRAD (200)
LFATWL=.FALSE.
DO 100 IWL=1,NWL
IF (RWLQ(IWL) .LE..0) GOTO 100
IF (CABS(CZ-CWLZC(IWL)).LT. (RTOL+RWLRAD (IWL))) LFATWL=.TRUE.
CONTINUE
RETURN
END
file slis.for
Variables contained in the common block BDLS.
NLS = total number of line-sinks.
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total number of line-sinks with given strength.
total number of line-sinks with given head.

complex coordinate of the starting point of
line-sink 1I.

complex coordinate of the center of line-sink I.
complex coordinate of the end point of line-sink I.
strength of line-sink I (discharge per unit length).
head at the center of line-sink I.

pointer to the position of the discharge-specified
line-sink number J in the arrays.

pointer to the position of the head-specified
line-sink number J in the arrays.

Initialization of the common block with line-sink data:
Set the number of line-sinks equal to zero.

BLOCK DATA BDLS

IMPLICIT COMPLEX (C),LOGICAL (L)

COMMON /CBLS/ NLS, NLSS, NLSF,

CLSZS{200],CLSZE(ZOO).CLSZC{?OO},RLSDIS{200).
RLSFI (200), ILSPTS (200), ILSPTF (200)

DATA NLS,NLSS,NLSF /3*Q/

END
Contibution

of all strength-specified line-sinks to the

complex potential.

COMPLEX FUNCTION CFLSG(CZ)
IMPLICIT COMPLEX (C), LOGICAL (L)
COMMON /CBLS/ NLS,NLSS,NLSF,

CLSZSI200},CLSZE(?DO},CLSZC(2UU},RLSDIS{ZOU),
RLSFI (200), ILSPTS(200), ILSPTF (200)

DO 100 ILSS=1,NLSS
IAD=ILSPTS (ILSS)
CFLSG-CFLSG*RLSDIS{IAD}‘COHLS{CZ.CLSZSIIADI,CLSZE(IAD)}

CONTINUE
RETURN
END

Contribution of all head-specified line-sinks to the complex

potential.

COMPLEX FUNCTION CFLSU(CZ)
IMPLICIT COMPLEX (C), LOGICAL (L)
COMMON /CBLS/ NLS, NLSS, NLSF,

CLSZS(ZOD),CLSZE(ZOO],CLSZC(ZDD).RLSDIS(ZOO),
RLSFI (200), ILSPTS (200) , ILSPTF (200)

CFLSU=(.0,.0)
DO 100 ILSF=1,NLSF

App.C
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IAD=ILSPTF (ILSF)
CFLSU=CFLSU+RLSDIS (IAD) *COMLS (CZ, CLSZS (IAD) , CLSZE (IAD))
100 CONTINUE

RETURN

END
c Contribution of a single line-sink of unit strength to the
c complex potential.

COMPLEX FUNCTION COMLS (CZ,CZS,CZE)
IMPLICIT COMPLEX (C), LOGICAL (L)
DATA RPI /3.1415926/
CBZ=(2.0*CZ- (CZS+CZE) )/ (CZE-CZ5)
COM1=(.0,.0)
coM2=(.0, .0)
IF (CABS (CBZ+1.) .GT..0001) COM1=(CBZ+1.)*CLOG(CBZ+1.)
IF (CABS (CBZ-1.) .GT..0001) COM2=(CBZ-1.)*CLOG(CBZ-1.)
COMLS=COM1-COM2+2.*CLOG (.5* (CZE-CZS))-2.
COMLS=.25/RPI*CABS (CZE-CZS) *COMLS
RETURN
END

c Contribution of all line-sinks to the complex discharge (=Qx-iQy).
COMPLEX FUNCTION CWLSSM(CZ)
IMPLICIT COMPLEX (C), LOGICAL (L)
COMMON /CBLS/ NLS,NLSS,NLSF,
. CLSZS (200) ,CLSZE (200) ,CLSZC(200) ,RLSDIS (200),
N RLSFI (200), ILSPTS (200) , ILSPTF (200)
CWLSSM=(.0, .0)
DO 100 ILS=1,NLS

CWLSSM=CWLSSM+RLSDIS (ILS) *CWLS (CZ, ILS)
100 CONTINUE

RETURN

END
c Complex discharge function due to a single line-sink of unit
c strength.

COMPLEX FUNCTION CWLS(CZ, ILS)
IMPLICIT COMPLEX (C)
COMMON /CBLS/ NLS,NLSS,NLSF,
. CLSZS(ZDD},CLSZE(ZOO),CLSZC(ZUO),RLSDIS{ZOO),
. RLSFI (200), ILSPTS (200), ILSPTF (200)
DATA RPI /3.1415926/
CZ5=CLSZS(ILS)
CZE=CLSZE (ILS)
CBzZD=1./ (CZE-CZS)
CBZ=(2.*C2-(CZS+CZE)) *CBZD
c Avoid the end points of the line-sink because the discharge
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c function is singular there.

IF (CABS (CBZ+1.) .LT..0001) CBZ=-.9999

IF (CABS (CBZ-1.) .LT..0001) CBZ=.9999
CWLS=.5/RPI*CABS (CZS-CZE) *CLOG ( (CBZ-1.) / (CBZ+1.)) *CBZD
RETURN

END

c Layout of all line-sinks.

[+ I T+ B ]

SUBROUTINE LSLAY
IMPLICIT LOGICAL(L),COMPLEX(C)
COMMON /CBLS/ NLS,NLSS,NLSF,
CLSZS(200) ,CLSZE (200) ,CLSZC(200) ,RLSDIS(200),
. RLSFI (200), ILSPTS(200), ILSPTF (200)
DO 10 I=1,NLS
CALL DRAW(CLSZS(I),0)
CALL DRAW(CLSZE(I),1)
10 CONTINUE
RETURN
END
Logical function which is set true if CZ is less than RTOL away
from a line-sink of positive strength.
LOGICAL FUNCTION LFATLS(CZ,RTOL)
IMPLICIT COMPLEX (C), LOGICAL (L)
COMMON /CBLS/ NLS,NLSS,NLSF,
CLSZs5(200) ,CLSZE(200) ,CLSZC(200),RLSDIS (200),
RLSFI(200),ILSPTS (200), ILSPTF(200)

LFATLS=.FALSE.
DO 100 ILS=1,NLS
IF (RLSDIS(ILS) .LE.O) GOTO 100
IF (CABS (CLSZ5(ILS)-CZ) .LT.RTOL
. .OR.CABS(CLSZE(ILS)-CZ).LT.RTOL) THEN
LFATLS=.TRUE.
ELSE
CDZLS=CLSZE(ILS)-CLSZS(ILS)
CCZ=(CZ+CZ-CLSZE (ILS)-CLSZS (ILS) ) /CDZLS
IF (ABS (REAL(CCZ)) .LT.1.
. .AND.ABS (AIMAG(CCZ) ) *CABS (CDZLS) *.5.LT.RTOL) LFATLS=.TRUE.
ENDIF
100 CONTINUE
RETURN
END
file sitr.for
Subroutine for plotting a streamline.
RSTEP = step along the streamline (As) .
cz = starting point of the streamline.
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SUBROUTINE TRACE (RSTEP,CZ)
IMPLICIT COMPLEX(C), LOGICAL (L)
Tolerance used to determine whether a well or line-sink has
been reached.
RTOL=1.1*RSTEP
CZIN=CZ
CON=CONJG (CW (CZN) )
Move the pen to the first point of the streamline.
CALL DRAW(CZIN,0)
CZ0=CZN
CQO=CQN
Proceed only if the point is not at a well, not at a line-sink,
and inside the window.
IF (.NOT.LFATWL (CZO, RTOL) .AND. .NOT.LFATLS (CZ0O, RTOL)
.AND.LFINWN (CZ0O)) THEN
Abort if a stagnation point is encountered.
IF (CQO.EQ. (0.,0.)) THEN
WRITE(*,*) *‘DISCHARGE ZERO: STREAMLINE TERMINATED’
ELSE .
Determine the complex coordinate of the next point on the
discharge streamline, using (26.7).
CZN=CZO+RSTEP*CQO/CABS (CQO)
Compute the complex discharge Qx+iQy at this point.
CQN=CONJG (CW (CZN) )
Estimate the average value of the complex discharge on the
interval.
CQ=.5* (CQO+CQN)
Obtain the second approximation of the point on the
streamline using (26.8)
CZN=CZO+RSTEP*CQ/CABS (CQ)
Plot the point.
CALL DRAW(CZN, 1)
Repeat the procedure for the next point.
GOTO 100
ENDIF
ENDIF
RETURN
END






Appendix D

Additional Reading

The objective of this appendix is to suggest additional reading material that either might
give a better understanding of the subject matter covered in this text, or contains other
applications of some of the methods discussed in the present work. The list of publi-
cations consists primarily of textbooks; papers are included only if the material is not
covered in books (to the author’s knowledge) and is closely related to the subject matter
covered in this text.

The reading material is divided in three categories:

1. General background material in geohydrology

2. General background material in applied mathematics

3. Material related to specific topics discussed in the various chapters and sections of
this text

The author has not attempted to compile a complete list of references to publications
in the field of groundwater mechanics. For such lists the reader is referred to other
textbooks and publications, e.g., Polubarinova-Kochina [1962], Aravin and Numerov
[1965], and Bear [1972].

General Reading Material

Texts that treat groundwater flow in the context of hydrology are Todd [1959], Davis
and de Wiest [1966], Freeze and Cherry [1979], McWhorter and Sunada [1977], and De
Marsily [1986]. A classical treatise that falls in this category is Hubbert [1940].
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For general texts on the theory of groundwater flow and its applications, see Muskat
[1937], Scheidegger [1960), Polubarinova-Kochina [1962]), Harr [1962], Aravin and Nu-
merov [1965], Bear [1972), Walton [1970), Bear [1979), Verruijt [1982], Hunt [1983), de
Marsily [1986], and Bear and Verruijt [1987). Huisman and Olsthoorn [1983] cover the
subject of groundwater flow from the viewpoint of artificial recharge. De Wiest [1969]
contains treatises by a number of authors on special topics in groundwater flow.

Handbooks on mathematics that the reader might find useful for reference are
Kom and Kom [1968] and Spiegel [1968]. For mathematical tables and formulas see
Abramowitz and Stegun [1965]. For definite and indefinite integrals, see Grébner and
Hofreiter [1965] or Gradshteyn and Ryzhik [1980].

For the methods of applied mathematics used in this textbook, the reader is referred
to texts on mathematical methods in engineering and physics such as Morse and Feshbach
[1953] and Wylie [1960].

For general numerical methods, see Carahan et al. [1969].

Selected Topics

The references listed below give additional information on topics discussed in this text.
Most of such information is already contained in the texts listed above; these texis
will be mentioned again only if they provide additional information on specific topics.
The references are listed for each chapter and section for which additional reading is
recommended.

Chapter 2

Section 11 For additional reading on the applications of Girinski potentials, see Polubari-
nova-Kochina [1962) and Aravin and Numerov [1965].

Section 12 Bear [1972], [1979] contains numerous solutions to problems of shallow
interface flow.

Section 13 A paper by Todd and Huisman [1959] contains an interesting method of
solution for shallow one-dimensional flow in a coastal aquifer with a leaky
layer. The approach is restricted to cases where the head in the main aquifer
is a function of = only, but does not require linearization of the differential
equation.

Section 15 Polubarinova-Kochina [1962] and Aravin and Numerov [1965] treat prob-
lems of steady shallow flow in aquifers with leaky layers in detail.

Section 16 For details on pumping test analysis, see Lohman [1972] and Kruzeman and
De Ridder [1983]. The literature on transient flow is extensive; an overview
of this literature will not be given here. For an introduction fo transient flow
with wells, see the treatise by Hantush [1964].

Section 17 Harr [1962) and Cedergren [1967) provide numerous solutions to problems
of two-dimensional flow in the vertical plane.

Section 18 Only few solutions to problems of three-dimensional flow exist; some of
these are found in Muskat [1937) and Polubarinova-Kochina [1962]. General
potential theory in three dimensions is covered in Kellogg [1953].
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Chapter 3

Nearly all of the texts on groundwater flow listed above contain at least some of
the material covered in Chapter 3. For an introduction to complex variable methods, see
Churchill [1960]. For a detailed treatise on singular Cauchy integrals, see Muskhelishvili
[1958].

Chapter 4

For more information on contaminant movement in groundwater, see Bear [1972],
Bear [1979], Hunt [1983], Javandel et al. [1984], Bear and Verruijt [1987], and Bear
and Bachmat [1987]. A treatise contained in a series of four papers by Nelson [1978]
focuses on the importance of contaminant spreading due to advective transport as com-
pared to hydrodynamic dispersion. Anderson [1979] gives an overview of approaches to
contaminant transport modeling.

Chapter 5

Possibly the most complete text on conformal mapping is Von Koppenfels and
Stallmann [1959] (in German). Churchill [1960] gives an introduction to conformal
mapping. For a comprehensive text on conformal mapping, written in the English lan-
guage, see Nehari [1975]. The texts written by Polubarinova-Kochina [1962] and Aravin
and Numerov [1965] contain much information on conformal mapping applications to
groundwater flow problems. Texts on groundwater flow that contain either a chapter or
a section on conformal mapping applications include Harr [1962], Bear [1972], Verruijt
[1982], and Hunt [1983].

Chapter 6

Haitjema [1985] suggests a method for combining regional analytic element models
with three-dimensional functions.

Chapter 7

The hodograph method is treated in detail in Polubarinova-Kochina [1962] and
Aravin and Numerov [1965]. Harr [1962], Bear [1972], Verruijt [1982] and Hunt [1983]
also cover the hodograph method. For problems involving many-valued hodographs see
Strack [1972] and Strack [1973].

Approximate methods for solving analytically problems of phreatic flow toward
horizontal drains are found in Kirkham [1958] and Dagan [1964]. Kirkham’s approx-
imation consists of neglecting the resistance to flow in the zone between a horizontal
plane and the phreatic surface. Dagan suggested to transfer the boundary condition to a
horizontal plane, assuming that the actual elevation of the phreatic surface is equal to the
head along this plane. Both approximations have the advantage that they can be applied
to problems that cannot be solved conveniently by the hodograph method.

De Josselin de Jong [1969, 1981] presents an approximate method for solving
problems of transient interface flow by using distributed singularities along the interface.
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Chapter 8

The boundary element method in terms of real variables as applied to groundwater
flow problems is presented in detail in Liggett and Liu [1983]. A textbook entirely
devoted to the complex variable boundary element method is Hromadka [1984]. The
complex variable boundary integral equation method as applied to groundwater flow
problems is discussed by Hunt and Isaacs [1981] for the direct formulation, and by
Sidiropoulos et al. [1983] for the indirect formulation.

Chapter 9

Textbooks recommended for additional reading on the application of finite differ-
ence and finite element methods to groundwater flow problems are Wang and Anderson
[1982], Verruijt [1982], and Bear and Verruijt [1987).

Chapter 10

Bear [1972] contains a detailed description of most analogue methods used in
groundwater flow. Karplus [1958] covers analogue methods in general.
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List of Symbols

INTRODUCTION

The list of symbols is intended to assist the reader in finding the meaning of the symbols
occurring in the formulae. Often the equation where a symbol is defined is given in the
list. The list is not complete; symbols that are used incidentally are omitted.

There is a general list, which contains symbols that are used throughout the text,
and there are lists of symbols grouped by chapter. Thus, to find a symbol, one might
first check the general list, and then the chapter in which the symbol occurs.

The symbols are ordered alphabetically, with lower case letters preceding upper
case letters: the order is a, A, b, B, ¢, C,... Greek letters follow the Latin letters; as
an aid to the reader, a Greek alphabet follows. Many letters are used with superscripts,
subscripts, exponents and indices. These items, which we will call appendices here for
ease of reference, are assigned priorities as follows: index 4, subscript 3, superscript 2,
and exponent 1. This may be displayed graphically as

Aq
The rule for ordering is that the symbols are ordered first for the appendix with the
highest priority, then for the one with the next highest priority, and so on. Furthermore,
it is understood that if an appendix of lower order is absent, the highest order character is
to be substituted, and if an appendix of higher order is absent, the lowest order character
is to be substituted. For ordering of appendices, the character 0 has the highest order
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(i.e., numerals precede letters), and the symbols +, —, and = havc the lowest order.
Thus, for the purpose of ordering, A is equivalent to A" and A to A°

Greek and other characters

alpha
beta
gamma
delta
sign for partial derivative
epsilon
zeta
eta

9 theta

iota

kappa

lambda

mu

nu

xi

omicron

pi

rho

sigma

tau

upsilon

phi

chi

psi

omega

nabla

EEXHCIATIOMICT>2DINO QOOIIW®R
AS)

g A0 EXBRNMUEOMZE>X~0OTNEG Db

a; coefficient of the term with exponent j in a polynomial or
expansion

b; elevation of the base of layer j; coefficient of the term with
exponent j in a polynomial or expansion

B width of aquifer in the direction normal to the plane of flow
(in two-dimensional flow in the vertical plane)

C constant

d length or thickness
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acceleration due to gravity
thickness of the flow domain in an aquifer
elevation of the phreatic surface above sea level

distance between sea level and the interface between fresh
groundwater and salt groundwater at rest

thickness of the flow domain in the upper aquifer

thickness of a horizontal confined or semiconfined aquifer;
elevation of a confining layer above the reference level (in
interface flow)

thickness of layer j

elevation of the sea level above the reference level

thickness of the lower aquifer

thickness of the upper aquifer

purely imaginary complex number of modulus 1

imaginary part of

hydraulic conductivity

(i is either z, y or 2z and ) is either z, y or z) the components
of the hydraulic conductivity tensor

hydraulic conductivity of layer j

hydraulic conductivity in the lower aquifer

hydraulic conductivity in the upper aquifer
length

length of element j

porosity

infiltration due to rainfall

order of

pressure

pressure in the fresh water

pressure in the salt water

specific discharge

(i is either z, y or z) the components of the specific discharge
vector

radial component of the specific discharge vector
x component of the specific discharge vector

y component of the specific discharge vector

2 component of the specific discharge vector
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discharge of a well

discharge of well number j

normal component of the discharge vector

normal component of the discharge vector on the positive
side of a contour, branch cut, or element

normal component of the discharge vector on the negative
side of a contour, branch cut, or element

radial component of the discharge vector

component of the discharge vector in the direction of flow
x component of the discharge vector

z component of uniform flow

« component of uniform flow in the lower aquifer

z component of uniform flow in the upper aquifer
y component of the discharge vector
y component of uniform flow

y component of uniform flow in the lower aquifer

y component of uniform flow in the upper aquifer
tangential component of the discharge vector

radial coordinate

local radial coordinate emanating from well number j
radius of a well

radius of a circle

real part of

arc length measured along a path line or streamline; drawdown
coefficient of phreatic storage

coefficient of specific storage

time

time of initiation of a process

transmissivity

transmissivity of layer j if fully saturated

seepage velocity

z component of the seepage velocity vector

y component of the seepage velocity vector

z component of the seepage velocity vector

discharge function W = Q; —iQ,

z coordinate (horizontal)
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I3

A >

b

s &

g

g

A 2= 2 Ba =

3 coordinate (vertical)

y coordinate (vertical for two-dimensional flow in the vertical
plane, horizontal in all other cases)

z coordinate (vertical, Secs. 1 through 21); complex variable
z =z + iy (from Sec. 22 onward)

incremental distance
small deviation or variation
angle; tangential polar coordinate

tangential coordinate of a polar coordinate system, centered
at either well j or vortex j

intrinsic permeability
dynamic viscosity

density of water

density of fresh groundwater
density of salt groundwater

hydraulic head (or piezometric head), used with indices 0, 1,
or 2 to denote given values

head in salt groundwater
head at a well

head in aquifer i
head in the lower aquifer

head in the upper aquifer
value of the head on the positive side of a contour, branch
cut, or element

value of the head on the negative side of a contour, branch
cut, or element

discharge potential, used with indices 0, 1, or 2 to denote
given values

potential at a well

potential in the upper aquifer at a well

potential in the lower aquifer at a well

potential in the dual aquifer zone at the edge of a lamina
potential in the lower aquifer at the edge of a lamina

potential in the single aquifer zone at the edge of a lamina
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Chapter 1

Chap. 1 List of Symbols

potential in the upper aquifer at the edge of a lamina
potential in the dual aquifer zone

potential in aquifer j

potential in the lower aquifer

potential in the single-aquifer zone

potential in the upper aquifer
value of the potential on the positive side of a contour, branch
cut, or element

value of the potential on the negative side of a contour, branch
cut, or element

stream function

value of the stream function on the positive side of a contour,
branch cut, or element

value of the stream function on the negative side of a contour,
branch cut, or element

(= @ + 1¥) complex potential
complex potential defined in the lower aquifer

complex potential defined in the upper aquifer

value of the complex potential on the positive side of a con-
tour, branch cut, or element
value of the complex potential on the negative side of a con-
tour, branch cut, or element

Laplacian, V2 = & + 2, + 2

area
component of the specific discharge vector in the z* direction
component of the specific discharge vector in the y* direction
Reynolds number

Cartesian coordinate parallel to the major principal direction
of the hydraulic conductivity tensor

Cartesian coordinate parallel to the minor principal direction
of the hydraulic conductivity tensor

elevation head
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[4]

Chapter 2
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angle between the major principal direction of the hydraulic
conductivity tensor and the z axis

major axis of an elliptical boundary; constant in ditch function
constants defined in (15.4)

constants introduced in the text between equations (15.16)
and (15.17)

constants defined in (15.14) through (15.16)

minor axis of an elliptical boundary; width of a ditch
resistance of a leaky layer, equal to its thickness divided by
its hydraulic conductivity

constant involved in the definition of the potential for con-
fined flow (see [8.5])

constant involved in the definition of the potential for con-
fined flow in the lower aquifer (see [13.21] or [13.44])

constant involved in the definition of the potential for con-
fined interface flow (see [10.30])

constant involved in the definition of the potential for con-
fined interface flow in the lower aquifer (see [13.18])

constant involved in the definition of the potential for semi-
confined flow (see [14.2] and [14.9))

constant involved in the definition of the potential for uncon-
fined flow (see [8.5] and [13.33])

constant involved in the definition of the potential for uncon-
fined flow in the lower aquifer (see [13.20])

constant involved in the definition of the potential for uncon-
fined flow in the upper aquifer (see [13.6])

constant involved in the definition of the potential for uncon-
fined interface flow (see [10.52] and [13.32])

constant involved in the definition of the potential for uncon-
fined interface flow in the lower aquifer (see [13.19])

constant involved in the definition of the potential for uncon-
fined interface flow in the upper aquifer (see [13.6])
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constants introduced in (15.114), see also (15.124) through
(15.127)

volume strain of the grain skeleton

volume strain of water

exponential integral or well function

influence function defined in (9.39)

influence function defined in (9.39)

influence function for rainfall defined in (9.44)

functions introduced in (15.51); functions introduced in (15.114)

influence function defined in (9.47), (9.52) and (9.54), com-
pare Figure 2.29

influence function for a ditch, defined in equations (9.56)
through (9.58)

influence function for a pond, defined in (9.70) and (9.71)

functions introduced in (15.51); functions introduced in (15.114)
thickness of a leaky layer

modified Bessel function of the first kind and order zero
modified Bessel function of the first kind and order one
hydraulic conductivity of a leaky layer

modified Bessel function of the second kind and order zero
modified Bessel function of the second kind and order one
rate of leakage; rate of decrease in phreatic storage

specific discharge through leaky layer i

normal component of the discharge vector in the dual aquifer
zone at the boundary of a lamina

normal component of the discharge vector in the single aquifer
zone at the boundary of a lamina

z component of the discharge vector in the dual aquifer zone

x component of the discharge vector in the lower aquifer

x component of the discharge vector in the single aquifer
zone

z component of the discharge vector in the upper. aquifer

z component of the uniform flow in the lower aquifer
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Zy
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x component of the uniform flow in the upper aquifer
y component of the discharge vector in the dual aquifer zone

y component of the discharge vector in the lower aquifer

y component of the discharge vector in the single aquifer
zone

y component of the discharge vector in the upper aquifer
y component of the uniform flow in the lower aquifer

y component of the uniform flow in the upper aquifer
discharge of a well in aquifer j

i=1 Tj (T is transmissivity of layer j, if fully saturated,
see General)
dimensionless constant occurring in the Theis equation, given
by (16.25)
volume
particular solutions to the Bessel equation, see (15.18)
z coordinate of the center of the j* well
Cartesian coordinate parallel to the major principal direction
of the hydraulic conductivity tensor
y coordinate of the center of the ;" well

Cartesian coordinate parallel to the minor principal direction
of the hydraulic conductivity tensor

elevation of the lower boundary of the flow domain in an
aquifer

elevation of the upper boundary of the flow domain in an
aquifer

angle; constant in the definition of the potential ® used in
Sec. 10, see (10.5) and (10.8)

constants defined in (15.17)

compressibility of water; constant in the definition of the
potential ® used in Sec. 10, see (10.5) and (10.8)

constants, defined in (15.58)

leakage factor (A = vkHc) used in Secs. 14 and 15
dimensionless constant defined in (10.38)

dimensionless constant defined in (10.59)
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dimensionless constant defined in (10.38)
constants, used in Sec. 15, see (15.18) and (15.19)

constants used in Sec. 15, see text between (15.21) and (15.22)
dimensionless radial coordinate equal to r /A, used in Sec. 14
distance from the origin to the left border of a ditch (see Sec.
9)

distance from the origin to the right border of a ditch (see
Sec. 9)

head at the tip of a saltwater tongue, see (10.28)

head in the lower aquifer at the tip of a saltwater tongue, see
text immediately preceding (13.60)

head in the upper aquifer at the tip of a saltwater tongue, see
(13.23)

head at the edge of a lamina

head in the lower aquifer at the edge of a lamina

head in the upper aquifer at the edge of a lamina
head at edge number 1 of a lamina
head at edge number 2 of a lamina

constant head above a semipermeable layer
constant value of the potential, see (11.21)

value of the potential at the tip of a saltwater tongue (see
[10.35], [10.56] and [13.50])

value of the potential "1; at the tip of a saltwater tongue in the
upper aquifer (see [13.68])

constant defined in (15.12)

particular value of w, see (15.18)

constant; strength of a vortex

real polynomial coefficient

distance of a well from the center of a circular equipotential;
far-field correction function

distance of an image well from the center of a circular equipo-
tential, see (20.3)
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far-field correction function for a line-dipole

flow drawn by a lake from infinity; magnitude of the dis-
charge of uniform flow

discharge of uniform flow

normal component of the discharge vector at an element
normal component of the discharge vector at the + side of
an element

normal component of the discharge vector at the — side of
an element

tangential component of the dilscharge vector at an element
tangential component of the discharge vector at the + side of
an element

tangential component of the discharge vector at the — side of
an element

strength of a dipole
z component of the strength of a dipole
y component of the strength of a dipole

discharge function, transformed such that its real part equals
the tangential component of the discharge vector at an element

x coordinate of a dipole

z coordinate of the center of a circular equipotential

z coordinate of a stagnation point

z coordinate of a vortex

y coordinate of a dipole

y coordinate of the center of a circular equipotential

y coordinate of a stagnation point

y coordinate of a vortex

complex coordinate of either a dipole, or a reference point

complex coordinate of the starting point of the j™ line-sink

complex coordinate of the end point of the ;™ line-sink
complex coordinate of a stagnation point

complex coordinate of a vortex

complex coordinate of a well

complex coordinate of the starting point of a line-sink

complex coordinate of the end point of a line-sink
complex conjugate of 2
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(= X +1Y) dimensionless complex variable chosen such that
a line-element corresponds to the line segment —1 < X < 1,
Y =0 of the real axis in the Z plane

(= X + iY;) dimensionless complex variable chosen such
that the j™ element corresponds to the line segment —1 <
X; < 1,Y; =0 of the real axis in the Z; plane

angle between the r axis and an element; angle between the
z axis and uniform flow

angle between the  axis and the orientation of either uniform
flow or a dipole

coefficient in an expansion

complex coordinate of a point on a line-element

(= € + in) local complex coordinate with the dimension of
length (the £ axis points in the direction of the element)
strength of a line-doublet

strength at the j™ node of a string of line-doublets

real part of the complex potential for a line-sink of unit
strength

strength of a line-dipole

strength at the j® node of a string of line-dipoles

strength of a line-sink

strength of the j line-sink

value of the potential at the reference point

potential due to all functions with given coefficients

value of the potential along the j* equipotential; value of the
potential at the center of the ;™ line-sink

value of the stream function along the j® streamline

concentration of the mobile phase: mass of contaminant per
unit volume of fluid

concentration at time tg

concentration of the sorbed phase: mass of contaminant per
unit volume of fluid

rate of change in elastic storage of an aquifer, integrated over
the thickness (see [27.88])

distribution factor (see [28.17])

correction term (occurring when S, # n) in the calculation
of the elevation of path lines, see (27.95)
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infiltration through the lower boundary of the flow domain
infiltration through the upper boundary of the flow domain

z component of the discharge vector corresponding to the
flow between a streamline and the lower boundary of the
flow domain

z component of the discharge vector corresponding to the
flow between a streamline and the upper boundary of the
flow domain

y component of the discharge vector corresponding to the
flow between a streamline and the lower boundary of the
flow domain

y component of the discharge vector corresponding to the
flow between a streamline and the upper boundary of the
flow domain

retardation factor
value of s at the starting point of a streamline or path line

value of s at the intersection of a discharge streamline with
a pond

time at which a fluid particle is at z;
n™ estimate of the time at which a fluid particle is at zi

constant equal to the transmissivity of all layers from one
through m if fully saturated (see [11.27): T'= Y-, T)

x3 component of the vector of apparent velocity (see [28.9])
(¢ = 1,2,3) components of the seepage velocity vector

= component of the vector of apparent velocity (see [28.9])

y component of the vector of apparent velocity (see [28.9])

magnitude of the vector of apparent velocity

(2 = 1,2,3) Cantesian coordinates

coordinates of a point on a streamline or path line

n™ approximation of the coordinates of the next point on a
streamline or path line

constant defined by (27.54)
z coordinate of a stagnation point inside a pond
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x coordinate of a stagnation point outside a pond

elevation of a point of a streamline or path line above the
lower boundary of the flow domain (see [27.28], [27.29),
[27.70], and [27.74])

value of x3 at the lower boundary of the flow domain

value of x3 at the upper boundary of the flow domain
y coordinate of a stagnation point inside a pond

y coordinate of a stagnation point outside a pond

complex coordinate of a stagnation point outside a pond
complex coordinate of a point on a streamline

n'™ approximation of the complex coordinate of the next point
on a streamline

rate of change in elastic storage per unit volume
incremental distance along a streamline or path line

time increment corresponding to the travel time necessary for
a fluid particle to move from the first to the second of two
consecutive points computed on a streamline or path line
decay rate factor

function involved in the computation of the elevation of points
on a streamline or path line, see (27.21), (27.28), and (27.67)
bulk density of solid material

transmissivity of a vertical section, extending from the base

of the flow domain to a point on a streamline or path line,
see (27.66)

major axis of an ellipse

major axis of the map of an ellipse onto the dimensionless Z
plane

scale factor involved in the Schwarz-Christoffel transforma-
tion, and in the transformations with piecewise constant argument
minor axis of an ellipse

minor axis of the map of an ellipse onto the dimensionless Z

plane; additive constant involved in the Schwarz-Christoffel
transformation
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f distance between the center and the focus of an ellipse

k. constant involved in the Schwarz-Christoffel integral, defined
in (32.1) and in Figure 5.9

n number of comer points of a polygon mapped by the use of
the Schwarz-Christoffel transformation

Leg equivalent length (in partial penetration), see (32.100)

Qo discharge of uniform flow; discharge into the slot, or ditch, in
Figure 5.17; inflow into a ditch assuming partial penetration

Q constant related to uniform flows, see (31.57); inflow into a
ditch, assuming full penetration

Q flow toward point 1 (infinity) in Figure 5.17(a)

Qs flow from point 5 (infinity) in Figure 5.17(a)

Q* discharge flowing through an elliptic opening; discharge flow-
ing from infinity into either an elliptic lake or a finite canal

zy comer point of a polygon mapped by the use of the Schwarz-

Christoffel transformation; point of a polygon, corresponding
to a jump in argument of the transformation of piecewise
constant argument

Zw complex coordinate of a well

VA dimensionless complex reference parameter (see [31.2], [32.75],
or [33.29))

Zw complex coordinate of a well in the dimensionless Z plane

a angle between the r axis and the major axis of an ellipse

a, angle enclosed by two sides of a polygon at a point that lies
either at the origin or at infinity

Jé] angle between the r axis and uniform flow

¥ distance between the center and the focus of an ellipse in

the dimensionless Z plane; angle between the collectors of a
collector well

T constants defined in (33.36)
6 complex coordinate of a well or drain in the upper half plane
3¢ > 0; pole in the transformation of piecewise constant
. argument
¢ (= £+1n) complex reference parameter ¢, defined in the upper
half plane
n imaginary part of the complex reference parameter (
A dimensionless parameter, for definitions see (31.48), (32.73),
and Figure 5.15(b)
p dimensionless parameter, for definitions see (32.72) and Fig-

ure 5.17(b)
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dimensionless parameter involved in the transformation of
piecewise constant argument, equal to a, /7 if z, =0, and to
—a, /7 if 2, = 0o (see [33.6))

constant defined in (31.52)

real part of the complex reference parameter ¢

coordinate of a point on the real axis of the { plane corre-
sponding to the v comer point of a polygon mapped onto
the real axis

coordinate of a point on the real axis of the ¢ plane, where
the argument of the transformation of piecewise constant ar-
gument jumps

point in 3¢ > 0 where the transformation of piecewise con-
stant argument is zero

real part of x; complex variable defined in the upper half
plane (=1 +im)

real part of 7

imaginary part of 7

angle involved in the Schwarz-Christoffel transformation (see,

- e.g., [32.9])

angle involved in the transformation of piecewise constant
argument, see (33.5), (33.11), or (33.28)

potential at the reference point in the lower aquifer
potential near point 1 (at z = L + iH) in Figure 5.17
potential near point 5 (at z = —L + iH) in Figure 5.17

(= 7 + iw) dimensionless complex reference parameter, usu-
ally defined outside the unit circle

real constant defined by (31.61)

complex coordinate of a well in the dimensionless x plane

imaginary part of x

major axis of an elliptical equipotential generated by the po-
tential V,.,,; far-field correction function involved in the defi-
nition of the function F, see (35.18)

real part of a

m

imaginary part of a
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components of the array of unknown constants, see (34.21);
(for j = 1,2, 3) constants associated with a second-order area-
sink, defined by (38.23) through (38.25); real coefficients in
one of the Laurent expansions involved in double-root ele-
ments (see [39.13]); real coefficients in the density distribu-
tion of circular analytic elements (see [41.15])

(m = 0,1) far-field comrection coefficients involved in the
function €, see (37.67) and (37.68)
7

complex constants involved in analytic elements for closed
boundaries, see (42.13)

constant involved in the linearized expression for the head
in terms of potential for the lower aquifer, see (43.31) and
(43.32)

constant involved in the linearized expression for the head
in terms of potential for the upper aquifer, see (43.29) and
(43.30)

area used in the continuity equation, see (34.19); constant
defined in (35.9); area of an area-sink

coefficient matrix, see (34.20)

(= 1/A) reciprocal of the constant A defined in (35.9)
minor axis of elliptical equipotential generated by the poten-
tial V,.,,; far-field correction function involved in the defini-
tion of the function G, (35.18)

real part of b
imaginary part of b

components of the known vector, see (34.20); real coefficients
occurring in expression (41.23) for the far-field correction
function for a circular analytic element

far-field expansion coefficients involved in the potential (2,

i
see (37.65); real constants in the expansions about poles used
in the double-root elements (see [39.18])

constants defined by (38.51)

complex constant involved in analytic elements for closed
boundaries, see (42.18)

constant involved in the linearized expression for the head
in terms of potential for the lower aquifer, see (43.31) and
(43.32)
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constant involved in the linearized expression for the head
in terms of potential for the upper aquifer, see (43.29) and
(43.30)

base elevation in domain D*

base elevation in domain D~

width of a slurry wall

complex constant involved in the expression for the function

2
F,, associated with analytic elements for closed boundaries,

see (42.39)
complex constant involved in the expression for the function

2

F,. associated with analytic elements for closed boundaries,
see (42.39)

real constants involved in the density distribution of a single-
root dipole, see (40.19)

resistance of the bottom of a river or a lake; resistance of a
leaky layer

(m =0, 1,2) complex constants defined by (37.60); real con-
stants in the expansions about poles used in the double-root
elements (see [39.18])

(r=1,2,3; m=0,1,2,3) complex constants involved in the
complex potential associated with a triangular second-order
area-sink, see (38.46) through (38.49)

real constant involved in the function U

real constant involved in the function [‘}

real constants involved in the far-field correction of a single-
root dipole, see (40.19); complex coordinate of the map of
the pole at x = §,, from the x plane onto the Z plane, see
(42.34)

constants defined by (38.54)

function of the head ¢ that is independent of the hydraulic
conductivity (see [35.2]); function involved in the doublet
strength, defined by (35.16)

function involved in double-root elements, see (39.12)

function involved in analytic elements for closed boundaries,
see (42.17)

function involved in analytic elements for closed boundaries,
see (42.32)
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function involved in the line-doublet, defined by (35.18)
function involved in double-root elements, see (39.16)

function involved in analytic elements for closed boundaries,
see (42.25)

function involved in analytic elements for closed boundaries,
see (42.40)

complex function associated with the potential for an area-
sink, see (37.82)

function associated with the second-order line-doublet, see
(38.18)
function involved in the doublet strength, defined by (35.16)

function involved in analytic elements for closed boundaries,
see (42.17)

function involved in analytic elements for closed boundaries,
see (42.29)

function involved in the line-doublet, defined by (35.18)
function involved in double-root elements, see (39.17)

function involved in analytic elements for closed boundaries,
see (42.25)

function involved in analytic elements for closed boundaries,
see (42.33)

potential due to a circular pond of unit infiltration rate

complex function involved in analytic elements for closed
boundaries, defined by (42.13)

elevation of a point in an aquifer just below a river bottom

complex function involved in analytic elements for closed
boundaries, defined by (42.18)

aquifer thickness in domain D+

aquifer thickness in domain D~

hydraulic conductivity in domain D,

hydraulic conductivity of the " inhomogeneity

hydraulic conductivity in domain D+

hydraulic conductivity in domain D~

hydraulic conductivity of a slurry wall

length of a second-order line-sink
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length of the j* side of the polygon that bounds an area-sink
number of line-doublets in the boundary of the ™ inhomogeneity

total number of equations due to all line-doublets used to
model the boundaries of inhomogeneities

number of line-sinks with given head
number of line-sinks with given strength

number of line-sinks along the boundary of an opening in a
layer separating two aquifers

number of circular ponds

number of wells with given head

number of wells with given discharge
rate of infiltration of the j* circular pond

leakage into an aquifer through the bottom of a river
far-field correction function for a line-dipole

far-field correction functions associated with a triangular second-
order area-sink, see (38.57)

far-field correction function for fl see (37.57)
J

far-field correction of the component * of a second-order
line-doublet (see [38.12]); far-field correction of a single-root
line-doublet (see [40.26])

far-field correction function for f} see (37.47)
7

far-field correction function for a line-dipole, see (40.22)
discharge of cross-flow

discharge of an area-sink

discharge of the j™ well of given head

discharge of the ;™ well of given discharge

component of the discharge vector corresponding to the po-
tential &3 normal to, and at the inside of, the boundary of an
area-sink

component of the discharge vector corresponding to the po-

tential ® normal to, and at the outside of, the boundary of an
area-sink
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component of the discharge vector corresponding to the po-

tential ¢ normal to, and at the inside of, the boundary of an
area-sink.

component of the discharge vector corresponding to the po-

tential ‘i’ normal to, and at the outside of, the boundary of an
area-sink.

discharge flowing through a draining object (e.g., a crack),
see (36.7)

z component of the discharge vector corresponding to the
potential :IJ
z component of the discharge vector corresponding to the
potential 'i>
y component of the discharge vector corresponding to the
potential ‘Ic>
y component of the discharge vector corresponding to the
potential (i:'
n component of the discharge vector corresponding to the
potential &
n component of the discharge vector comresponding to the
potential ti'

1 .
as Q,, but associated with only the linear component of the
strength of a second-order triangular area-sink

£ component of the discharge vector corresponding to the
potential (c)
£ component of the discharge vector comresponding to the
potential (i'

1
as Qg, but associated with only the linear component of the
strength of a second-order triangular area-sink

arbitrary constant with the dimension of length; radius of a
circular inhomogeneity; radius of a circular analytic element
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radius of the j® circular pond

sum of the potentials with unknown coefficients

sum of the potentials for line-doublets

sum of the potentials for line-sinks with given strength
sum of the potentials for wells with given head

sum of the potentials with unknown coefficients for the upper
aquifer

sum of the potentials with given coefficients

potential due to cross-flow

sum of the potentials for line-sinks with given strength

sum of the potentials for ponds

potential due to infiltration from rainfall

sum of the potentials for wells with given discharge

sum of the potentials with given coefficients for the upper
aquifer

complex coordinate of the ;™ well of given head

complex coordinate of the j well of given discharge
discharge function corresponding to the complex potential
that has a real part equal to the potential for an area-sink
real part of %o

z coordinate of the center of the j® circular pond

imaginary part of %,
y coordinate of the center of the j® circular pond

complex coordinate of the reference point

complex coordinate of the origin of the local coordinate sys-
tem, used in the potential for an area-sink, see (37.20)

complex coordinate of the center of a circular element

complex coordinate of the starting point of the j line-sink
with given head

complex coordinate of the starting point of the j® line-sink
of given strength

complex coordinate of the end point of the j® line-sink with
given head

complex coordinate of the end point of the j® line-sink of
given strength



Chap. 6 List of Symbols

[
2j
C
2j

I
¥4

(A1

@j

707

complex coordinate of the center of the ;™ line-sink

coordinate of the ;™ comer point of the polygon that bounds
an area-sink

complex coordinate of the starting point of a line-sink, of a
single-root element, or of a curvilinear element

complex coordinate of the end point of a line-sink, of a single-
root element, or of a curvilinear element

(= X +1Y') dimensionless complex reference parameter such
that a line-sink corresponds to the slot —1 < X < 1 of the
real axis; complex reference parameter such that a circular
element corresponds to a segment of the unit circle in the Z
plane

(= Xm + iY;,) dimensionless complex reference parameter
such that the m™ line element is mapped onto the slot —1 <
Xm < 1 on the real axis; dimensionless complex parameter
such that the m™ side of the polygon that bounds an area-sink
is mapped onto the aforementioned slot

(= ,}’ . ﬂ:m} dimensionless complex reference parameter
such that the m™ line-doublet of the boundary of the r'
inhomogeneity is mapped onto the slot —1 < )r{"' <1lon
the real axis

orientation of cross-flow with respect to the z axis
orientation with respect to the z axis of the j* side of an
area-sink; argument of the complex coordinate §; of the j*
pole involved in an analytic element for a closed boundary
angle involved in the definitions of 67, _, . and 6, _, ..
see (35.31); angle involved in a circular analytic element, see
Figure 6.37; angle between uniform flow and the z axis
complex constants involved in the expansions about poles
associated with double-root e'ements, see (39.21)

complex coefficients in the expansion of x™ as a function of
Z, see (42.31)

complex coefficients in the expansion of the function x =
X(Z) used to map closed boundaries onto a circle, see (42.30)
strength of an area sink, positive for flow out of the aquifer;
angle between the chord of a circular element and the z axis
U = 1,2,3) value at node j of the density distribution ~
for a second-order triangular area-sink (see [38.23] through
[38.25])
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strength of an area sink in the lower aquifer

strength of an area sink in the upper aquifer,
complex coordinate of a point on the circle on which a cir-
cular analytic element lies, see Figure 6.37

complex coordinate of the ;™ node of a string of line-doublets;
complex coordinate of the j* pole associated with a double-
root element; complex coordinate of the ;™ pole of an analytic
element for a closed boundary

complex coordinate of the j™ node of a string of line-doublets
bounding the ' inhomogeneity

complex coordinate of the point at an infinitesimal distance
to the outside of the ;' node of a string of line-doublets
bounding the r inhomogeneity

(= £ +1n) local complex coordinate used in the expression for
the potential for an area-sink, with the £ axis parallel to the
longest side of the boundary of the area-sink and the origin at
%o; complex reference parameter such that a circular analytic
element corresponds to a segment of a straight line in the ¢
plane

starting point of the map of a circular element onto the ¢
plane
end point of the map of a circular element onto the { plane

complex coordinate in the ¢ plane of the j* node of the
polygon that bounds an area-sink

map of the point z = co onto the ¢ plane

imaginary part of (

imaginary part of (;

angle associated with two adjoining line-doublets, see (35.29)

angle associated with the + side of two adjoining line-doublets,
see Figure 6.6 and (35.30)

angle associated with the — side of two adjoining line-doublets,
see Figure 6.6 and (35.30)

strength function of a line-doublet

strength at the m'™ node of a string of line-doublets

strength at the m™ node of a string of line-doublets bounding
the 7 inhomogeneity

strength at the center of the m™ second-order line-doublet
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value at the center of the m™ second-order line-doublet of
the strength component that vanishes at the end points and
has a maximum at the center of the element

the function A along side j of the polygon that bounds an
area-sink

as ; but associated only with the linear component of the
7
strength of a second-order triangular area-sink

jump in the potential é' associated with an area sink, equal
i
to -¢

strength of doublets in the upper aquifer
strength of a single-root line-doublet as a function of y,

Potential due to two adjoining line-doublets with a linearly
varying strength that is zero at the two end nodes and one at
the common node (see [35.35])

potential due to a line-sink of unit strength, see (34.10)
potential due to a single well of unit discharge, see (34.7)
strength at the j™ node of a string of line-dipoles

the value of /i at the j® node of the polygon that bounds an
area-sink

as /1, but associated only with the linear component of the
strength of a second-order triangular area-sink

the function /i along the j™ side of the polygon that bounds
an area-sink

as ji, but associated with only the linear component of the
J

strength of a second-order triangular area-sink
jump in the stream function ‘i‘, which is equal to the imagi-

nary part of the potential !E! associated with an area-sink
density distribution of a single-root line-dipole as a function
of x|, see (40.23)

dimensionless constant, equal to ft,-/ v (see [37.55])

real part of (

real part of (;

modulus of the complex coordinate §,, of the m™ pole in-
volved in an analytic element for a closed boundary

strength of the ;™ line-sink of given head
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strength of the ;™ line-sink of given head in the upper aquifer
strength of the j® line-sink of given strength

the strength & along the j® side of the polygon that bounds
an area-sink

as G, but now associated only with the linear component of
]

the strength of a second-order triangular area-sink

strength at the starting point of a second order line-sink

strength at the end point of a second order line-sink
line-sink strength associated with the potential for an area-
sink, equal to é,t

real part of x

real part of x,

(m = 1,2) constants involved in the expression for the strength
i1, see (38.42) through (38.44)

function that converts potentials to heads

head in a river

potential at the reference point in the domain D), see (35.10)

e
as @, but now associated only with the constant component of
the strength distribution of a second-order triangular area-sink

as ‘i>. but now associated only with the constant component of
the strength distribution of a second-order triangular area-sink

constant involved in the complex potential (|2 used for analytic
elements for closed boundaries (see [42.26])

potential for a single-root line-dipole

potential at an end point of a drain

potential at the center of the v** line-sink

value of the potential & at the center of the v line-sink along
the boundary of an opening in a separating layer

potential at the boundary of the v well
potential at the reference point

potential in the upper aquifer at the reference point
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potential associated with an area sink, defined by (37.5) and
(37.8)

e
as @, but now associated only with the linear component of
the strength distribution of a second-order triangular area-sink

potential associated with an area sink, defined by (37.5),
(37.6), and (37.7)

1
as ®, but now associated only with the linear component of
the strength distribution of a second-order triangular area-sink

function that converts heads to potentials

(= 7 + iw) complex reference parameter defined outside the
unit circle, and chosen such that either thin isolated features
or closed boundaries of isolated features correspond to the
unit circle

(= 71 + iw;) complex reference parameter chosen such that a
tip element corresponds to the segment —1 < 7, < 1 of the
real axis

(r = 1,2, 3) functions involved in the complex density distri-
bution for side j of a triangular second-order area-sink, see
(38.53)

complex strength function involved in the complex potential
Q, see (37.54)
J

value of x along the upper half of the unit circle

value of x along the lower half of the unit circle

constant involved in analytic elements for closed boundaries,
see (42.6) and (42.7)

stream function for a single-root line-dipole

stream function at the end point of an impermeable wall
imaginary part of y

imaginary part of y,

as !EI but associated only with the constant component of the
strength distribution of a second-order triangular area-sink
complex potential for a single-root line-dipole

complex potential for cross-flow

contribution to 2 of side j of the polygon that bounds an
area-sink

O
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complex potential in the domain D,; complex potential in-
volved in analytic elements for closed boundaries, see (42.5)
through (42.10)

complex potential in the domain D,; complex potential in-
volved in analytic elements for closed boundaries, see (42.9)
and (42.10)

complex potential that has a real part equal to the harmonic
part (&’) of the potential for an area-sink.

e
as 1, but associated only with the linear component of the
strength distribution of a second-order triangular area-sink

complex potential due to two adjoining line-doublets (see
[35.25]); component of the complex potential for a second-
order line-doublet, chosen such that its strength vanishes at
the end points and has a maximum at the center of the element

real constant

real and positive constant
real constant, see (50.25)
real and positive constant
real and positive constant
complex constant

real part of C

(k =1,2) real part of(ﬁ

real constant defined by (51.45)

imaginary part of C

(k = 1,2) imaginary part of (:

complex constant involved in the function z = 2(()
(k = 1,2) complex constants

(7 = 1,2) complex constants

constant equal to the negative of the 2 coordinate of a drain
in the physical plane, see (54.34)

distance between a drain and a recharge drain

distance between a drain and a horizontal upper boundary
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elevation of the point of intersection of a seepage face and a
phreatic surface; distance between a stagnation point on the
interface and the horizontal upper boundary, see Figure 7.34

distance between a drain and a recharge drain in the physical
plane

distance between a drain and a recharge drain in the trans-
formed domain

elevation of the phreatic surface at r = —L, see (49.12);
distance between a horizontal boundary equipotential and an
interface at infinity

major principal value of the kydraulic conductivity tensor
minor principal value of the hydraulic conductivity tensor
constant involved in the Schwarz-Christoffel integral, defined
in (32.1)

value of k, involved in the function that maps the upper half

1
plane onto the domain in either the W' or the W’ plane

value of k, involved in the function that maps the upper half

1
plane onto the domain in either the 2 or the T plane

factor with the dimension of a hydraulic conductivity, and
equal to k(p, — ps)/py (see [45.10])

constant with the dimension of hydraulic conductivity, de-
fined by (54.18)

value of x for which the elevation of the phreatic surface is
H), see (49.12)

distance fom the y axis to the plane where the heads are
given, see Figure 7.27

dilogarithm, see (50.22) and Appendix B

number of comer points involved in the Schwarz-Christoffel
transformation

number of extraction drains

number of infiltration drains

number of comer points involved in the Schwarz-Christoffel
transformation that maps the upper half plane onto the domain

I
in either the W~! or the W plane
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number of comer points involved in the Schwarz-Christoffel
transformation that maps the upper half plane onto the domain

in either the Q or the it‘ plane

constant defined by (54.39)

constant defined by (54.39)

dimensionless discharge defined by (51.24)

discharge to or from infinity; discharge of a horizontal drain
discharge flowing from negative infinity for the problem shown
in Figure 7.27

discharge flowing to infinity in the lower aquifer, see Figure
7.27

discharge flowing to infinity in the upper aquifer, see Figure
7.27

discharge of the j™ drain

discharge of the j® extraction drain
discharge of the j™ infiltration drain
discharge of the extraction drain
discharge of the infiltration drain

reference function, see (47.1)

distance from the origin to the map of the stagnation point
onto the negative real axis of the ( plane

real part of '{

imaginary part of T

(5 = 1,2) auxiliary functions defined by (47.25)

specific discharge function, defined as W/B

(j = 1,2) transformation of the discharge function, see (46.22)
horizontal Cartesian coordinate in the physical plane

Cartesian coordinate parallel to the major principal direction
of the hydraulic conductivity tensor, see (54.2)

coordinate in the transformed domain chosen such that the I
axis corresponds to the ¥ axis in the physical plane

coordinate in the transformed domain, see (54.3)
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real part of the Zhukovski function Z
y coordinate of the reference level for the head

y coordinate of the reference level for the head
vertical Cartesian coordinate in the physical plane

Cartesian coordinate parallel to the minor principal direction
of the hydraulic conductivity tensor, see (54.2)

coordinate in the transformed domain

coordinate in the transformed domain, see (54.3)
elevation head; imaginary part of the Zhukovski function Z

complex coordinate of the m™ extraction drain
complex coordinate of the m'™ infiltration drain

complex variable defined as T + ig:!

derivative of the function z = 2(¢) with respect to (
Zhukovski function, see (49.5)

slope of an embankment; argument of §; angle between the
major principal direction of the hydraulic conductivity tensor
and the x axis

coordinate of the first point of a segment of the real axis of
the ¢ plane, that corresponds to a straight equipotential
value of arg 2’(£) along a boundary segment of type j

coordinate of the first point of a segment of the real axis
of the { plane, that corresponds to a phreatic surface with
accretion

angle between the z* and T axes

real constant equal to (k;/k;)'/?
coordinate of the second point of a segment of the real axis
of the ¢ plane, that corresponds to a straight equipotential

coordinate of the second point of a segment of the real axis
of the ( plane, that corresponds to a phreatic surface with
accretion

ratio of extraction rate to infiltration rate (Q/Q)

j- winding point

complex coordinate of the map of a drain onto the { plane
complex coordinate of the map of the j* drain onto the ¢
plane

jump in potential at the j™ boundary vortex
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complex reference parameter defined in the upper half plane
imaginary part of

real part of wy, see (49.14); parameter; distance of the first
extraction drain above the real axis of the ¢ plane (p, = iA)
coordinate in the ¢ plane corresponding to the tip of a lamina
in the z plane, see (50.26)

angle defined in (54.24) and in Figure 7.45

real part of

coordinate of a point on the real axis of the ( plane corre-
sponding to the »™ comer point of a polygon mapped onto
the real axis

value of £, involved in the function that maps the upper half
plane onto the domain in either the W' or the W plane

value of £, involved in the function that maps the upper half
plane onto the domain in either the §2 or the ’{‘ plane

coordinate of a point on the real axis of the ¢ plane, where
the argument of the transformation of piecewise constant ar-
gument jumps

complex coordinate of the map of the ;™ extraction drain
onto the ¢ plane

complex coordinate of the map of a stagnation point onto the
¢ plane

point in the { plane where W equals 7

(j = 1,2) constant involved in the definition of lr}" , see (46.22)

head at z = —-L,
head in the lower aquifer at z = L,

head in the upper aquifer at z = L, + iH
angle involved in the Schwarz-Christoffel transformation (see
[32.6])

(j = 1,2) angle involved in the Schwarz-Christoffel transformation

boundary value of the potential along a straight equipotential;
constant

boundary value of the stream function along a straight streamline

derivative of the stream function with respect to §
scaled discharge function, see (49.10)
value of w at z=—L + i1Hj
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derivative of the function 2 = () with respect to ¢

Green's function

(z = 1,2,3) components of the unit vector normal to the
boundary

(2 = 1,2) Cartesian components of the discharge vector

distance between the boundary point with coordinates (£, )
and the point with coordinates (z, y), see (56.4)

arc length along a boundary contour

volume

(i = 1,2, 3) Cartesian coordinates

complex coordinate of a point on the boundary

derivative in a direction normal to, and out of, the boundary

y coordinate of a boundary point

jump in potential, see (58.4)

x coordinate of a boundary point

(= ®; +i¥;) value of Q at boundary node j
sum of additional functions, see (58.5)

complex potential along the n™ boundary segment

distance between grid points in a finite difference grid

(U = 1,2,3) constants involved in the expression for E see
(61.21)

area of the m™ triangle in a finite element mesh

(7 = 1,2, 3) constants defined in (61.22)

resistance of a semipermeable layer

(4 = 1,2,3) constants defined in (61.22)

resistance of a semipermeable layer in element m

(G = 1,2,3) constants defined in (61.22)

function equal to the potential divided by the hydraulic con-
ductivity, see (61.56)

constant defined by (60.34)
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N rate of infiltration for element in
"ﬁ j constants involved in the expression of :;’, see (61.34)
P;; coefficient matrix defined by (61.28)
i
Py coefficient matrix for element 1n, defined by either (61.27) or
(61.37)
Q; constant defined in (61.44)
5; constant defined by (61.39)
R,'J' matrix defined in (61.44)
R, matrix defined by (61.38)
s distance measured along the boundary
T transmissivity
T transmissivity inside element m
U functional
U, contribution of element m to the functional
':?:'k (k = 1,2,3) z coordinate of comer point k of element
Yk (k =1,2,3) y coordinate of corner point k of element m
B constant defined by (61.49)
Tm constant defined by either (61.40) or (61.51)
At time step
Aty critical time step
'ﬁ‘ local coordinate for element m, see (61.35)
A variation, see (61.7)
? local coordinate for element m, see (61.35)
v interpolation coefficient defined by (61.47) (see also [60.33])
i head at node ¢
$.— head at comner point i of triangle m
m; value of ¢* at node i of element m
i value of ¢ at node i of element m
@, value of ¢ at node i
: value of ¢* at node i
bis head at node (i, j) and time level n
A head at time ¢
¢g+ﬁg head at time ¢ + At

o4 head at the end of a time interval
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head at the beginning of a time interval
head inside the m™ triangle, see (61.20)

value of ¢* for element m

average value of the head over a time interval, see (61.47)

constant head at a point separated from the aquifer by a
semipermeable layer

potential at node (i, j)

potential at node (i, j) and time level n
potential at node (i, j) and at the m™ iteration

potential at time level n
function that differs from ® by a variation A, see (61.7)

width of the slot in a Hele Shaw analogue
density of electrical current

electric potential

specific resistance; density of fluid
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Page numbers refer 1o pages that contain either a description of the subject listed, a formula representing

it, or a discussion relevant to it.

A

Abandoned well, 139, 142
Advection, 340
Advective transport, 340
Aerodynamics, 627
Analogue:
electric, 630
Hele-Shaw, 631
membrane, 628
Analogue method, 627
Analytic element, 404
circular, 476
curvilinear, 474
double-root, 462
one-sided, 480
two-sided, 480
Analytic element for closed boundaries, 480
Analytic element method, 403
Analytic function: general properties, 275
Anisotropic hydraulic conductivity, 13, 211, 579
Apparent path line, 343
Apparent velocity, 343
Aquiclude, 112, 502
Aquifer, coastal, 96, 143, 553
Aquifer, layered:
contaminant transport in, 345
streamlines in, 335, 336
Aquifer base elevation, discontinuity in the, 413
Aquifers, system of two, 492
Aquifer systems:
confined leaky, 178
regional, 404
unconfined leaky, 185
Aquifer thickness, discontinuity in the, 413
Aquitard, 112
Area-sink, 425, 426, 454, 497
of the first order, potential for a, 438
of the second order, potential for a, 461
bounded by a polygon, 429
Argument, 266
Auxiliary function, 513, 514

B

Backward finite difference, 614

Base elevation, discontinuity in the aquifer, 413
Basic auxiliary functions, 514

BASIC program, 135

Behavior at a node, 417

Bessel functions, 167

Bessel's equation, 167

BIEM, 589
Bilinear transformation, 352, 353

Boundaries, analytic elements for closed, 480

confining, 20
Boundary:
circular, 241
conditions, 221, 514
elliptical, 80
integral, 592
interzonal, 49, 102, 113, 114, 116
Boundary integral equation method, 589
Boundary types, 514
Boundary value problem, 221, 352, 513, 589
mixed, 221, 610
Boussinesq equation, 195

C

Canal (finite, narrow), 363, 461
Cauchy integral, 299, 596

singular, 298, 595
Cauchy's integral theorem, 300
Cauchy-Goursat integral theorem, 299
Cauchy-Riemann equations, 222
Central finite differences, 614
Characteristic, 343, 344
Circular boundary, 241
Circular element, 476
Circular equipotential, 241
Circular island, 241
Circular lake (fully penetrating), 244, 355
Circular pond, 87, 407
Clausen’s integral, 642

727

Clay laminae, (see also Impermeable laminae), 126, 143,

533
Coastal aquifer, 96, 143, 553
Coefficient of specific storage, 196
Coefficient of volume compressibility, 194
Collector well, radial, 396
Complex conjugate, 265, 276
Complex discharge function, 278
Complex functions, 269
Complex potential, 278
Comprehensive discharge vector, 130
Comprehensive potential, 130

Computer program, 56, 89, 120, 135, 302, 318, 510, 645

Concentration, 341

of the mobile phase, 341

of the sorbed phase, 341
Conduction of heat in solids, 627
Conductivity, hydraulic, 8, 10, 411
Confined flow, horizontal, 20
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Confined leaky systems, 178
Confining boundaries, 20
Conformal mapping, 349, 513

direct and indirect applications of, 352
Conjugate, complex, 265, 276
Connection between aquifers, 139
Conservative force fields, 627
Constraint point, 404
Contaminant spreading, 142
Contaminant transport, 340
Continuity equation, 16, 39

in a regional model, 409
Contouring (of stream function), 311
Contours:

piczometric, 34

potentiometric, 23
Crack, 422, 473
Creek, 283, 289, 290, 404, 405
Critical time step, 611, 612
Cross-flow, 407
Curve of symmetry, 355
Curvilincar clements, 474
Cusp (of an interface), 559
Cylindrical impermeable object, 253
Cylindrical inhomogeneity, 414

D

Dam, flow undemeath a, 379
Darcy’s law, 11, 12, 14
Datum, 7
Decay, 341, 342
De Moivre's formula, 267
Density, 8, 12
Digitizer, 445
Dilogarithm, 550, 639
many-valued, 640
principal branch, 639
real and imaginary parts, 641, 642
Dipole, 247
complex potential for a, 279
double-root, 462
Direct application of conformal mapping, 352
Dirichlet problem, 221, 594, 609
Discharge, 8
discontinuous, 287
specific, 6
Discharge function, 278
Discharge potential, 23, 38, 98, 114
for horizontal confined flow, 23, 49
for shallow confined interface flow, 102
for shallow unconfined interface flow, 109
for shallow unconfined flow, 38, 49
for ventically varying hydraulic conductivity, 114
Discharge streamline, 24, 324,
Discharge vector, 22, 37

Subject Index

comprehensive, 130
Discharge well, 28
Discontinuity:
in the aquifer base elevation, 413
in the aquifer thickness, 413
in the hydraulic conductivity, 412
in the potential, 298, 412, 413, 421, 423, 466, 480
in the stream function, 288, 295, 423, 463, 472, 473,
479
Discontinuous discharge, 287
Dispersion, 341
hydrodynamic, 341, 633, 634
macroscopic, 341
microscopic, 341, 633
Distribution factor, 345
Diich, 82, 461
drainage, 461
pantially penetrating, 381
Divide, 77, 80
Dividing layer, 498
Double-root dipole, 462
Double-root doublet, 462, 466
Double-root elements, 462
applications of, 466
Doublet, double-root, 462, 466
Drain, 425, 461, 553, 571
narrow ideal, 425, 461
Drainage ditch, 425, 461
Draining object, 420, 422
Draw-down, 200
Dual-aquifer zone 127
Dupuit-Forchheimer assumption, 36, 319
Dynamic viscosity, 10

E

Eccentric well, 241
Edge, lamina, 130
Einstein summation convention, 590
Elastic storage, 195, 339
Electric analogue, 630
Electrokinetics, 627
Element (see also Analytic element):
circular, 476
curvilinear, 474
lip, 469
Elements:
double-root, 462
finite, 615
Elevation head, 8
Elliptic impermeable object, 364
Elliptic inhomogeneity, 487
Elliptic lake (fully penetrating), 358
Elliptic opening, 365
Elliptical boundary, 80
Equipotential, 23, 515, 518
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circular, 241
Equivalent length, 388
Euler’s formula, 267
Euler's method, 314, 317
modified, 314
Eutaw formation, 500
Expansion:
Laurent, 357, 466, 478
Taylor, 272, 273
Explicit finite differences, 611

Exponential integral, 197

F

Far-fields, 88
Finile canal, 363
Finite difference methods, 607
Finite differences:
backward, 614
central, 614
explicit, 611
implicit, 613
forward, 614
Finite element method, 615
First-order area-sink, potential for the, 438
First-order line-dipole, 424
First-order line-doublet, 415
Flow:
transient, 192, 509, 611, 622
uniform, 57, 279
Flow undemeath a dam, 379
FORTRAN, 56, 510
FORTRAN program, 56, 89, 120, 302, 318, 645
Forward finite differences, 614
Free boundary, 209, 513
Free surface, 209
Function:
auxiliary, 513, 514
basic auxiliary, 514
complex, 269
influence, 83, 415
Function U with unknown coefficients, 406, 408
Function V with given coefficients, 406
Functional, 616

G

Gauss-Seidel iteration, 609, 613, 619

Gaussian elimination, 511, 594

Generalized Schwarz-Christoffel transformation, 568
Ghyben-Herzberg equation, 97

Girinski potentials, 118

Gordo formation, 500

Gradient, hydraulic, 9, 12

Green's second identity, 589, 591

Grey Cloud Island, 443

H

Harmonic function, 219
Head, 7
clevation, 8
hydraulic, 7
pressure, 8
Hele-Shaw analogue, 631
Hodograph, 518
Hodograph method, 513
Hodograph plane, 518
Horizomtal confined flow, 20
Homer's rule, 198 °
Hydraulic conductivity, 8, 10, 411
anisotropic, 13, 211, 579
inhomogeneity of the, 412
vertically varying, 112, 334
Hydraulic conductivity tensor, 15
Hydraulic gradient, 9, 12
Hydraulic head, 7 .
Hydrodymamic dispersion, 341, 633, 634

Images, method of, 27, 28, 555, 573
Image well, 31, 241
Imaginary axis, 263
Imaginary pan, 263
Impermeable laminac (see also Clay laminae), 143, 533,
546
Impermeable layer (see also Aquiclude), 139
Impermeable object:
cylindrical, 253
elliptic, 364
Implicit finite differences, 613
Indirect application of conformal mapping, 352
Infiliration (or rainfall), 74, 111, 406, 425, 516, 521,
526, 582, 608, 620
Influence functions, 83, 415
Inhomogeneity, 411, 412, 413, 496
cylindrical, 414
elliptic, 487
Instability, 105, 558, 576
Interface, 96, 143, 517, 523, 527, 553
Interzonal boundary, 49, 102, 113, 114, 116
Intrinsic permeability, 10
Inversion, point of, 525, 528, 531, 532
Island, circular, 241
Iteration index, 609
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J

Jacobi method, 609

Jump in potential, 298, 412, 413, 421, 423, 466, 480

Jump in stream function 288, 295, 423, 463, 472, 473,
479

L

Lake, 405, 425
circular (fully penetrating), 244, 355
elliptic (fully penetrating), 358
Lake bottom, 425
Lake (leakage), 425
Lamina, clay or impermeable, 126, 143, 533
Lamina edge, 130
Laplace transform, 197
Laplace’s equation, 16, 23, 40, 50, 204, 513
Laplacian, 166
Laurent expansion, 357, 466, 478
Layer, leaky, 112, 160, 178, 185, 498
Layered aquifer:
contaminant transport in, 345
streamlines in, 335, 336
Leakage, 425, 620
through a separating bed, 497
Leaky layers, 112, 160, 178, 185, 498
Leaky object, 420, 421
Leaky systems:
confined, 178
unconlined, 185
Leaky wall, 421
Leibnitz’s rule, 636
Line-dipole, 291, 296, 424
double-root, 462
first-order, 424
single-root, 470
Line-doublet, 297, 423, 424
double-root, 466
first-order, 415
second-order, 451
single-root, 474
Line-sink, 283, 296, 408
first-order, 285
second-order, 450
Liouville's theorem, 273
Local radial coordinate, 28
Lock, 255, 256
Logarithmic singularity, 227

M

Macroscopic dispersion, 341
Magnetism, 627

Many-valucd dilogarithm, 640
Mass balance equation, 15

Subject Index

Material-time derivative, 344
Maximum modulus theorem, 219, 221
McShan formation, 500

Mean value theorem, 220

Membrane, 627, 628

Membrane analogue, 628

Method of images, 27, 28, 555, 573
Microscopic dispersion, 341, 633
Mixed boundary value problem, 221, 610
Mobile phase, concentration of, 341
Modulus, 266

Moébius transformation, 352

Moivre's formula, De, 267

N

Narrow canal, 461
Narrow ideal drain, 425, 461
Neumann problem, 221, 609
Newton-Raphson procedure (for streamlines), 313
Node:
behavior at a, 417
singularity at a, 423

o)

Object, leaky, 420, 421

Ohm’s law, 630

One-sided analytic element, 480
Opening, elliptic, 365

Outflow face, 515, 519

P

Pantial penetration, 34
error if full penetration assumed, 388
Partially penetrating ditch, 381
Path line, 311, 313, 316, 317
apparent, 343
Path lines, pattem of, 313
Phreatic storage, 195
Phreatic storage coefficient, 195, 337
Phreatic surface, 36, 516, 520, 526, 581, 582
Piecewise constant argument, transformations with, 389
Piezometric contour, 34, 38
Piping, 532
Plug flow, 340, 341
Plume, 326
Point of inversion, 525, 528, 531, 532
Poisson equation, 76, 117, 132
Pole of order m, 357
Poles, 466, 467, 483, 569
Polygon (conformal mapping), 371, 374, 390, 392, 395



Subject Index

Polygon, area-sink bounded by a, 429
Pond, circular, 87, 407
Porosity, 6, 337
Positive sense (in tracing a contour), 351
Potential:
complex, 278
comprehensive, 130
discharge, 23, 38, 98, 114
for variable hydraulic conductivity, 623, 624
Girinski, 118
jump in, 298, 412, 413, 421, 423, 466, 480
Potentiometric contours, 23
Pressure, 8
Pressure head, 8
Principal branch of In(1 — z), 639
Principal branch of the dilogarithm, 639
Pumping test, 199

R

Radial collector well, 396

Radial coordinate, local, 28

Radius of influence, 199

Rainfall (or infiltration), 74, 111, 406, 425, 516, 521,
526, 582, 608, 620

Real axis, 263

Real part, 263

Recharge well, 28

Reference function, 514, 525

Reference level, 7

Reference parameter, 352, 514

Reference point, 58, 290, 409, 629

Regional aquifer systems, 404

Residue condition, 375

Resistance network, 631

Resistance to flow, 8, 34, 36, 319

Retardation, 341

Retardation factor, 342, 345

Reynolds number, 10

Riemann surface, 468, 568, 569

River, 404, 425

River bottom, 425

S

Saltwater tongue, 102, 104, 109, 147

Saturated zone, 36

Scale model, 633

Schwarz-Christoffel integral for the exterior of a
polygon, 375

Schwarz-Christoffel integral for the interior of a
polygon, 372

Schwarz-Christoffel transformation, 369

generalized, 569, 570
Schwarz Reflection Principle, 355

731

Second-order area-sink, 454
Second-order line-doublet, 451
Second-order line-sink, 450
Seepage face, 210, 515, 519
Seepage velocity, 6, 7
Semiconfined flow, 160
Semipermeable layer, 160
Sense, positive (in tracing a contour), 351
Series, Taylor, 272, 273
Shallow semiconfined flow, 160
Shallow unconfined flow, 36
Shiely Company, 443
Single-aquifer zone, 127
Single-root line-dipole, 470
Single-root line-doublet, 474
Single-valued function, 224
Singular Cauchy integrals, 298, 595
Singularity, logarithmic, 227
Singularity at node, 423
SLAEM, 445, 452, 510
Slow viscous flow, 627
Slurry wall, 420, 421, 461
SLW, 56, 89, 120, 645
SLWL, 302, 318, 645
Solute transport, 340
Sorbed phase, concentration of the, 341
Sorption, 340
Specific discharge, 6
Specific storage, coefficient of, 196
Stability, condition for, 576
Stagnation point, 23, 33, 45, 46, 105, 230, 234, 236,
253, 280, 327, 328, 547, 569
Storage, 192, 195, 339
Storage coefficient, specific, 196, 199
Storage equation, 192
Storativity, 199
Stream function, 222
jump in the, 288, 295, 423, 463, 472, 473, 479
Streamline, 23, 311, 313, 322, 335, 336, 515, 519
discharge, 24, 324
for transient flow, 313
Stress-strain relation, 193
Summation convention, Einstein, 590
Superposition, 27, 79, 170, 201
Superposition in I z > 0, 563, 574
Superposition principle, 27
SYLENS, 500, 510
System of two aquifers, 492

T

Taylor expansion 272, 273

Teledeltos paper, 630
Tennessee-Tombigbee Waterway, 500
Tensor, hydraulic conductivity, 15
Theis solution, 197, 509
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Thickness, discontinuity in the aquifer, 413
Thiem equation, 26
Thin isolated features, 461
Three-dimensional effects, 510
Time step, critical, 611, 612
Tip element, 469
Tip of saltwater tongue, 102, 104, 109, 147
Two-sided analytic element, 480
Tracing a coniour in positive sense, 351
Transformation, bilinear, 352, 353
Transformations with piecewise constant argument, 389
Transient effects (in analytic element models), 509
Transient flow, 192, 509, 611, 622
Transmissivity, 114, 115, 199
Transpont:

advective, 340

contaminant, 340

solute, 340
Transpose elimination, 511
Two-dimensional flow in the vertical plane, 203
Two-sided analytic element, 480

U

Unconfined aquifer, shallow, 36

Unconfined flow, shallow, 36

Unconfined leaky systems, 185

Uniform flow, 57, 279

U.S. Army Corps of Engineers, Nashville District, 500
U.S. Bureau of Mines, 571

U.S. Geological Survey, 507

Unsaturated zone, 340, 582

Unstable interface, 105, 558

Unstable phreatic surface, 575

Subject Index
Vv

Variable infiltration, 425

Variational principle, 615, 616

Velocity, apparent, 343

Vertical embankment, 541

Vertical plane, two-dimensional flow in the, 203
Vertical stream surface, 329

Vertically varying hydraulic conductivity, 112, 334
Viscosity, dynamic, 10

Visual image of regional flow, 628

Volume compressibility, coefficient of, 194
Volume strain, 193

Vortex, 255
complex potential for a, 279
w
Well, 25, 167, 176, 183, 191, 407, 408
abandoned, 139, 142
complex potential for a, 279
discharge, 28
eccentric, 241
image, 31, 241
radial collector, 396
recharge, 28

Well between parallel rivers, 375

Well between two intersecting rivers, 377
Well function (transient), 197

Winding point, 569

Y4

Zhukovski function, 542, 572




